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TIPEJINCJIOBUE

Hacroamniee yaeGHOe mocobne ¢« MareMaTuuecKasa JIOTNKE
Kype nexnnii 1 safauHUK-NIPaKTAKYM» OpeXHASHAYEHO IJI
CTYAEHTOB YHUBEPCHUTETOB M MEJATOTMYECKUX WHCTUTYTOE
M3YUAONIUX MAaTeMaTHYECKYO JIOTHKY.

OHO cocTOMUT M3 ABYX 4dacTei.

YacTte nepsasg «Kypce JieKnmii mo MaTeMaTHUYeCKOMH Jic
rHKe» BKJIO9aeT B ceGd TeOpeTUUeCKUH MaTepuan mo pas
Aenam:

1. AnreGpa sioruxn.

2. Hcuncienne BHICKA3bIBaHMIA.

3. Jlornka mpeaukaToB.

4, MaremaTuuecKue TEOpPHUH.

5. AnropuTMEI.

YacTp BTOpPaf «3aJaYHUK-MPAKTHKYM 10 MATEMATUYEC
KOil JiorukKe» cozep:KuT HaGOp yIpaKHEHHH MOYTH IO Beel
NepevYnCcHeHHLIM paggesaMm,

B zaBucHMMOCTH OT cOAepIKaHMs IMPOrpaMM Kypca MaTe
MaTHYECKOil JIOTHKM Ha KOHKDETHBLIX CHeIHalIbHOCTIX, O1
JeJIbHBIE pasgesibl MocoGusa MOTYT GBIThH MCKJIOUEHBI U3 pac
cMOTpeHud (Hampumep, MCUYMCICEHNE BLICKA3LIBAHMI, Marte
MaTudecKne TeOpUM), a U3 APYTUX PasHesIOB HCHOJb30BaH
JUIIb YacTh MaTepuaja.

YuurniBas, 4To B OTAENBHBIX CIYUaaX CTyHZeHTaM Tpeby
eTcA NUIID «3aJaYHUK-MIPAKTHKYM», B KaKJIOM €ro pasie
IPUBOIUTCA MHUHHMYM TEOPETHYECKHX CBeJeHHI Heobxomn
MBIX JJIfl pelIeHuA MpeAJaraeMuIX 3aaad.

CryzeHTH MaTeMaTHYeCKHX CHEIUANLHOCTEl yHWBEp
CHUTETOB W NEeJarOruYecKWX WHCTHUTYTOB MaTepuajibl pasie
J0B 1, 3 u 5 MoryT BnocsieACTBHM MCHOJMBL30OBATE B IMIOATOTOR
K€ IKOJbHOTO (haxyJbTATHBHOIO Kypca «JJeMeHTHI MATE
MATHYECKOH JIOTHKHU».
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MaJOLOCTYIHBIX deJIOBeUeCKOMY MBIIIJIEHUIO, U 2TO, KO-
HeuHO, PacCIIHPHIO OGJacTh JOTHYeCKUX HccaefOBaHMIA.
K xouny XIX crosernsi akTyalibHOe 3HaY€HHME IJA MaTe-
MaTHKH Npruodpesn BONPOCH! 060CHOBaHNSA €¢ OCHOBHBIX IO-
HATNN U nieil. OTH 3ajadl UMEJH JOrAUecKYHO NPHUPOAY
M, eCTecTBEHHO, MPUBEJH K NaJbHeHIIeMy Pa3BUTHUIO MaTe-
MaTHdecKoil Jorukn. B 9TOM OTHOINEeHHMH NMOKa3aTeJbHEI
paGoTet HeMenkoro MareMaruka I'. @pere (1848-1925) n
uranpanckoro maremarura JI. Ileano (1858-1932), xoro-
phle OPUMEHUJIN MaTeMaTHYeCcKYIO JOruKy AJA 060ocHOBa-
HuaA apudMeTUKN M TEOPUU MHOIKECTB.

OcofeHHOCTH MaTeMaTHUYECKOTO MBIIILICHNA 06bACHAIOT-
¢ 0cobeHHOCTAME MaTeMaTHYeCKHX abeTpaxkmmifi m MHOTO-
o6pasmeM MX B3amMocBfA3eii. OHU oTpaKaloTcs B Jorudec-
KoH cucTeMaTH3amud MaTrTeMaTHUK¥W, B JOoKa3aTeJbCTBE Ma-
TeMaTU4YeCKUX TeopeM. B CBA3H ¢ 2THM COBPEMeHHYIO MarTe-
MaTHUYECKYO JOTHKY ONpeNedsiOT KAk pasjej] MaTeMaTH-
K¥, NOCBANIIEHHEIN M3yUeHNI0 MaTeMaTHHYecKHX RoKasa-
TeILCTB ¥ BOINPOCOB OCHOBAHHUII MaTeMaTHKU.

Oznnoil 13 OCHOBHBIX NIPHYNH PDA3BUTHA MaTeMaTHIeCKOH
JIOTHKY ABIAETCA MINPOKOEe pacupocTpaHeH#e aKCHoMaTnyec-
KOro MeToLa B HOCTPOEHNH PAa3JMYHLIX MAaTeMaTu4YecKUX Te-
opulii, B MEPBYIO Ouepesb, reoMeTPHH, a 3areM apndMeTHKH,
TeOopHH I'PYHI U T. A.

B axcroMaTHYecKOM IOCTPOEHUM MaTeMaTHYecKOH Teo-
puM npegBapuUTENbHO BHIGHpaeTcs HeKOTOpasa chcTeMa Heoll-
penenfeMbiX MOHATHI M OTHONIEHWSA MEXKAY HAMH. DTH HO-
HATHAA W OTHOIN¢HWA HA3LIBRIOTCA OCHOBHBIMH. [lanee Ges
HOKa3aTeJbCTBa NMPUHUMAKIOTCA OCHOBHBLIC ITOJIOMKEHHS pac-
cMaTprBaeMoM Teopun — aKcHoMbl. Bce panbHeilnnee cozep-
JKaHHWe TeOPHH BBIBOAUTCH JIOTUYECKH M3 aKcuoM. BoepBhie
aKcrmoMaTUIecKoe NOCTPOeHNe MaTeMaTndecKoil reopuu Gol-
Jio upeanpuHATO EBKJINAOM B MOCTPOCHHH I'eOMETDHUMN.

Hsnoxenne sroii reopuu B «Havanax» EBxanzga me Ges-
yupeuHo. EBKJIUA 3Zech NuiTaeTcd JaTh olpefielleHNe HCXOX-
HBIX NMOHATHASA (TOUKM, MpAMoOli, MIocKocTH). B Kokasarens-
CTBE TeOpeM HCIOJL3YIOTCA HUTAE IBHO He cHOPMYINPOBAH-
HBIe TOJIOKEHNA, KOTOPbIe cunTaloTed OYeBAAHBIMU. Taxum
o6pa3oM, B 9TOM HOCTPOeHHM OTCYTCTByeT HeobxoAmMas
JorundeckKas cTpPOrocth, XOTd HCTHHHOCTH BCeX IOJIOKEHHH
TEopUH He BHI3BIBAeT COMHEHMIL.
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OrMeTHM, 4TO TaKo# MOAXON K aKcHOMaTH4YecKOMYy Hoc-
TpOeHHIO TEOPHH ocTaBaJicfl eAUMHCTBeHHHIM go XIX Beka.
BoJILIMIYI0 POoJb B M3MEHEHNH TaKoro MOJXoJa CuII'PajH pa-
6orsr H. U. JIoGauesckoro (1792—-1856).

JloGaueBcKnil BIIepBEIe B ABHOM BHJE BbIcKasad yGexge-
HUE B HEBOSMOYKHOCTH JOKa3aTeJbCTBa OATOTO MocTyaara EB-
KJINIa ¥ MOxKpenuny aTo yoeXJeHne co3naHneM HOBOMA reomMer-
pun. ITos:xe memenkxmii maremarnxk P. Kieiin (1849-1925)
JloKazaJl HelIpOTHBOpeINBOCTh reomerpun JloGauesckoro, ueM
daxTHIecKn OblIa JOKa3aHa W HEeBOSMOKHOCTH JOKa3aTelb-
cTBa OATOrO nNocryJjara EBKINAA.

Tax BO3BHVKJIN W GbLINM pemiens! B pabGorax H. 1. JloGa-
yescKoro 1 ©. KneiiHa BrepBhle B ACTOPUN MaTeMaTAKHU Mpo-
GJ1eMbl HEBO3MOKHOCTH AOKa3aTeJhCTBa M HEIPOTHBODPEYH-
BOCTH B aKCHOMaTHIeCKOH TeopHH.

HenpoTHBOpeYNBOCTh aKCHOMATHAYECKOH TeopHH SABJIA-
ercd OJHMM M3 OCHOBHBIX TpeGoBaHMil, MperbhABIAECMEIX K
cucTeMe aKCcUOM JaHHoit Teopun. OHa o3Hadaer, 9TO U3 AaH-
HOIl cHCTeMBI aKCHOM HeJIb3sd JIOTMYECKHM IIyTEM BBIBECTH
ABa OPOTHBOPEUYAINHX APYT APYTY YTBEDKACHHA.

HokazaTeabCTBO HENMPOTUBOPEUMBOCTH AKCHOMATHYECKHUX
Teopuii MOYKHO OCYIIIECTBUTH DPAsJINIHbIMU Meropamu. OmHAM
¥3 HUX ABAAETCSI METOJ MOAEJIMPOBAHWS WM MATEepOpeTannii.
3nech B KadecTBe OCHOBHBIX MOHATHH M OTHOMIeHWI BHIOHpa-
IOTCA DJIEMEHTHI HEKOTOPOTO MHOKeCTBa M OTHOIIECHHUS MEXKIY
HIMH, a 3aTeM IposepseTcs, OYAyT i1 BRINOJHATLCS AAA BHIG-
PaHHBIX NOHATHH M OTHONICHMH aKCcHOMBI JaHHOI TeOopHH, TO
ecTh cTpomTcs MoZenb JJiA AaHHOU reopun. Tax, aHAIUTHIeC-
KaA TeoMeTpHuUA ABJAdeTca apudMeTnuyecKoi MHTepIperamneit
reomerpun EBxinpa. flcHo, 9TO MeTOA MOJEIHPOBAHUA CBO-
JUT BOIPOC 0 HEMPOTHBOPEYNBOCTU OFHOM TEOpHH K Mpobieme
HEOPOTUBOPEUNBOCTH IPYTIOd TeopHH.

BossmuHeCTBO MHTEpHpeTanmmi AJAA MaTeMaTHUYUECKHX
Teopuil (u, B uwacTHOCTH, AJNA apudMeTHKH) cTPoUTCA HA
6ase TeopMm MHOMKeECTB, B CBA3H ¢ 2THM Ba)XHO JOKa3aTh
HeNPOTABOPEUNBOCTh TEOPUHU MHOMKECTB.

OxHako B KoHne XIX BeKa B Teopuy MHoMecTB GhLaN
o6HapysKeHH mpoTHBOpeuYMsa (IapajoKchl TEOPHH MHO-
xecTB). fApkuM mpuMepoM TakKoro HapaZoKca ABIdeTcH
napagoxc B. Paccesa. Pa3o6peM Bce MBICIAMEIE MHOMKECTBA
Ha ABa KJacca. HazoseM MHOXKecTBO «HOPMAaJILHBIM», €CJIH
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OHO He COIEDIKUT ceGfA B KauecTBE CBOETO DJIEMEHTA N <«He-
HOpPMaJILHBIM» B HPOTHBHOM ciaydae. Hampumep, mmomxe-
CTBO BCeX KHHUI — «HOpPMaJIbHOE€» MHOMKECTBO, a MHOMKe-
CTBO BCEX MBLICIMMBIX Bewieil ~ «HeHOpPMaJbHOE» MHOMKE-
ctpo. Ilyerp L — MHOMKECTBO BceX «HODMAJIBHBIX» MHO-
secrs. K KakoMy Kiaacecy oTHocHTCS MHOMKecTBO L?

Ecmu L — «HOpMAZpHOE MHOMecTBO», TO L eL, T. e.
COREpIKUTCA B Kjlacce ¢«HOPMAJBHBLIX» MHOMKECTB, HO TOTA&
OHO coJiep:KHUT cebsT B KauecTBE cBOEro 9J1€eMEHTa, ¥ OdTOMY
«HeHODMAJBHO» .

Ecan L — ¢«HeHOpMANbHOE» MHOMKECTBO, T0 L ¢ L, . e.
HE CONEPIKHUTCH CPefd <«HOPMAJbHBIX» MHOJKECTB, HO TOrZa
L He copep:kuT ceGA B KadyecTBe CBOErQ sJieMEHTa, M HO3TO-
MY OHO «HoOpMaJbHO». Tarkum o0GpasoM, HOHATHE ¢HOPMAJb-
HOTO» MHOXKECTBa NPUBOAUT K IPOTHBOPEYUIO.

HonsITKY yeTPaHUTh OPOTHUBOPEYNA B TEOPHU MHOKECTB
npuseau IlepMeno K HeOGXOAMMOCTH IOCTPOMTEH aKcHoOMA-
TUYECKYI0 Teopuio MHOXKecTB. Ilocieayiomiue BUROM3MEHE-
HUSA ¥ YCOBEPIICHCTBOBAHMAS 9TOH Teopuy HPUBEJIH K Co3Ka-
HUIO COBPEMEeHHOI1 Teopun MHoMXKecTB. OHaKO cpefcTBa aToi
aKcHOMaTHYeCKOM TEeopHH He IO3BOJISIOT NOKa3arh ee He-
IIPOTHBOPEUYNBOCTG.

Jpyrue meTonsl 060CHOBAHUS MaTeMaTHKH OBLIN Pa3BUTHI
. T'unsGeprom (1862—-1943) u ero mxosoii. OHM OCHOBHIBAIOT-
Cf1 Ha MOCTPOEHUM MAaTeMaTHIeCKUX TeOPHH KaK CUHTaKcuyec-
KUX Teopuil, B KOTOPBLIX BCE AKCHOMSB! 3aNUChIBAIOTCA (hopMy-
JIaMH B HEKoTOpPOM aJjihaBurTe M TOYHO YKa3sIBAOTCA IpPaBUIa
BLIBoZa oxHux (popMys M3 APYrdx, TO €CTh B TEOPHIO KAK CO-
cTaBHAfl YacTh BXOJUT MaTeMaTHUeCKAadA JIOTHKa.

Taxum ob6pasoM, mareMaTHyeCKas TEOpPHA, HEIPOTHUBO-
PEYHBOCTH KOTOPOI TpeGoBAJIOCH HROKA3aTh, CTAJNA IIpesMe-
TOM Jpyroil MaTeMaTH4ecKO#l Teopuu, xoropywo I'manbGepr
Ha3BaJ MeTaMaTEeMaTHKOIl, MJIM Teopueil IOKa3aTelbCTE.

B cBfisu ¢ 3TUM BOSHUWKAET 3afiada MOCTPOEHUSA CUHTAKCH-
yeckoil, T0 ecTh (POPMANM3OBAHHON aKcHOMaTHUECKOH Teo-
puy caMOf MarTeMaTHdecKoll Jornxku. BeiGupas mo-pasioMmy
CHCTEeMbI aKCHOM M OpaBWJla BBIBOJa ofHUX GOpPMYJI M3 ApY-
THX, NOJIYYRIOT Pa3jNYHble CUHTAKCHYECKIE JOTUYECKUe Teo-
pun. Kaskayio u8 HUX HasbIBAIOT JIOTHYECKWM HCUCIEHHEM.

B zaHHOM Kypce GyAeT paccMOTpPeHO KJaccCHUYecKoe HC
YucJeHne BBICKa3LIBaHMIA. :
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AJITEBPA JIOTHKH

§ 1. XIonarHe BHICKA3LIBAHUA

OcHOBHBIM (HeollpeJesigeMbIM) HOHATHEM MaTeMaTHdec-
KOl JJOTHKN ABJIAETCA MOHATHE <«IPOCTOI0 BHICKa3BIBAHUMI» .
Ilox evickasviéarnuem OGHIYHO TMOHHMMAIOT BCAKOE IIOBECTBO-
BaTeJbHOE NIpeJJIoKeHNne, YTBEPMKAaoomee YTO-JUG0 O UeM-
an6o, 1 IpH 9TOM MBI MOXKEM cKasaTh, HCTHHHO OHO WIH
JIOKHO B ZaHHBIX YCJIOBHAX MecTa M BpeMmeHH. Jlormuecku-
MU 3HAaUYEHHSIMU BBICKA3BIEAHHH ABIAAIOTCA «HCTHHa» H
«JIOKB> .

IIpuBegeM mpuMephs! BBHICKa3bIBaHMUU,

1) Hoeropox crour Ha Boaxose.

2) Ilapuwx — croauna AHrauu.

3) Kapacs ne pniGa.

4) Yucno 6 pennrcsa na 2 n Ha 3.

5) Ecyin 10HOImIa OKOHYHJI CPEAHIO MKOIY, TO OH MONY-
YaeT ATTEeCTAT 3PENOCTH.

Brickaswipanusa 1), 4), 5) ncTHHHLI, a BhICKa3bIBaHUA
2) u 3) noKHUEL.

Ouesupno, apeancxenne «Jlla 3gpaBeTBYIOT HAlIM CIOPT-
cmeHklls He ABAAETCA BHICKa3bIBAHUEM.

BrickasniBaHue, Npeacrapisaiomee cofoil ofHO yTBepK-
JeHue, MPUHATO HasbIBaTh NPOCTHIM HJIHW 3JeMEHTapHBIM.
ITpuMepaMu 3JIeMEHTapHBIX BRICKASLIBAHUII MOTYT CIYKUTH
BbICcKaswpiBaHuA 1) nm 2),

BricKa3bIBaHMS, KOTOPEIE HONYYaloTCs U3 DIeMeHTapHBIX
€ MOMOII[bIO I'PAaMMaTUUYECKUX CBAS0K «HE», «H», «HJIN», «ECIH
cosy TO .00, «TOTZIE M TOXBKO TOIJ[2», OPUHATO Ha3BLIBATH CJOMK-~
HBEIMHA WIN coCTaBHBIMA, Tak, BhICKashiBaHMe 3) MOJIy4YaeTcs
U3 IPOocTOro BhicKasmiBaHuA «Kapack — preiGa» ¢ HOMOLYLIO
OTpPHIIRHUA «HE», BhICKa3niBaHUE 4) 00pa3oBaHO M3 HJIEMEH-
TapHBIX BbICKasdbiBaHWil « Uneno 6 genurca Ha 2», «Uucio 6
Jennrced Ha 3», COGAUHEHHBIX COIO30M «M». BricKasbipaune 5)
mojiydyaeTcsl M3 MPOCTBIX BHICKashiBaHMil «IOHomia OKRoHUMJ
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cpenHIo0 MKONY», «IOHOma mosydaer aTrecrar apesocT» €
HOMOIIBI0O TPAMMATHYECKOI CBASKH «ECJHH ..., TO ...». AHa-
JIOTHYHO CJIOMKHEIE BRICKA3hIBAHNSA MOTYT GBITh HOJYYEHE! U3
IPOCTHIX BEICKa3bIBAHHUIT ¢ MOMONIHIO TPaMMaTHYECKNX CBS-
80K «MJIH», «TOTZa M TOJBKO TOTJa».

B anreGpe JIOTHKX Bce BBLICKas3LIBAHMA PaccMaTPUBAIOT-
Cf TONBKO C TOUKY 3PEHHUA MX JOTHYECKOTO 3HaUeHUS, a OT
uX KuTelicKOro copepanunsa orsiexaprca. Cunraercs, 4ro
KaKJoe BbIcKa3bIBaHWe JMGO0 MCTAHHO, JN0OO JIOKHO W HU
OHO BLICKa3bIBaHNE He MOJKET ObITh OJHOBPEMEHHO HCTHH-
HBIM M JIOKHBIM.

B nansHelimem O6yneM dJieMeHTapHBIEe BBICKa3bIBaHHSA
o6o3HavaTh ManbiMu OykBaMm JarmHCKOro andaBura: X, Y,

2y wey @, b,y €, ...; NCTHHHOE 3HaUEHHUE BLICKA3bLIBAaHUA — OYyK-
BOIl u mau uudpoit 1, a JoxKHOE 3HaueHne — OyKBoil & Man
nudpoir 0.

Ecau BeickasbIBanue a4 HCTHHHO, TO 6y€M Mucath a =1,
a ecam a joxHO, TO a=0.

§ 2. Jlornuecxkue omepanuy HaJ BHICKASHIBAHNAMH

1. Orpunarne. Ompuyanuem BLICKa3bIBaHUA X Ha3bIBa-
eTcsl HOBOE BBICKa3blBaHWE, KOTOPOE fABJISETCS HWCTHHHBIM,
€c/Il BBICKa3blBaHWE X JIOWHO, M JIOKHBLIM, €CJIH BBICKa3BI-
BaHWe X MCTHHHO.

Orpunanne BhICKa3bIBaHUA X 0003HAYaeTCA X M UMTA-
ercs ¢He X» WIH «HEeBEepPHO, UTO X».

Jlornyeckue 3Ha4€HWS BLICKA3LIBAHWUS X MOMKHO OIM-
caTh ¢ NOMOMIBIO TabarIbI

=1 O | 8

Tabaunsl TAaKOrO BHAa NPUHATO Ha3hBaTh TabianmaMmu
HCTHMHHOCTH.

ITyerh x BhicKasbIiBaHne. Tak Kak X TaKiKe ABJseT-
cf BhICKa3bIBaHMEM, TO MOYHO 00pasoBaTh OTPHIaHUe

BLICKa3nIBaHUA X , TO €CTh BLICKasnIBaHWe X , KOTOpOE
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Ha3bIBaeTcs KBONHBIM OTPUIIAHHEM BbIcKasmBaHmuA x. flcHO,

yTo JIOTHUecKHe 3HaUYeHUA BBICKa3BIBaHUN -f n X coBUajza-
0T.

Hanpuwmep, nia BoickassiBanusd «Pexa Bojixos BhITeKa-
er u3 osepa WnnmMenn» orTpunmaHmeM 6yzer BHICKasniBaHHE
«HeBepHo, uTo pexa Boixos BorreKaer n3 osepa UnsMeHb»
nnn «Pexa BoixoB He BoITeKaeT u3 03epa MisMeHb», a KBOLi-
HBIM oTpunanueM Oyner sbickasnisanne «HesepHo, uTo pexa
BoaxoB He BhITeKaeT u3 o3epa WIbMEHb»

2. Komsroaknua (norudeckoe ymHoxenue). Kowsionr-
yueil ZByX BbICKas3bIiBaHMU X, y HadblBaeTcsd HOBOE BHICKa3bi-
BaHWE, KOTOPOE CUMTAEeTCS NCTHHHBIM, ecian 06a BhICKa3bI-
BaHWA X, Y NCTHUHHSEI, B JIOXKHBIM, €CJIA X0oTA GBI OJHO U3 HUX
JIOMKHO,

Koubionknua BolickasblBaHWA X, Y 0Go3Hadaercd CHM-
BoJIoM x&y unu (X A Y ), auTaerca «X W y». BrickasbiBaHUSA
X, Yy Ha3plBalOTCSl YJICHaM¥ KOHBIOHKITHH,

Jloruueckne 3HaueHNA KOHBIOHKIITHH ONMUCHIBRIOTCA CJIE-
Aymomieil Tabaumneil MCTHHHOCTH:

x Yy x&y
1 1 1
1 0 0
0 1 0
0 0 0

Hampumep, s soicKasbiBanuil «6 neanrea Ha 2», «6 ge-
Jures Ha 3» MX KOH'BIOHKITNEH Oy/ier BoIcKaspiBaHne «6 gesmr-
cq Ha 2 n 6 peanrcd Ha 3», KOTOpOe, OYEBHUAHO, UCTHHHO,

W3 onpezesneHns onepaniy KOH'BIOHKIUA BULHO, YTO COI03
«M» B anredpe JIOTUKH yHnoTpeGaderca B TOM K€ CMEICJIE, YTO
n B noscenHesHO! peun. Ho B 06p1uHONi peun He HPUHATO CO-
€VHATL COI030M «HM» JBA BBICKa3BIBAHUA JaJ€KMX ApPYT OT
ApyTa 1o cofep:KaHuIo, a B anrebpe JOTMKM paccMaTpHUBaeTca
KOH'BIOHKITMSA JBYX JIOGLIX BHICKa3hIBAHMIA.

U3 onpepeneHnsa omepaniuyn KOHBHIOHKIINH W OTPUIIaHUT
fICHO, uTO BhICKa3blBaHMe x& X Bcerja JIOMXKHO.
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3. Jussourkuna (Jioruueckoe ciaoxenue). Jussonryueil
JIBYX BBICKA3BIBAHUMH X, y HA3BIBAETCA HOBOE BBICKA3LIBAHUE,
KOTOPOE CYUTAeTCA HCTUHHBIM, eClNH XOTA OBl OXHO U3 BhIC-
KasplBAHUH X, Yy HMCTUHHO, X JIOXKHBIM, €CJU OHHM 06a
JIOKHBIL.

Ju3BI0OHKIUA BhICKa3blBAHUA X, y 0003HAUAETCA CHM-
BOJIOM X VY, UHTaeTca «X wm y». BrickaspiBanua x, y
HaShIBAIOTCA WIEHAMH ANSBIOHKIUH.

Jlornueckne sHadeHuA AUSBHIOHKIWHN OIIMCHIBAIOTCA CJe-
AVIOmIe# tabauieil NCTUHHOCTH:

x y xvy
1 1 1
1 0 1
0 1 1
0 0 0

Hanpuwmep, soickassisanue «B rpeyronsuurxe DFE yron
D mun yron E ocTphlii» HCTUHHO, TaK KaKk 06A3aTeJHLHO
HCTHHHO XOTA ObI OXHO M3 BHICKA3bIBanuil: «B TpeyrogpHu-
ke DFE yron D ocrtphiii», «B Tpeyronvuuxe DFE yron E
OCTPBIH».

B noBcepHeBHOH peud COI03 «HJIN» YIOTpedJseTCS B
pasJIMYHOM CMBICJIe: MCKJIOYAOIEeM M He HCKJIYaoimeM.
B anrefpe JIOruKm coI03 «WJM» Becerga ymnorpebiserca B He
HCKJIOYAloieM CMBICTIe.

W3 onpezesieHuA onepanyy JUSBHIOHKIUNA U OTPUIAHUSA
SICHO, UTO BbICKa3blBaHUEe X v X BCerja MCTHHHO.

4. Amnauxanua. Hmnaurayueil aByX BbICKasbiBaHUU
X, Yy HA3LIBaeTCA HOBOE BRICKA3BIBAHHME, KOTOPOE CUUTAETCS
JIOXKHBIM, €CJIM X HCTHHHO, & ¥ =— JIOKHO, ¥ HCTHHHBIM BO
BCeX OCTAJNbHBIX CHyYasX.

Wmminganusa BbICKassIBaHUR X, y 06O3HAYaeTCa CHM-
BOJIOM X — Y , YHTAETCH «€CJIH X, TO Y» WIH «HU3 X ClexyeT
y». BrickasbiBanke X Ha3BIBAIOT YCJIOBHEM HJIH IIOCHLIKOI,
BBICKASEIBAHME Y — CJHEACTBHEM WM 3aKJIIOUeHHEM, BLICKA-
3bIBAHUE X — Y — CleJoBaHHMEeM WA HMIIUKAIHeil.
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Jlornueckue 3HAUYEHUA ONEePAUNM MMINHKAUUNA OIMHCHI-
BalOTCA CleAymolei Tabiuueil nCTHHUOCTH:

x v x>y
| 1 1 1
1 0 0
0 1 1
0 0 1

Hanpumep, BeicKasbiBanue «Ecan uncno 12 gennrca sa
6, To oHO gennTcd HA 3%, OUEBHAHO, UICTHHHO, TaK KaK 31cCh
ueTuaHA nmoceinka «Ymeno 12 penurea Ha 6» u meruHHO
sakmoygenue «Umeno 12 pennrea na 3».

YuorpebieHne ClHOB ¢€CHH ..., TO ...» B anredpe JNOrUKHU
OTANYACTCA OT YNOTPeOIcHUA X B OOLIACHHONU peun, rae Msl,
KaK TpaBHJIO, CYUTACM, YTO, CCJIM BHICKASBIBAHHEC X JIOMKHO,
TO BuIcKasbiBaunue «Ecnum X, TO y» BoOOiIe HE UMEeT CMEICJA.
Kpowme Toro, cTpos npefsioxeHRe BIAA «eCIHN X, TO iJ» B 0ObI-
JCHHOH peYM, MBI BCErjga IMOApa3yMeBaeM, UTO IPeJJIoKeHHIe
Y BBITCKACT U3 MPEJJIOKCHUA X. YHOTDebJIeHHME CNOB «eClu
eeay TO ...» B MATEMaTHUYECKOI JIOrHKe He Tpedyer 3TOro, Io-
CKOJILKY B HEI CMBICJI BHICKABHIBAHUIN He pacCMaTPHBAECTCH.

UMnaukanusa Arpaer BaAXKHYI POJIb B MATEMATHUYECKHUX
IOKa3aTeNILCTBAX, TAK KAK MHOTHe TeopeMsl dopmyianpy-
oTcs B yesiopHOit dopme «Eeam x, o y». Ecim opu aTom
H3BECTHO, UTO X HCTHUHHO M [OKa3aHa HNCTHUHHOCTL MMILIN-
Kauuyd X —> i, TO MBI BIPaBe cAenaTh BHIBOJ, 06 HCTHHHOCTH
BAKJIIOUCHHUA Y.

5. IxBuBaJcHINA. IK6usanenyeil (UNU SKBUBAJIECHTHO-
CTEIO) ABYX BBICKA3bIBAHMH X, y HASBIBACTCA HOBOE BHICKA-
‘3LIBAHME, KOTOPOE CYMTACTCA MCTHHHEIM, KOrAa 06a BHICKAa-
3bIBAHMA X, y NubO OlHOBPEMEHHO MCTHHHEI, JTH0O O HOBpE-
MCGHHO JIOKHBI, ¥ JOKHBIM BO BCEGX OCTAJLHBIX CAy4adx.

OKBUBaJlcHUHMSA BbICKA3HIBAHU X, iy 0003HAUACTCA CHM-
BOJIOM X <> I , HATACTCA «ANA TOr0, YTOOHI X, HEOGXOAUMO
M JO0CTATO4YHO, YTOOL! y» HAHM «X TOrga M TOJBKO TOTAQ,
Korja y». BoICKa3mwIBaHWA X, J HA3HIBAIOTCH YJICHAMHU 3KBU-
BaJICHIIMH.
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JloruuyecKkHe 3HAYCHNA omepanMy SKBHBAJECHIMM ONU-
CHIBAIOTCA caeayioniet Tabianueit ICTHHHOCTH:

x y xey
1 1 1
1 0 0
0 1 0
0 0 1

Hampumep, sxensaseanusa «Tpeyroabuux SPQ ¢ Bep-
muuaoi S u ocaoBannem PQ paBHOGeAPEeHHEIH TOTA B TONb-
KO Torga, Korga /P = /@ » ABAAeTCI NCTHUHHOM, TaK KaK
BricKaspiBaana «Tpeyronsaux SPQ ¢ Bepmuuoii S n oc-
"oeaunem PQ pasuobespennsniii» u «B Tpeyroasuure SPQ
¢ BepminuOif S u ocmoBarnmem PQ /P = /@ » nu6o oxHO-
BPEeMEHHO UCTHHHbBI, JN60 OHOBPEMEHHO JIOXKHEL,

OKBUBAJCHTHOCTH UrpaeT BAXKHYIO POJL B MaTeMa-
TUYCCKHUX AOKasaTelbcTBax. U3BeCTHO, YTO 3HAUUTEID-
HOe¢ YHCJO0 TeopeM dhopmynupyerca B dopMe HeoOXOnU-
MBIX M JOCTATOYHEBIX YCJOBHH, TO ecTh B dopMe 3KBHBA-
JIEHTHOCTH. B aTom ciaydae, 3Hag 00 MCTHHHOCTH HJIH
JIOXHOCTH OJHOTO U3 ABYX YJICHOB SKBHBAJICHTHOCTH M
AOKAa3aB HCTHHHOCTH caMoifi 9KBUBAJIEHTHOCTH, MBI 3aK-
nmoYaeM 00 HCTHHHOCTH MJAU JIOMHOCTH BTOPOTO 4JIGHA
9KBHBAJICHTHOCTH.

§ 3. ®opmyan: anre6pnl JFOTHKA

C momMOuIBIO JIOHYeCKHUX Omepariiii Hay BHICKA3bIBAHUMA-
MU U3 3aZaHHONH COBOKYIHOCTH BBICKA3BIBAHMIT MOYKHO CTPO-
UTh DasNMUYHLIC CJIOKHLIE BpICKaspiBanua. IIpu arom mopsa-
IOK BHITIONHEHNA omepanuil ykasniBaerca ckobravmu. Haupn-
Mep, ¥3 TpeX BHICKA3BLIBAHUIN X, Y, 2 MOMCHO IIOCTPOHTE BBIC-
Kas3bIBAHUSA

(x&y)vE u x—é(yv(x&z)).

IlepBoe M3 HMX €CTH AUIBIOHKUMA KOHBIOHKIUHA X, y H
OTPHIIAHNA BHIKASLIBAHHA 2, 4 BTOPOE BBHICKA3LIBAHUE €CTh
VMILTHKADWUA, TOCBUIKOM KOTOPO# SIBJIAETCA BHICKASHIBAHHE X,
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a 3aRJIOUCHHEM — OTPHIAHNE AUSBHIOHKIAY BLICKA3BLIBAHUA Y
¥ KOHBIOHKIINK BLICKASBIBAHUIA X, 2.

Besagoe ciokHoe BhICKasblBaHHe, KOTOPOe MOMKeT ObITh
MONy4YeHO M3 2JICMEHTAPHBIX BHICKA3BIBAHUI MOCPEHKCTBOM
NPUMCHEHHUs{ NOTMYCCKHUX onepanuii OTPHIAHUSA, KOHBLIOH-
KOHU, AMSBIOHKUME, UMINIMKAOAY N 9KBHBAJICHLUM, HA-
3bIBACTCHA @OPMYNOL anzebpvL No2uku.

Dopmynsl anrebpsl Joruky GyxeMm ofosHAYATH GONBUIHN-
MM GyKBaMM JIATHHCKOro ajndasura A, B, C, ...

Iina ynpouienua sanucu GopMys OPpHHAT PSAJ corialie-
Huii, CKOGKH MOKHO ONYCKAaTh, NPHACPIKHUBAACH CJIEAYIO-
UIero nopAxKa AelicTBUM: KOB'BIOHKIMA BLHINONHACTCA PaHb-
me, 4eM BCe OCTAJIbHLIE OIepanUH, AU3BIOHKOUA BHITOJHA-
eTcA paHblle, YeM MMILNIMKANUA M SKBUBAJIEHTHOCTh. Eciu
Hax (OpMYJIOH CTOUT 3HAK OTPHUIAHUA, TO CKODKU TOMKE
OUYCKAIOTCH.

B cBasu ¢ arum QopMyssl

(x&y)vZ u x—->(yv(x&z))
MOr'yT OBITH 3amUCaHbI TAK:

x&Yyvz u x>yvx&z.
Jlormuyeckoe 3nauenne GhopMyasl anrebpsl JOTHUKH IIOJ-
HOCTBLIO ONIPCAENISACTCA JTOTHUCCKUMY 3HAYCHUAMM BXOAAIMIUX
B Hee 9JICMEHTAPHBIX BRICKaseiBanwmii. Hampumep, Jiornmuec-

kUM sHaycHMeM dopmynst x&yvZ B cayuae, ecan x=1,

y=1, 2=0 byzaer ucruHa, TO ecTh ;ﬂv5=1.

Bce Bo3MOXKHEBIC JIorHdecKye 3HaYeHNA QOpMynEl, B 3a-
BHCHMOCTHM OT 3HAYEGHMUIH BXOAAINX B HEEe SJICMCHTAPHBIX
BBICKASEIBAHUHM, MOTYT ObITH OOUCAHLI IIOJHOCTBIO € IIOMO-
b0 TAOJUOBLI HCTHHHOCTH.

Haupumep, ana gopmynst X vy — x&y Tabauuna me-
THHHOCTM WMECT BUJ:

x |y X 7] xvy x&y Tvy>x&y
1|1 0 0 1 0 0
110 0 1 0 1 1
0|1 1 0 1 0 0
0|0 1 1 1 .0 0
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Jlerko BHAECTH, UTO, €CJH HOPMYJIA COAECPIKUT 17 HJICMCH-
TApPHBIX BBICKA3HIBAHMI, TO oHa HpUHHMaer 2" 3HauYeHHii,
COCTOANMX M3 HyNell M eANHuIl], WJiH, YTO TO e, Tabnuma
COZEPIKUT 2" CTPOK.

§ 4. Pasrocuapubie GOPMYNs! aIreGphl JIOFHKH

Oupenenenuc. e dopmyas! anrebps soruku A u B
HAa3LIBAIOTCH PABHOCULbHULMU , €CHAY OHY HIPUHEMAIOT OJH-
HaKOBEBIC JIOTHYECKHE 3HAUYCHUS Ha Jo060M mafope 3made-
HHUH BXOAAMUX B POPMYJLI 9JEMEGHTADHHEIX BHICKA3biBa-
Huit.

PasnocuanHocts dopmyn 6yaem obGosmavaTh 3HAKOM
=, a saauch A = B osmauaer, uro dhopmyans A u B pas-
HOCHUJLHEI.

HanpuMep, paBHOCHILHBI GOPMYJIbI:

x =x,
XVX=X,
(x&x)vy=y.

®opmyna A naspiBaeTCA MmocdecmeeHHo ucmu ol (A
masmonozueil) , ecin OHA MPHHNAMAET 3HaYeHne 1 opy Beex
SHAYICHUAX BXOAAIUX B Hee NEPEMEBHBIX.

Hampumep, TOXKEeCTBEHHO HCTHHHBI (QOPMYJIEL XV X ,
x> (y - x).

dopmyna A Ha3BIBAETCA MONPECMBEHHO NONCHOIL, ecan
oHa mpuHUMAaET suaucHUe 0 IPHU BceX SHAYEHMAX BXOAAIUX
B HEC NEPEMEeHHEIX,

Hanpumep, TO:XKACCTBeHHO JoOXKHaA dopmyna x& X .

SlcHO, YTO OTHOIIGHHE PABHOCHJIBHOCTH pediIeKCHBHO,
CHMMETPHYHO M TPAH3UTHBHO.

Mexcy DOHATUAMHU PABHOCHJIBHOCTH M SKBHBAJICHTHO-
CTH CYIIECTBYeT CJCAYIomasa CBA3b: ecam dopmynant A n B
paBHOCHJIBHBI, TO opmyaa A <> B — rasrosorus, u obpar-
Ho, ecnu dopmyna A <> B — rapronorus, To GopMynst A u
B parHOCHIBHEI,

Baxneifmue paBHOCHIBHOCTH anre6pPEl JOTMKH MOMCHO
pasbuTh HA TPH TPYNOIILHL B
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OcHoBHBIE PABHOCHILHOCTH:
x&x=x

=~ 3aKOHbI NAEMIIOTCHTHOCTH.
xvx:___x} 3, AeM OT.H HOCTH

x&u=x

x&an=a

il

Xva=x

1.
L
2.
3.
4. xvu=u
5.
6.
7. x& X =2 — 3aKOH NPOTHBOPCYUA.
8. xvX =y — 3aKOH HCKJIOUCHHOI'O TPETHEIO.

9. X = x — 3aKOH CHATHA ABOHHOTO OTPHIIAHHA.

10. x&(yvx)=x
11, x v(y& x) = x| — SaKOHBI IOrJOMIEHH.

JloxaXkeM OAMH M3 3aKOHOB HOIJIOIeHHA. PaccMoTpUM
dopuyny A=x&(yvx). Ecim B aroit popuyse x=1 To,
oueBHAHO, yvix =1 u Torpa x&(yv x)=1EKaK KOEBIOHK-

s ABYX MCTHHHBLIX BbICKaswrsanmi. Ilyers teuneps B ¢op-
Mmynre A x =0. Ho Torpa mo ompejesyieHnIo onepanuyl KOHB-

OHKIHKM OyAeT JOKHON ¥ KOHBICHKIUA X& (y vx). Hrak,

BO BCeX CIYYafAx 3HAYeHHUA PopMynnl A COBHAZAIOT CO 3HA-

YeHUSMH X, a N03TOMYy A= x.
2. PaRHOCMILHGCTH, BHIpaxalomue OZHU JIOrHYecKue
pnepanuu ycpeld Apyrue:

Lxoy=(x->y&y->=x
2 x—»>y=sxvy
;czz_.l_/-sfvy'

xvy=x&y

3.

4,

5. x&y=Xvy
6. xvys= i‘E—y

Hcno, uro pasHOCHIBHOCTH § M 6 TOJIY4IAIOTCS U3 PABHO-

cunbHOCTEl 3 W 4 cooEBETCTBOHHe, €CJNIM OT ofeHx vacTei
HOCJHEeAHUX BATh OTHUNRAHUA H BOCHOJNBL30BATHCA 3aKOHOM
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cHATHS ABoliHOro orpunanusa. Takum o6pa3oM, B JOKa3aTENE-
CTBE HYKJAIOTCH IEPBBIE YETHIPE PABHOCHIABLHOCTH. [lokarkem
JlBe U3 HUX: IEPBYI0 M TPETHIO.

Tax Kak DKM OAMHAKOBHIX JIOTHYCCKMX 3HAUCHHUAX X K

Y MCTHHHBIMHU ABJSIOTCA GOPMYIE X <> Y, X > Y, Y>> X,

TO UCTHUHHOH 6yJeT N KOHBIOHKIHUS (x - y)& (y - x) . Cie-

AOBaTeJbHO, B 3TOM CJay4yae obe uactH PaABHOCHJIBHOCTH
NMEIT OAMHAKOBBIC HCTHHHBIC 3HAYCHNA.
HyCTb TEHEPh X H Iy UMEIOT Pa3JINYHEBIC JIOTHYECKNE 3HaY e~

aust. Torga 6yAYT JIOKHBIMYA SKBUBAJICHTHOCTD X <> I U OJHA
U3 ABYX HMIAHKaumi x>y wix y— x. Ilo mpm arom

yaer noxHO# M KORBOHKDZA (x — y)&(y — x). Taxum

ofpasoM, B 2TOM ciIydae obe JacTH PABHOCHJIBHOCTH HMEIOT
OZMHAKOBLIE JIOCMYCCKUE 3HAUCHHUA.

PaccmorpuMm pasaocmabHocTs 3. Eenm X um y upnapma-
JOT OXHOBPECMEHHO HCTHHHEIC 3SHAYCHHA, TO OyAeT HCTHHHONK

KOHBIOHKIUA Xx& Yy ¥ JIOMKHHIM OTPHIAHNE KOHBIOHKUWU

x&y . B To xe BpeMd GyAyT JOMKHBIMH U X , ¥ ¥, a IO3TO-

My Oynmer JIOKHOH M AMSBIOHKIHA X VY.

IIycrs Temeph xorsa OB OZHA M3 HePeMEHHBIX X WM Y
MPUHUMACT 3HAYeHHe JIoKb. Torga 6yger JOMKHON KOHBIOH-
koua x&y ¥ HCTHHHOI ee oTpuuanMe. B To Xe Bpemsa or-
pHUIaEre XoTa Obl OfHOI N3 IePEeMEHHBIX OYACT HCTHHHBIM,
a moaroMy OyAeT MCTHHHOH M RUSBIOHKIUE X VY .

CiepoBaTenbHO, BO BCEX CAyYaax obe 4aCTH PABHOCHJIb-
HOCTH 3 NPHHUMAIOT OJMHAKOBLIE JIOrMYeCKHE SHAUCHUA.

AHaJIOTHYHO JOKA3hIBAIOTCA PABHOCHJIbHOCTH 2 U 4.

W3 pasnocunbHOCTE!l 3TOH rpymmsl cAeAYeT, UTO BCH-
Kyio Gopmyny anrebpsl JOrMKH MOMKHO 3aMeHHUTH PABHO-
CHJIbHOH eif GopMYJIOit, cogep:ramieil TOJBKO JBe JIOTHYEC-
KHe omepanuy: KOHBIOHKUMIO H OTPHUAHHME WIH JUILIOHK-
OUIO X OTpHIAHUE.

Hansueilniee UCKJIIOUeHNE NOTHYECKUX ONepanyii He-
Bosmoxuo. Takr, ecim mbl OyieM HMCIOJB3OBATH TOJBKO
KOH'BLIOHKIINIO, TO yiKe Takad ¢opMysia KaK OTPHIUaHHe X
HEe MOXe: OLITh BHIpDA’KEHA ¢ NOMOINIBIO ONEPAUUH KOHB-
IOHKIAH, -
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OnHaKoO CYINEeCTBYIOT ONEPALHM, ¢ ITOMOINBI0 KOTOPHIX
MOJKET OBITH BHIpa)KeHa JiiohadA U3 HATH JOTHUECKUX onepa-
nnif, KOTOPHIMH MBI MOnb3yeMmcs, Taxoil omepanueii ABIdAeT-
es1, Haupumep, omepanuda «HItpux Ileddepas. Dra omepa-
U 0003HAYAETCA CHMBOJIOM x|y ¥ ONIpENeNAeTcCs CIERYI0-
et Tabanuneisl HCTUHHOCTH:

x y x|y
1 1 0
1 0 1
0 1 1
0 0 1

OueBNAHO, MMET MECTO PaBHOCHJIBHOCTH:

1) T=xlx.

2) x&y =(xly)l(xly).

W3 aTux xByX DPaBHOCHJIBHOCTEIl cJieAyeT, 4WTO BCAKas
dopmyna anrebpsl JOrMKM MOXMeT OGBITH 3aMeHeHa pPaBHO-
cunbHoi dopMmynoii, coaepxanieii TOABKO omepanMio
«Itpux Hleddepas.

Ormerum, 9T0 x|y = x&y -

AnayorsyHo MOKeT GHITh BBeJieHa OeDaus (o(x, y) =xVvy.

3. PaBHOCHABHOCTH, BBHIPA’KAIOU{Me OCHOEHBIC 3aKOHBI
anreGpel JIOTHKH:

1. x&y=y&x — KOMMYTAaTHBHOCTL KOHBIOHKILUH.

2. XVy=YyvXx — KOMMYTATHUBHOCTL JUIBIOHKIINH,

3. x& (y& z) = (x& y)& 2 — acCOuMATHBHOCTD KOH'BIOHK-
ouu.

4. xv (y v z) = (x v y) V 2 — acCOnUATUBHOCTD JU3BIOHK-
nuu,

5. x& (y v z) = (x& y) v (x& z) ~— KACTPUOYTHBHOCTh KOH'D-
IOHKUXAKY OTHOCHTENbHO AUIBIOHKIINU,

6. xv (y& z) = (x v y)& (x v z) ~ AUCTPUOYTUBHOCTD JU3'h-
IOHKOUM OTHOCHUTENBHO KOHBIOHKIMH.
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JloxaxeM UOCHeXHHH N3 NepeudcleHHBIX 3aKOHOB. Ecau

x =1, TO O6yAyT HCTHHHBIME GOPMYABL XV (y& z) , XVY,

x v 2. Ho Torga Gyner HCTUHHOI I KOH'BIORKIVA (x v y)& (x v z) .

Taxum obpasom, mpu x =1 06e yacTe paBHOCHJIbHOCTH 6
IPUEIMAIOT OUHAKOBLIC JIOTHYECKUEe 3HAUEHNA (UCTHHHbBIE),

TIycrs Teneps x = 0. Toraa x v (y&2)=y&z, xvy=y un

XVvz=2, a N03TOMy H KOHBIOHKI(HA (xvy)&(xv z) =y&z.
CnegoBaTesibHO, 37lech 00e JacTH pasHOCHJIbHOCTH 6 paBHO-
CHJIBHBI OJHOIH U TOi e dopmyine y& z, N mMoaToMy IPHHU-
MAalOT OAMHAKORBEIE JJOTHUEeCKHE SHAYEHUA.

§ 5. ParHocuasHbIe npeobfpasoBannsa dopmya

Hcnonssya pasnocuasaoetn I, IT u IIT rpynn moxxao vacTs
dopmyst uau GopMyny 8aMEeHHTH PABHOCHABHOM it hopmy-
Joit. Taxne rnpeobpasoranus GopMyJI Ha3bIBAIOTCH PAGHOCUNY-
HotMU.

PaBHoCHJIbHBEIE NPEOOPA3OBAHUA MCIOJNb3YIOTCA AJNA
IOKa3aTeJIbCTBA PABHOCHUJIBHOCTEMH, AJIsi IpUBeLeHus (PopMya
K 3aJaHHOMY BHAY, AASA yupoumeHns dbopmMyr.

dopmysia A cuuTaeTcda Ipomie PAaBHOCHILHOMK eii Gop-
MmyJasl B, ecli OHA COZEPKHUT MeHbIe GYKB, MEHbUIE JIO-
rudeckux ouepanmii. Ilpn sToM 0o0nIYHO Omepaium SKBHU-
BAJICHTHOCTh ¥ HMMIJIMKALUA 3aMEHAIOTCA omepamuaMM
IH3BIOHKOAN ¥ KOHBIOHKIHH, a OTPHIlaHHe OTHOCAT K
3JIeMeHTapHLEIM BRICKAa3bIBaRuaM. PaccMorpum pap npu-
MepoB.

1. JoxasaTs PaBHOCHNBHOCTL X <> y = X& Y v x&y.

HUcenonssys paaocuistoctu I, I u III rpynn sanmmem
HENOYKY PABHOCHUJIBHEIX (HOPMYJI:

xoy=(x->y)&y->x)=(Fvy)k@var)=
=x&yvx&xvy&kjvy&x=
Y&y vOvOvy&kxr=x&yvy&kx=x&yvx&y.

2. Yapoeruts hopmynry (x vy->xvykky.
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BanuumeM IENOYKY PABHOCHJBHBIX (POPMYJI:

(xvyvxvy)&ys(xvyvxvy)&y =(xvy)&y=y.
3. JToxasaTh TOMIECTBEHHYIO MCTHHHOCTH (OpMYJIBI

(x—->y)—->((y—>z)——>(xvy ——>z)).
BanumeM HeOOYKy DaBHOCHABHBIX (OPMYI:

(x>y)>((r>2)>(xvy>2)=

E(Evy)v(y'vzvxvyvz)s}:&gvf&?vﬁc‘&g‘jvz-=-
=x&7Tvy&Ivi&yvz=(x&Jvr&j)v(y&svz)=
=§&(xvE)v(yve)&(zva)=7&lv(yv2)&l=
=fvyvz=(Fvy)ve=lvz=1

§ 6. Anredpa Byasa

Paenocuasnocty III rpynust roropsaT o ToM, uTo anrebpa
JIOTHKH 00JafaeT KOMMYTATHBHBIMH M aCCONUATUBHAIMH 3a-
KOHAMHU OTHOCHUTEJBHO ONEpAnlil KOHBIOHKIUH M ANUSBIOHK-
UK U AUCTPUGYTHUBHBIM 3aKOHOM KOH'BIOHKIMH OTHOCHUTEMNb-
HO AUIBLIOHKIINN, 3TU e 3aKOHLI UMeloT MECTO U B ajrebpe
yucey. Iloaromy Hapg dopmynamu ajuredpsl JIOTHKHA MOMKCHO
IPOU3BOANTE Te Ke MPeobpPasoBanusd, KOTOPbIe IIPOBONATCA B
ajireGpe ynces (PaCKpHITHE CKODOK, 3aKJIIOUeHHE B CKOOKM,
BhlHECEHNEe 3a CKOOKH 00iHero MHOMUTEN),

Ho B anrebpe JIOTHKH BOSMOXKHBI M ApYTHe IpeoGpasoBa-
HHUfA, OCHOBAHHLIE HA HCIOJb30BAHMM PaBHOCHJIBLHOCTE:

(x&y)vz=(xv2)&(yvz)

x&(y v x) = x,
xv(y&x) = x,
;:Ez_g;sfvy,

xvy=X&y 4T
Ora 0cOGEHHOCTD IMO3BOJIAET MPHUTH M K JAJNEKO HUAY-
oM 0006 eHIAM.
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PaccmoTpuM HemycToe MHOMKecTBO M 571eMeHTOB J1000i
TPHPOIHE {x, Y, z,...} » B KOTOPOM OIpEJeNIeHbl OTHOIIEHNUE
«=» (paBHO) U TpH omnepanuu: «+» (croxenue), «-» (YMHO-
MJeHUe) ¥ «—» (OTPUIAHME), MOAUAHAIONINECA CJeAYIOUIUM

axKcuoMmam:
Rommy’ra’rnnnme 3aKOHBI:

la. x+y=y+x, 16, x-y=y-«x.
AcconumaTuBubie 3aKOHBL

2a.x+(y+2)=(x+y)+2 2. x-(y-2)=(xy) =
JucTpubyTUBHBIE 3aKOHBI:

8a. (x+y)-z=(x-2)+(y-2) 86. (x-y)+z=(x+2)-(y+2)
3axoHBI HIEMIOTEHTHOCTH:

4da, x+x=x, 46. x-x = x.
3axkoH ABOIHOIrO OTpUNAHUA:

5. % =x.
3axonbl ge-Moprana:

6a. x+y=%x-5, 66. x-y=X+y.
3aKOHEI TOrNOIEHMA:

Ta. x+(y-x)=x, 76. x-(y+x)==x.

Taxoe mHO>xecTBO M Ha3sIBaeTca Oynesoil anzebpoi.

Ecnu 1of OCHOBHBIME 2JIEMEHTAMHE X, Y, 2, ... MOAPa3y-
MeBaTh BBICKA3BLIBAHUA, IIO[ OmEpAUAMU «+», «-», ¢«—»
AU3BIOHKINIO, KOHBIOHKIUIO, OTPUIlaHNE COOTBETCTBEHHO,
a 3HAK pAaBEHCTBA pacCMATDPUBATL KaK 3HAK PABHOCHIALHOC-
TH, TO, KaK caenyer u3 pasxocunbrocreit I, I u IIl rpynn,
Bce aKcuombl OyseBoil anreGpsi BHIIIONHAIOTCH.

B Tex cayuasax, xorga Ajig HEKOTOPOiIl CHCTEMEI aKCHOM
yhaeTcA MOJo0PaTk KOHKpETHBIE O00'BEKTHI ¥ KOHKDETHBIE
COOTHOMIEHUA MeXJy HUMU TAK, UTO BCe aKCHMOMBI BHIIOJ-
HAIOTCH, OBOPAT, YTO Halifena unmepnpemayus (Mnu Mo-
Oeniv) mAHHOU CHUCTEMbI AKCHOM.

3uauy™, ajaredpa JOrdKH gBiaAeTCA HHTepIpeTanueil Oy-
neBoil anreGprl. Anrebpa Byns numeer m gpyrue WHTeplIpera-
nuu. HanpumMep, eciu noj OCHOBHBIMU SJ€MEHTAMY X, Y, 2,
... MHOXXecTBa M moapasymeBaTh MHOKECTBA, IOJ olepamu-
AMH ¢«+», ¢« », ¢—» o0befuHEHNE, IIepecedeHne, KONONHEHHE
COOTBETCTBEHHO, 4 IIOJ, 3HaKOM paBeHCTBa — 3HaK PaBeHCTBA,
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MHOMKECTB, TO Mbi IDUXOSUM K ajnreOpe mBOxecTB. Hertpya-
HO ybenuThCs, 4TO B ajireGpe MHOXKECTB Bce aKCHOMEL aare6-
pst Byas BRIDONHAIOTCH.

Cpean pasnTuYHBIX HHTEDHpeTanuil OyseBoil anreGpni
uMeITCA MHTePOpeTaAnIy U TeXHHYeCKOro xapaxrepa. Opgna
n3 "Hux 6yaeT paccmoTpena Hike., Kax OyzeT nmoxasano, OHa
UrpaeT Ba)XHYIO POJL B COBpeMeHHOH aBTOMAaTHKe.

§ 7. dynxuuu anreGpel JIOrHKA

Kak y:xe orMevdanocs, saHaueHue GOpMyYNsi ajareGpu Jo-
THKH OJHOCTHIO 3aBUCHUT OT 3HAYEHUH BXONAINKX B 3Ty GOD-
Myay BeickasbiBanwil, IlosTomy dopmyna anreOpni JOrHKH
ABnAerca QyHKHe BXOZAMIUX B Hee dJeMeHTAPHBIX BHICKA-
3bIBaHU.

Hanpuwmep, dopmyna (x& y)—> Z sasasgerca bynxpuei

Tpex mepeMeHHBIX f(x, Y, z). OcobennoCTHIO 2TON QYyHKIUU

ABJNSIETCS TO OOCTOSTENLCTBO, YTO €e aprymMeBnThl mpuHUMA-
IOT OJHO U3 IBYX 3HAYEHWII! HONb UNU eAUHULRY, U IPH 3TOM
dyHKIUS TaK)Ke OPUHUMAET OFHO U3 ABYX 3HAYEHUI: HONb
HIN _eJUHHARY.

" Onpenenenue. Pynryueil aizebpbl A02UKU N TepeMeH-
Bux (unn Qyuryueil Byas) HaswiBaeTcs PyHKUuUA 1 mepe-
MeHHEIX, I'ieé Ka)Khad HepeMeHHas NPUHAMAET JBa 3HAUE-
musa: O u 1, u npu 3TOM PYHKHIUS MOXKET IPHHAMATL TONb-
KO OHO M3 ABYX sHaderwuin: 0 wam 1.

HcHoO, UTO TOMZECTBEHHO MCTHHHELIE M TOMKJECTBEHHO
JoxHbie GopMyns! anre6pbl JOFMKH NODEACTaBAAIOT coboil
nocrosgHHBIe QYHKIUA, a ABe PABHOCHJILHbBIE (JOPMYJNHl Bbi-
PasKanT OJHY U Ty Ke QYHKIIHIO.

BriscauM, KaxoBo uncao Gysxnuil n nepeMeHHBIX. Oue-
BHAHO, KaKAYIO GyHKIUIO anreGpel soruxky (Kax u Gopmyny
anrebpnl JOTHKY) MOMKHO 3ajaTh ¢ IOMOIBIO Ta0aumbl uc-

TUHHOCTH, KOTOpasd Oyjer cofepxats 2" crpok. CiefgoBarens-
Y. TP

HO, KaoKaad GYHKOUA N IepeMeHHLIX npuHuMmaer 2" sHade-
HUi1, cocToAmux us nyneil u egunun. Takum obpasom, dyH-
KOus n IepeMeHHBIX IIOJHOCTRIO Onpenendercd HaGopoM sHa-

deHuil U3 gyneit m exuHUN ANUHEL 2. OGmee Ke 4ucao Ha-

Oopos, cocToamux w3 Hyneil ¥ exmAMI, AIMHL 2° paBHO
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2.3 7
. BuauuT, YuCj0 pasnuuEbIX GYHKEUUN anreGpel JOTHKHA

n nepeMeHHBIX PaBHO 22",

B uacrHocTH, pasnuunbIX GyHKIUI OfHOI HepeMeHHOH
YeThipe, a pasNUUYHBIX PYHRUOUI ABYX IIepEMEHHEIX IIECT-
HaxuaTs. Boinuiem Bce dyHKIuN anreGpel JOTAKHU OFHOI M
ABYX HmepeMeBHBIX,

PaccmoTpum TaGAMIy UCTHUHHOCTH AJAS DASAHNYHBIX
bysrnuii ogroll nepemerHoii. OHa, OueBUAHO, IMEET BUJ:

x| hls) f(x) h(x) fulx)
1 1 1 0 0
0 1 0 1 0

W3 aToi1 Tabnuusl crexyer, 4To ABe GYHKUMUY OLHOH me-
pemennoit Gyayr mocrosumbmu: f(x)=1, f,(x)=0, a
f(x)=x, u fi(x)=%.

Tabnmia ACTUHHOCTH A1 BCEBO3SMOMKHBIX DYHKIMIT ABYX
nepeMeHHuELIX WMeeT BUJ:

f; Ef;(x’y)
x y fl f? f3 fA t& fﬂ f” fR fﬂ f‘lﬂ fll fl? flRf‘lA t‘ﬁflﬁ
1j1{1/1j1/10 |1 /14010 ({011!l0|0{0}{1]0
1/0/1/1}/1/0]111/0101:110]0]0;11010
011i{1/1)0/111/010111}1]10}110611;/061010
6l0 1. oj1i1{r10j1/1j011]0{1]/0]0]0]|0

fcHo, 4TO apaNATHYECKNE BHIpAXKeHHS THX (QyHKmuit
MOryT OBITHL 3AUMCAHEI CHEAYIOUIAM 00pasom:

flEls f5Ex&y’ f9-=—x<->y, f]_3Ey—'>x,
fa=xvy, fo=x% fo=1Y, ha=x->y,

fs=y—>% FH=xoy hi=y fi5 = x&y,
faisx>y, fR=X fhiz=xvy, he=0.
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§ 8. IlpencraBnenne nmponsBonbHOM byHrIuU
axrefpsl NOTHKK B BuAe POPMYRBI anreGphl JOrHER

ITycrs F(xl, x2,...,x,,) — npousBoabHad QYHKIIUSA anred-

pHl JIOTHKU N2 TiEPEeMEHHBIX.
Paccmorpum gpopmyny

F(LL,.. )& 2 &x3&...&x, v

v F(LL,... . 1,0)& x1 & x0& ... & %, 1 & X, v
VILL.LOL& 6 & 29& ... & %, 9& T, 1 & Xy V..V
v F(0,0,....0)& %1 & 2&...& %,

8}

KOTOpAaA COCTABJEHA CHEAYICIIUM 00pasoM: Kamjoe ciaarae-
MOe 5TOH JorayecKoil cyMMbl IpeacTaBasieT co00i KOHRBIOH-
KIUIO, B KOTOPOH MePBLIN YJieH ABNAeTCH 3HAUeHUeM PyHK-
uu F npy HeROTOPRIX ONpe/ieleHHbIX 3HAYeHNAX IepeMeH-
HEIX X, X5,.0s, X, , OCTANBHBIE € WICHBI KOHBIOHKIUY IPES-
cTaBaAlT cob60il mepeMeHHBIe NN UX OTpunauua. Ipu sTom
IO 3HAKOM OTPUIIAHMSA HAXOAATCS Te U TOJBKO Te mepe-
MeHHBbIe, KOTOPbIE B IePBOM WIEHE KONBIOHKIIHY MMeIOT 3Ha-
genue 0.

Bmecte ¢ Tem dopmyna (1) coaep:xur B BHje Jormuec-
KHX CJaraeMblX BCEBO3MOKHEIC KOHDBIOHKIIUHN YKA3aHHOIO
BUAA.

Hcno, gro dopmyna (1) monNHOCTEIO OoIpexeaser PyHK-
MO0 F(xl,xz,...,xn). Huaue ropops, 3HaveHns Qyuxnnu F
n ¢opmyast (1) coBnagaroT Ha Bcex HaGopax sHadeHHil mepe-
MEHHBIX X;, Xpseees X, .

Hanpuwmep, eciu x, npuHuMaer sgavenue 0, a ocrans-
Hble IlepeMeHHbIe IPUHUMAIOT 3Hadenue 1, To pynruua F

HNpMHUMAaeT 3HAUYCHUe F(O,l,l,...l) . IIpu sTOoM Jornueckoe
caaraemoe F(O,l,.. .1)& % & x9&...& x,, , BxOgAUmee B hopmy-

ny (1), upuanMaeT Tak;xe 3HAYEHHE F(O,l,...l), BCe OC-

TaJILHBIE JOTHYECKHe caaraemole Gopmysnsi (1) nMeror 3Ha-
genue 0. elicTBUTENbHO, B HUX BHAKH OTPUOAHUA HaKg
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IepeMeHHbIMY pacHpefleISIoTcs uHade, YeM B pacCMOTDeH-
HOM cJlaraeMoM, HO TOTZa ODH 3aMeHe [I€peMeHHBIX TeMH JKe
SHAUYEHUAMH B KOH'BIOHKIHIO Boiizer cuMBox 0 Ges 3naka oT-
PpUIlaHAA, CHMBOJ 1 10J 3HAKOM OTpupaHuda. B raxom cuy-
Yae ogNH U3 YWIeHOB KOH'BIOHKINN HMeeT 3Hadenwe 0, a mo-
2TOMY BCA KOHBIOHKIUA mmeer 3uadeHue 0. B csasu ¢ stuM

Ha OCHOBaHHMH paBHOCHUABHOCTH X v 0 =2x 3Havenuem ¢op-
myast (1) aBagerca F(O,l,...,l).

HcHo, uTo BUg dopmynst (1) Moxer OBITL 3HAUUTENILHO
YIOpPOINeH, €CN¥ B Heil 0TOPOCHTH Te JIOTHYeCKIe caaraeMnle,
B KOTOPBIX IEPBHIA WieH KOHBIOHKIUU uMmeer 3HaueHue 0
(u, crefoBaTenbHO, BCA KOHEBIOHKOMA HMeeT 3Hauenue 0).
Ecnu e B JOTMYECKOM CJIaraeMoM NepBLII 4jieH KOHBRIOHK-
uy pMeeT 3HaveHuwe 1, TO, HOJAL3YACHh PABHOCHJILHOCTBIO
1& x = x , 3TOT YJleH KOH'BIOHKIMHM MOKHO He BHLIIUCHIBATE.

Taxnm o0pasom, B peayasTaTe noaydaercs ¢gopmyna (1),
KOTOpas COAEPYKHUT TONBKO dIeMeHTapHble IepeMeHHbIE BhIC~

Ka3pIBaHUA W 00JajaeT CHeJYyIOI[MMH CBOUCTBAMM: _
1) Kaxxnoe noruveckoe cinaraemoe GopMynsl cogep:RuT

BCe NepeMeHHbIe, BXOAANNE B (DyHKIIUIO F(xl,xz,...,x,,).

2) Bce normueckue caaraemMble GOpDMYyJsIBl pasaHUHBL.

3) Hu oxuo normueckoe ciaaraemoe GOpMyNnBI HE COZED-
JKUT OJHOBDEMEHHO IIEPEMEHHYI0 M €e OTpPUIaHHe.

4) Hu oxmo normdecxoe ciaaraeMmoe ¢opMynni He cofep-
JKUT OZHY M Ty K€ HepeMeHHYIO JBaXJIbI.

IlepeunicienHnie cBoOiicTBa OyneM Ha3wIBAThb cCa80ilcmaa-
Mu cosepluieHcmad WIW, KOPOTKO, cBoiictBamu (C).

W3 npuseneHHBIX DACCY)KAEHUN BHAHO, UTO KasKAOU He
TOKZECTBEHHO JIOXKHON QYHKIIUH COOTBETCTBYET eVHCTBEH-
Had QopMyla yKa3aHHOT'O BHAA.

Ecma dyaxmua F(x;,%,,...,%,) sagana rabnuneit uc-

TUHHOCTH, TO COOTBeTCTBylomiaa efi ¢opMyna anredpni Jo-
IUKU MOKeT OBITH HoJIydeHa IpocTo. leiicTBHTENHHO, AJA
Kasxaoro HaGopa sHadeHHH NepeMeHHBLIX, HA KOTOPOM GyH-

KILust F(xl,xz,.‘.,xn) npuuuMaer 3Hadenme 1, sammmem
KOH'BIOHKITHIO JIeMeHTADHLIX IIepeMEHHBLIX BbICKasbIBaHUI,
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B3AB 3a UlNeH KOHBICHKIAN X,, ecau 3HadeHme X, Ha yka-
3auHOM Halope 3HAYeHMI NepeMeHHBIX eCTh 1 M oTpHUIaHNe
x,, ecau 3HaveHue X, ecTh 0. [IM3BIOHKIUA BCex 3amucaH-
HBIX KOHBIOHKUUA U Oymer uckomoil ¢opmynoii. )

Ilyers, Hanpumep, GyHROHA F(xl,xz,xs) HMeeT CIEAy-
omy»o Tabnuny METHHHOCTH!

x, X, X, F(xl, x5, xa)
1 1 1 0
1 1 0 1
1 0 1 1
1 0 0 0
0 1 1 0
0 1 0 1
0 0 1 0
0 0 0 1

Ins HaGOpOB 3HAYEHMI IrepeMEHHBIX (1,1,0) , (1,0,1) s (0,1,0) ,
(0,0,0) , Ha KOTODHIX QYHKI{UA OPUHUMAET 3HadeHue 1, saunmmeM
KOH'BIOHKIIAH & x,&%;, x%,&%,&x,, X&x,&X;,
%, & %,& X, , a uckomas (popmysa, o6nasamman ceoiicTBaMu

(C) , umeer Buxg:
& 10,& %, v,&X,&x; v X, &x,&X; vE&EXE&X,.

§ 9. 3akonr ABOHCTBEHHOCTH

IIyers dopmyna A cozep:aT TONLKO ONEpANUHN KOHD-
IOHKIUY, ANSBIOHKIUKA ¥ OTPULAHUSA.

ByneM HaapIBaTh ONePANUI0 KOHBIOHKIHWK IBOMCTBEH-
HO#l omepauyy AMIBIOHKIWE, & ONEpPanHI0 AUIBIOHKIUHI
ABOHMCTBeHHON ONlepamH¥M KOHBLIOHKIMH.

Onpenenerne. Popmynsr A u A¥* HazmBsatorea 08oii-
cmeennvimu, ecnu Gopmyna A* nonygaerca us Gopmynas: A
IyTeM 3aMeHBI B Hell KaXAo#l omepanuy Ha JBONCTBEHHYIO.

Hanpumep, pia bopmynm A = (x Y y)&z ABOolicTBeHHOMN

dopmynoi 6yaer popmyna A% = (x& y) vz,
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Teopema. Ecau gpopmyavt A u B pasnocunvHbut, mo
pasHocuavhbl u um QéolicmsenHvle GOPMYLbL, MmO e€CMb

A*=B*,
HpexsapurensHo foKa:KeM JeMMy.

JlemMa. Ecau daa gopmynvt A(x,,xz,...xn) dsoiicmeen-
Hoil opmyaoil agrsemeas A* (xl,xz,... x,,) » Mo cnpasednusa
PABHOCUALHOCTMY

A%y, %y,...%,) = A*(%,T,,... K, ).
Hoxa3zarenncTBo. [Ina saeMeHTapHOR (QopMyasl yTBep-
JKAeHHe JeMMbI oueBnaHo. eficTBuTensHO, eciu A(xl) =x,
ro A%(x)= 5, A(n)= %, A*(%)=5 m Alx)= A*(5).
IIycrs Tenepn yTBepsJeHme JeMMbl CIDaBeJAJINBO ANSA
BCAKUX GopMya, cogep:ramux me Gonee k onepanuii. Jloxa-

JKeM, YTO IPpH STOM IDeAIIOJOKEHUU yTBeDXKAeHue cIIpaBeX-
auso u ans Gopmynast, cogep:kameii k+1 omepanuro.

Iycrs gopmyna A(x,%,,...x,) comepxnur k+1 omepa-
numio. Toraa ee MOXKHO HPEACTABUTH B OJHOM M3 TPEX BHJIOB:

1) A(xl, x2,...x,,) = Al(xl, xg',...xn) ’
2) Al 9. 2, ) = Ay(Xys X500 2, ) v A%y, %5, %, ),
3) A(x;, %y, 2, ) = Ay (%5 25, ... %, & Ag(%,, 25, %,)

rae opmysni Al(xl,xz,...x,,) u Az(x,,xz,...x,,) copmepxaT

He Oonee k onepauwmii, u, cAesoBaTeNLHO, AAA HUX YTBEepHK-
JeHuEe CHpPaBEJNHNEO, TO €CTh

Ay(xy,%,,...%,) = A (%1, Ty .. B,)»
A5, %00 %) = AT By B, )

B cnyuae 1) umeem A* = 4], a mosromy

Ay Xp,... %) = Ay(21, 23,...0,) = A (T, Fpp.. By ) = A (F1s T T
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B cayuae 2) umeem A" = (A v AZ)* = A; & A3, a oaTOMY

Al 2,50 %,) = A2, %5502, )V Ay(), X5, 2, ) =

It

A, (%), %y, %, )& Ap(2y, X5,... X, ) =

= Ay (%, %2,... % )& Ag (%1, Tzs... By ) = A" (F1, X2, %)«

AuanoruuHoe KOKA3aTeNIbCTBO NPOBOANTCA U B cirydae 3).
JIoxakeM Telleph 3aKOH JBOMCTBEHHOCTH,

Iycrs dopmynsr A(%y,%5,...%,) u B(x;,%,,...x,) paswo-
CHUTLHEBI:

Ay, %p5...%,) = B2y, 25,... %, )

Ho Torma, oueBnaHO,

A, %5,... %,) = B(%, %5,... %, ). 1)

B TO 3Xe BpeMs, COrJIAcHO JiemMMe,

Ay, 25,2, ) = A (%, o B, )

(2)

B(x,,xz,...xn)s B*(fl,fz,...'fn).
W3 pasuocuasHOocTeit (1) u (2) monyuaem
A'(%,,%,,... %, ) = B'(%,, 5. T, ),
", clefl0BaTeNLHO,
Al (2, %55...%,) = B (x;, %5,... %, )
§ 10. TusriopkTuBHan HOpMaabHas dopma m

coBepIIeHHAS NHIBICHKTHBHAA HOPMAJbLHAN
dopma (JJHD u CIHD)

Onpenencuue 1. Saemenmaproii KoHsOHKYUel N nepe-
MeHHBIX Ha3bIBAeTCH KOHBIOHKIUS IHepeMeHHBIX WIU UX OT-
punasui,

OdnemeHTAPHAA KONBIOHKIUSA 12 IEPEMEHHEIX MOYKET ObITh

samucana B BUfeE: & xF&...&x>,



30 Kypc nekyuil no MamemamuyecKoi noauxe

rae x;

5 _ | % ecan 5, =1,
x,, ecou &, = 0.

Onpepenenne 2. Jusswonicmuenol nopmaavroii gopmoil
(IHD) dpopmynnt A mazpiBaeTcid pABHOCHALHASA et Gopmy-
Jia, mpeACTABAAIOMAS CODOH AMIBIOHKIHMIO HJIeMeHTAPHHIX
KOHBIOHKIUIL,

Jna xwb6oit dopmynbt aarebpsi JOTUKH NyTeM DaBHO-
CHUNLHLIX TpeobpaszoBanuii MOXKHO nmonyuurts ee JIH®D, npu-
UyeM He eJMHCTBEHHYIO.

Hanpumep, ans dopmynsr A = x&(x - y) umeem:
A= x&(Tvy)=(x&X)v(x&y) = x&y, o ecrs
JHD A = (x& BE) v (x& y) ,

JHD A = x& y.

Cpegu muOorouucnenunix JJTH®P A cymecrByer efUHCTBEH-
nas JH® A, ana roTopoil BLINOJHAIOTCA HePeUMCIIeHHLIE
BBIIE YeThIpe cBoiicTBa coBepieHcTBa (cBoiicTa (C)).

Tarxas JH®D A HasniBaeTca COBePULEHHOU QUIBIOHKMUE-
Holl HopmaavHoll opmoit hopmynnr A (CITHD A).

Kak yxe yrassiBanocs, CIITH® A moxer OwiTh ONyUe-
Ha C IOMOLILI0 TAONULUBI MCTHHHOCTH.

JIpyroit cnioco6 monyuernus CITH® dopmyns: A ocHoBaH
Ha DaBHOCHALHEIX npeobpas3oBaHuAx GOPMyJbI H COCTOUT B
caenyomneM:

1. IIyreM paBHOCHNLHLIX OpeoGpasopanmii opmynsr A
noayuarwor oxny us JJHD A.

2. Ecan B nonydennoii JIH® A Bxogdmas B Hee aJje-

MeHTapHAA KOHBIOHKIMA B He CONepXKHT NEpeMEHHYI X,,

TO, UCIOAL3YA DaBHOCHMIBHOCTL B& (x,. v Ei) = B, snemeHn-
TApHYIO KOHBIOHKINIO B 3aMeHAOT HA ABe 3JeMeHTapHBIX

KOHBIOHKIIUA (B& xi) u (B& E), Ka)kjaa M3 KOTOPBHIX CO-
JEPXKUT HEPEMEHHYIO X;.

3. Ecnu B JTHD A BxOoAAT ABe OJMHAKOBBIX SJIEMEHTap-
HBIX KOH'BIOHKIUHA B, TO JHMHIHIO MOXXHO 0TOPOCHTD, NIOJB3Y-

sICh pABHOCHUJIBHOCTHI0O BV B= B,
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4, Ecayu HeKOoTOpasd 3JIeMeHTapHAs KOH'BIOHKIUA B, BXO-
aamas B JTH® A, conep:RuT NepeMeHHYO X; H €€ OTPHIA-
HHe X;, T0 B=0, nu B MoxKHO uckarpouuTs uz JHD A, xax

HYJAeBOH WieH A3 BIOHKIUU.
5. Ecnu Hexoropas sneMeHTApHAS KOHBIOHKIUA, BXO-

gamasn B JTH® A, cogepsxuT MepeMeHHYI0 X, ABaXXSbl, TO
OJIHY [IEPEMEHHYIO MOKHO 0TOPOCHUTD, HOALIYACH DABHOCHIIL-
HOocThi0 x,& X, = X;.

fAcHo, wro TOCHKE BLINONHEHUsS OMMCAHHOH HpOLeRypHI
Gyzser monyuena CIH®D A.

Hanpuwmep, ans dhopmynsr A = x v y& (x vy) THDP A=
=sxvx&yvy&ky.

Tax Kax sneMeHTapHas KOHBIOHKUMA B = x , BXoAAmaf
B JIH® A, He cojfep:xkuT mepeMeHHOH Yy, TO, MOAE3VACH

paBHOCHNEHOCTHIO B = B& (y \ i) =x& (y v i) =x&yvxky,
3aMeHMM ee Ha J{Be dJIeMEeHTAPHBIX KOHBIOHKIUY x& y 1 x& 7 .
B pesynnrare noryunM JHP A=x&yvx&ygvx&yvy&ky.

Tax xax teneps [TH® A copep’XMT JBe OZUHAKOBBIX
BJIEMEHTAPHBIX KOHBIOHKONH X& y, TO JUINHIOK 0TOpOCHM,
NOAL3YSCH PABHOCHALHOCTEI0 x& Yy v x& y = x& iy . B peayns-
tate noayuuMm JHP A =x&yvx&yvy&ky.

Tak Kax sJeMeHTapHAS KOHBIOHKUMA Y&y COXEPKUT
OepeMeHHYIO Y U ee oTpunanue y, 70 y&y = 0, 1 ee MoxHO

OTOpOCUTh KAy HYJIEBOM ujeH AUIBIOHKIIH.
Taxum o06pas3oM, HOJIydaem

CIHD A= x&yvx&Yy.

§ 11. KonwblovkTHBHAA HOpMaaLHAn dopMa
¥ coBepIIeHHAd KOHBIOHKTHBHAA HOpPMAajabHas (Gopma
(KH® u CKH®)

Onpenenenne 1. daemenmapnoil duasonrKyueil n nepe-
MEHHBLIX HABBIBAETCH AUIBIOHKIINA IEepeMEeHHBIX WU UX OT-
PHUAHMH,
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OlleMeHTapHAA IUFBLIOHKI[MA Il IePDEMEHHLIX MOXKeT OLITH
samncana B BHZE:

x¥ v alv.val,

rae x,’f" _ {f"’ ecnu &, =1,
x,, ecma &, = 0.

Onpenenxenne 2. Konsionkmuenoii HopmarvHoii gpopmoii
(KH®) dpopmynsl A HashIBaeTCA PABHOCHMJIBHAS el dopmy-
Ja, IPeACTABIAIONAA CO00H KOHBIOHKIMIO 3JIEMEHTAPHBIX
AN BIOHKINIT.

Hasa nioboit Gopmyasr anreOpsI TOrMKY IyTeM PaBHOCKIb-
HBIX Ipeo0pasoBanuit MOXKHO noayuuts ee KH®, npuuem ne
eNAHCTBEHHYIO. .

Hanpnwmep, nna dopMynsl A =xvy < x&y umeeM:

A-=-(_xTy'—> x&y)&(x&yam)s
E(xvyvx&y)&(mvx—v_;)s

5(xvxvy)&(xvyvy)&(fv"y_vf)&(fvyvy), TO ecTh
KHO A=(xvevy)&(xvyvy)&(EvyvERK(E vy vy)
Ho Tak Kak *vVX=x, Yyvy=y, TVvE=X, VI =7,
0o KH® A= (2 v y)&(x v y)&(Z v7)&(x v 7).
A max kax (xvy)&(xvy)=(xvy) (Fvi)&(Zvy)=(Zvy)
o KH® A = (x v y)&(a_c' v 17) A
Onpenenenue 3. RHCI)'_A Has3bIBAGTCHA COBEPULeHHOlL
KOHBIOHKMUBHOIL HOpMaabrOl gopmoit dopuynan A
(CEH® A), ecint 1na Hee BBINIOJHEHBl YCIOBHUAL
1. Bce sieMeHTapHBIe AHSLIOHKINY, BXOXAN[HE B
KH® A, pasnuunsl,
2. Bce sneMeHTapHble AUSBIOHKIMM, BXOLAN[HE B
KH® A, comepXat Bce mepeMeHHBIe.
3. Kamnasa sileMenTapHasa AUSLIOHKIUA, BXOAAHNIad B
KH® A, ne coepXur JByX ONMHAKOBHIX IepEeMeHHBIX.

4. Kapasa sneMeHTapHAA NUIBIOHKINA, BXORAINAS B
KH® A, He cONEpXuT NnepeMeHHYIO U ee OTPHIAHHE.
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MoKHO 10KAa3aTh, YTO KAXKIAA He TOMIECTBEHHO UCTUH-
Hasa opmyana umeer eauHCcTBenayI0 CKH®,
Opun u3 cnocobos noxyuenus CKH® cocrout B ucnonn-

soBaHMM TabMuIbl MCTUHHOCTH M POPMYIEl A .
HeficTBUTeNbHO, IOMYYUB ¢ IIOMOILIO TaOIMIK HCTHH-

noctu CHOH®D A, mu1 monyunm CKH® A, B3sB oTpuiaHme

CIH® A, 10 ecrs CKH® A = CIH® A,

Ipyroii crrocobd nonyyenns CKH®, ucronssyomnii pas-
HOCHJILHEIE IPeo0pPa30BaHMsA, COCTOUT B CIACAYIOIIEM:

1. ITyrem pasHOCHIBHBEIX IpeoOpasopanuilt dopmynsr A

nonyuaioT ogay us KH® A .
2. Ecau B monyyennoii KH® A BxXozamias B Hee die-

MeHTapHad AUIBIOHKIASA B He COepcuT IepeMeHHYIO X,

TO, MCIIOJIb3YA PABHOCHILHOCTE B v (x,.& 3c',) = B, sJeMeHTap-
HYI0 IN3BIOHKINI0 B 3aMeHAI0T HA ABe SJIeMEHTAPHEIE A3~
onknun Bvx, u Bv X, KaKAad U3 KOTOPHIX COZEPYKAT

NnepeMeEHYO X, .
3. Eciu 8 KH® A BXOAAT HABe OMMHAKOBBIX DJIeMEHTap-
HEIX AUSBIOHKOUKN B, TO JNMOIHIOIO MOMHO OTGpPOCHTSH,

noab3yAck pasHocuibHOCTbI0 B& B=B.
4. Ecay HeKOTOPas dJeMeHTApHAA AU3BHIOHKLHUA, BXO-

aamaa 8 KH® A, comepXuT nepeMeHHYI0 X, ABaX»Ibl, TO
JUOIHIOI MOMKHO OTOPOCHTH, MOJMBL3YACHL PABHOCHUJIBLHOCTHIO
X, v =X,

5. Ecan uexoropas djIeMeHTapHas AU3BIOHKINA, BXO-
gamas B KH®D A, comep uT mepeMeHHYI0O X; M €e OTpUIa-
H#e, TO X; VX, =1 u, ClefoBaTelbHO, BCA dIeMEeHTapPHAA

AUSBIOHKIUA mMeeT 3HaueHue 1, a mosToMy ee MOXMCHO OT-
6pocuTh, KaKk eAUHHWYHBIA UjleH KOHBIOHKIHH,.

HAcno, uTO IoOcKe ONMCAHHON mpomexypsl Oymer mosyue-
Ha CKH® A,

Hanpumep, aas dopmynst A =xvy& (x v _17) KH® A =
=(xvy)&(xvrvy)
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Tax xKax o0e sIeMeHTapHBIC ANSBIOHKIUU DaSIAYHLI U
COZEePIKAT BCe IiepeMeHHEIe (X 1 y), TO IEPBOE 1 BTOPOE YCJIO-
Bugd CKH® A sBrinmosnens.

dneMeHTapHAA AUSBIOHKIHMA XV X VY COACPMUT Iepe-

MEeHHYI0 X ZBa»Jbl, HO XvX=x, U nosromy KH®D A =

= (x v 17)& (x v y); puyeM HHM OXHA U3 DJIeMEHTAPHBIX AU DH-

IOHKIMH He COEep T IepeMeHHYIO H ee oTpuranze. 3Ha-
YUT, TelePs BHIONHEHH! Bce ycaosua CKH® A, n, ciaeno-

BaTensHo, CKH® A = (x v y)& (x v y) .

§ 12. IIpo6nema paspemrmMoOCTH

Bee @popmynnl anreGprl JIOTHKH HeJATCS Ha TPH KJjacca:

1) TOXIecTBeHHO HUCTHHHEE,

2) TOMECTBEHHO JOMHEIC U

3) BBINOJIHUMEIE,

Onpegenenns TOMXIECTBEHHO NCTHHHOH M TOMX/eCTBEH-
HO JIOKHOI hopMyJT HaHbI BHIIIE,

®opmysy A HaA3LIBAIOT BbINONHUMOL, €CJIN OHA IPHUHU-
MaeT SHAYeHHE «HCTHHa» XOoTa ObI Ha ognoM Habope 3Haue-
HHUH BXOAANMX B Hee NEPEMEeHHBIX M He ABIACTCH TOMIE-
CTBeHHO UCTHHHOM.

B cBasu ¢ 3THM BOo3HMKAaeT 3a/laya: K KaKOMY KJACCY
oTHOCuUTCA JaHHad dopmyna?

Jra 3aaua HOCHT Ha3BaHUE npobJieMbl pa3peuiumocmu.

OueBnjHo, upobiaeMa paspelIMMOCTH aareOPhHI JIOTMKU
paspemuMa.

HeiicrBuTensno, nisa Kamaoi dopMysasl anredpsl Joru-
K¥ MOKeT OBITH 3ammcaHa Tabiuma MCTHHHOCTH, KOTOpas U
JacT OTBeT Ha NOCTABJICHHBIH BOIIPOC.

OpHako DpaKkTHUYeCKOe MCIOJb30BaHNe Tadaunbl NCTHH-

HOCTH JJIA (POPMYJIBI A(xl,xz,...,x,,) npu GonnbmipxX N 3aT-

PYAHUTEILHO.
CymecTsyeT ApPyroi crrocob, mo3BOMAONNHE, He NCIOIb-
8y TabaHIEl UCTHHHOCTH, ONPEIe]INTh, K KAKOMY KJIACCY
oTHOcuTca dopmyna A. 3ror crocob ocHOBaH Ha IpHBeje-
HEn Qopmynsl K mopMmaiasHoi ¢opme (KH® nan JHD) n
HCIOJIL30BAHUH aJITOPUTMa, KOTOPHIH O3BOJISeT ONPeIe/INTh,
ABNSETCA JIU faHHAA POPMyJia TOMAECTBEHHO HCTUHHOM MIu
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ge asiaaerca. OXHOBPEMeHHO € STMM pemaeTcd BOIPOC O
ToM, OymeT au dopMysa A BBIIOIHUMOMH.

HpeAnOIOKHAM, UTO MBI MMeEeM KPHUTEpHil TOMKJeCTBeH-
goit mcTHHHOCTI IiA Gopmyn anrebprl sornku. Pacemor-
pUM MEXaHH3M €ro INPHMeHEeHHd.

IlpuMeHUM KpuTepuil TOMKJeCTBEHHON HCTHHHOCTA K
dopmyse A. Ecia okamercs, 9To hopmyaaA — TOMXIECTBEHHO
HCTUHHAA, TO 3aja4a pemena. Eciu Ke okaxercs, 94To dop-
MyJa A He TOMNIECTBEHHO HCTHHHAd, TO IPUMEHUM KpHTe-

puif ToxecTBenHONd HcTHHHOCTH K Qopmyne A . Ecau oxa-

t:ce'rca, uro opmysia A — TOMAECTBEHHO UCTHHHASA, TO ACHO,
70 pOPMyJaa A — TOMEECTBEHHO JIOKHAH, U 3a7a4a PellleHa.

Ecom xe dopmyna A He TOMJECTBeHHO MCTHHHAA, TO OCTA-
eTCA eMUHCTBEHHO BO3MOMKHBIA pesysabTaT: opMmyna A BbI-
NnoZEIIMa.

YcTaHOBHM Teneph KPUTEpHUil TOXKIECTBEHHON UCTUH-
HOCTH UpousBoanLHON dopmyns! axredbpsl goruku. C sToit
IeJbl0 DpeABapuTeNbHO chopMyaupyeM U JOKaKeM KpH-
Tepui TOMAECTBEHHON MCTHMHHOCTH DJIEMeHTAPHOI AN3'b-
IOHKINH.

Teopema 1. [[aa mozo, umobbl sneMeHMaPHAL OUIBIOHI-
yusa 6uina moxcdecmeeHHO UCTMURKOIL, HeoGx00umo u doema-
mouno, ¥mobsL 8 Heil codepicanacy nepemennas u ee ompu-
yaHue.

Hoxasarennctso. Heobxodumocms. IlycTs smemenrapaasn
JUSBIOHKIMSA TOMACCTBEHHO NCTHHHA, HO B Hee 0/{HOBpeMeH-
HO He BXOJUT HeKOTOPAA IepeMeHHAA U ee oTpunanue, Ilpu-
JamuM KaXXZoil mepeMeHHOI, BXoJslleid B sJeMEHTApPHYIO
ANSBIOHKNHIO Ge3 3HAKA OTPUIAHNSA, S3HAUEHME JOXKE, a KaXX-
0 mepeMeHHOM, BXOJANIEH B 5JeMEHTAPHYIO AU3BLIOHKIMIO
1Nof 3HAKOM OTPHIlAHMA — 3HAYEHHMEe «HMCTUHa». Torga, oue-
BHJHO, BCA dJIeMeHTapHAafd IUSBIOHKIUA NpuMeT 3HAYeHHE
JIOYKb, UTO IIPOTHBOPEUMNT YCIOBHIO,

Hdoemamounocme. Ilycts Teneps sreMeHTapHas AHU3HIOH-
KIMA CONep’KUT IePEeMEeHHYIO0 u ee oTpuuaHme. Tar xak

x; vX, =1, To u BCA dJIeMeHTApHAaA JUSBIOHKIUA OyAeT TOX-

JAeCTBeHHO MCTHUHHOMI.
Kpurepuit ToaecTBeHHON NCTHHHOCTH SAeMEeHTapHON
AH3BIOHKIUM IO3BOJAeT cQPOPMYJIHUPOBATH H JOKA3aTh
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KpHUTEepHH TOXKIECTBEHHOW NCTUHHCCTH HPOM3BOJLHOH (op-
MYJIBL aJITe0phI JIOTHKH.

Teopema 2. /[asa mozo, ymobusL popmyna anzedbpwvl a0zu-
Ku A Svina moxcdecmeeHno ucmurha, Heob6xodumo u doc-
mamouno, umobsl A1006ai aNemMeHRmMapras Ou3sIOHKLUSR, 8X0-
dawas 6 KH® A, codepacana nepemennylno u ee ompuya-

Hue.
JNoxaszareascrBo. Heobxodumocms., Mycts A — TOXRIe-
crBernHo uctugaa. Torma 1 KH® A — ToXIecTBeHHO HCTHUH-

Ha. Ho KHD A= A, & A, &...&A,, rie A, — dleMeHTapHEIE
IN3BIOHKIUN (i = 1,2,...,n). Tak kax KHP A=1,710 4, =1
(i = 1,2,...,n). Ho rorza mo Teopeme 1 xaskgas sjaeMeHTap-

Has AUSBIOHKIUA A; COIEepKuT IepeMeHHYIO M ee OTpula-

HEe.
Hocmamournocmy. Ilyers mobasg saeMeHTapHAas Au3h-

loHKIAA 4, , Bxofaman 8 KH® A, comep:xuT llepeMeHHYIO B
ee orpunanue. Torga mo reopeme 1 A =1 (i = 1,2,...,n).

IIpn stomMm 1 KHDP A=1.
HanpumMep, BhIACHEUM, aABIAeTCA au dopMmMyna A=
=yvy&xvXi&y TOXKIECTBEHHO HMCTHHHOM.

Tak kak AEyvy'&(xvic')s(yvy)&(yvxv.?c'), TO
ACHO, UTO KaXAas DIeMeHTADHAA NUSBIOHKIUA YVy H

yvxvx,sxonamas B KH® A, cogep:KuT nepeMeHEYIO 1 ee

orpunanme. Ciaemosarensno, A=1.

AHAJIOTHYHO MOKHO YCTaHOBHTHL KpuTepuil ToMxIe-
CTBeHHOH JIOXKHOCTH GOPMYJE! ajreGphl JOTHKH, MCIOIL-
sya ee TH®D,

Teopema 3. [asa mozo, umotst snemeHMapHan KOHBIOH-
Kyusa Golaa moxcdecmeenno soxcHOl, Heobxodumo u docma-
mouro, xmobbt 8 Hell cofepicanacy nepemennas u ee ompu-
yanue.

Teopema 4. [[na mozo, ymobut hopmysa anzeGpol A02uKU
A Gvina moacdecmeenHO NOKHcHOIL, Heobxodumo u docmamoy-
HO, 4mobbr n106as KORBIORKYUL, 6x00awas 6 TH® A, codep-
HCANRG NepeMeHHYyIo U ee ompuyane.
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§ 13. HexoTophle NPUIOKEHNT ANreOpHl JOrUKH

1. IIpunoxkesEns auredpsi JOruKkM B TeXHHKe (peseiino-
KOHTAKTHEIEe CXEMBI),

Cpeay TeXHUYeCKHX CPeJICTB aBTOMATHU3ALNH 3HAYNTE -
HOEe MeCTO 3aHMMAIOT YCTpoicTBa peNieiiHO-KOHTAKTHOTIO
peticrBrA. OHH NIMPOKO HCHOAL3YIOTCA B TEeXHHUKe aBTOMA-
THUECKOTO YIPABJIEHUA, B BJIeKTPOHHO-BLIYHUCIUTEIBHOMN
TEeXHHUKe U T.J.

Ot yerpoiictea (ux B olIieM caydae HA3LIBAIOT Iepe-
KI0UYATeNbHBIMA CXEeMaM#) COAEPsKAT COTHH pesie, DJIeKT-
POHHBIX JIAMI, IOJYIPOBOAHMKOB M DJEeKTPOMATHUTHBIX
sineMenToB. Onmcanue ¥ KOHCTPYHMPOBAHME TAKHUX CXeM B
CHJFY- IX TPOMO3JAKOCTH BeCbMa 3aTPYyAHHTENBHO.

Ewe 8 1910 rogy dusux I1I. C. 3peadecT ykasan HA BO3-
MOJKHOCTh NIPHMEHeHMS almapara ajire6psl JOraKH IpH
nccaenopanun peneiigo-koaraxTasix cxeMm (PKC). Oxmako
ero KMjien CTajix peajin30BhIBATLCA 3HAYNTEIBHO II03Ke, Koraa
coznanme obmeit Teopun Komcrpyuposanus PKC crasno oct-
po HeoOXOAMMEBIM.

HcrionsszoBanme anredOpsl JOMHKU B KOHCTPYMPOBAHMH
PKC oxasanocs BOSMOXXHEIM B CBASH C TeM, 4TO KaKIOii
¢xeMe MOXKHO HOCTaBATH B COOTBETCTBHE HEKOTOPYIO dop-
MyJny anreGpsl JIOTMKH, U Kaxjas ¢opmysia anredpsl JIOTH-
K1 peaiysyeTcs ¢ IIOMOIIBIO HEKOTOPO# CXeMEI.

370 00CTOATENLCTBO MO3BOJSAET BHIABUTH BO3MOYKHOCTH
3aflaHHO¥M CcXeMBl, M3y4Yad COOTBETCTBYHOMHIYIO (OpMYyIy, a
YHOPOIIleHe CXeMbl CBeCTH K yIpolmeHunio (HOpMyJIbL.

C apyroii cTOpPOHBI, HO IIOCTPOEHUA CXeMbl MOMKHO 3apa-
Hee onycaTer ¢ IOMOILGI0 GopMynsl Te QYHKIIHH, KOTODPHIe
cXeMa JOJI)KHA BHIIOJNHATE.

PaceMoTpuM, Kak ycTaHaBJIMBaeTCA CBA3bL MeXAy Gop-
MyJlamMu anreOphl JJOTMKH 11 IePeKJIIOYATebHBIMI CXeMaMu,

ITox nepexnouaTeanHOH cxeMOH IIOHNMAIOT cXeMaTuyec-
Koe u3obpaskeHune HEKOTOPOro yCTPoMCTBa, COCTOALIEro U3
CHEeAYIOIMNX 5JIeMEHTOB:

1) nepexaruameneil, KOTOPHIME MOTYT OBLITH MEXaHUYEC-
K#e JeiicTByomue ycrpoiicTBa (BRIKJIIOUATENH, IEPEeKIIOYa-
omye K104, KHOMOYHEIE YCTPOHCTBA ¥ T. 1.), SJIeKTPOMAr-
HHTHbIE pejyie, SJEKTPOHHEIE JIAMIOEI, IDOJYIPOBOAHHIKOBEIE
9JIEMEHTHI M T.II.;
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2) coefHAIOIMNX UX NPOBOFHUKOB;

3) 6x0006 B cxeMy u bix0d068 13 Hee (KJIEMM, Ha KOTO-
phle TOAaeTCA dJAeKTPuUecKoe HampsaxeHue). OHM HasbIBa-
IOTCA TONMIOCAMU CXEMEI,

Conporusienns, KOHAEHCATOPLEI U T.[. Ha CXeMax He
usobpaxkaiorcs.

IlepexkaouaTensHoil cxeMOil DpuHUMAaeTCH B pacuer
TOJHKO ABA COCTOAHUA KA'KJOr0o IIePeKJIodarens, KOTOphIe
HA3LIBAIOT «3aMKHYTBIM» M «Pa3OMKHYTEIM».

PaccMoTpuM mpocTeiinmiyio CXeMy, COHep’KaIllyio ORUH
nepexkJodareas P U MMeOIy0 OXHH BXOA A U OXUH BHIXOJ
B. Ilepexmioyatenio P mocTaBEM B COOTBETCTBHE BBICKA3EI-
BaHMe p, Tiacamee: «Ilepexsaiouarens P samMrayT». Ecau p
HCTHHHO, TO MMNOYJbLC, IOCTYHAIONMA Ha Ionioc A, MOXeT
OBITH cHAT Ha nomioce B Ges moTepu HanpsuxeHund. Bynem B
9TOM cJIyYae TOBOPHUTBH, UTO CXeMa IpoBoAuT Tok. Eciau p
JIO3KHO, TO IEpeKJIovUaTe]b PasOMKHYT, U CXeMa TOKa He
IPOBOAUT MY HA moJioce B canMaeTca MUHIMAJIBLHOE HAIPA-
JKeHHe UPH Iofiade Ha IIONIC A MakCHMAaJLHOTO Hampdaxe-
HUA.

Ecnu npnaaTh BO BHUManue He CMBICT BHICKA3LIBAHMA,
a4 TOJILKO ero 3HadeHue, TO MOKHO CUMTATh, YTO JioGomy
BBICKA3LIBAHMIO MOMKET OBITH IOCTaBJeHA B COOTBETCTBHE
nepexJodaTeasrnas cxema 1.

i P s
Cxema 1.

dopmysnaM, BKIIOYAIOMIAM OCHOBHBIE JIOTMYECKUE oOfie-
pamui, TaKKe MOTYT OBITH IIOCTABJIEHBI B COOTBETCTBUE Ile-
peKJIoYaTebHble CXEMEL.

Rownslonkyus ABYX BBICKa3bIBAHUU p u ¢ GyAeT upeAcTan-
JIeHa JBYXIIOJIOCHOM CXEeMOM ¢ II0CJTe0BATENLHBIM COefHe-
HUEM ABYX Iepexiiodaresneii P u @ (cxema 2) .

— [P Q —.

A B

Cxema 2.
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Dra cXeMa OPONYCKaeT TOK TOTJA M TOJILKO TOT/a, KOTAa
MCTHHHLL M p, ¥  OFHOBPEMEHHO, TO €CTh UCTHHHA KOH'BIOH-
goua p&q.

JAussonryua IByX BbICKa3biBaHUM p m ¢ m3obpasurcs
ABYXIIOJIIOCHOH CXeMO#i ¢ IIapajiiesIbHEIM COeAMHEHMEM ABYX
nepekmoyateneili P u @ (cxema 3).

P

A Q

Cxema 3.

Ora cxeMa IPOIyCKaeT TOK B CJAyYae, €CHAH HCTUHHO
BEICKa23bIBAHME P WJIM MCTHHHO BBICKA3LIBaHme ¢, TO €CTh
HCTHMHHA IUSHIOHKIUA PV (.

Ecnn BeickasbiBanne P ecTh OTPHILAHHAE BHICKA3LIBAHUA
P, TO TOXJeCTBEHHO HCTUHHAS QopMysa pv p H3obpamxaer-
cH cxeMoil, KOTOpad IPOBOAUT TOX Bcerpa (cxema 4), a Tox-
AecTBeHHO JoKHafd dopmyna p&p usobpasurcsa cxeMoit,
KOTOpas BCerjia pas’soMKHYTa (cxeMa 5)..

P

__ B
A Up

Cxema 4.

Cxema 5.
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H3 cxem 1, 2 n 3 uyreM mocaefoBATeJILHOTO W Hapa-
JIEeJILHOTO UX COeRMHEeHHS MOryT ObITH IDOCTPOEHBI HOBLIE
JBYXIIONMIOCHEIE HepeKJIoYaTelbHbIe CXEMB!, KOTOPbIE Ha3bI-
" pator Il-cxemamu,

Kak 6blio 110Ka3ano, BeAKas dopMyna anredpnl JOTHUKH
IyTeM DPaBHOCKHJILHLEIX IpeobpasoBaHmnil MoXeT OmITH mpe-
craBieHa B Bume GopmMyssl, coxepiRameil ToJLKO ABE Onepa-
UM: KOHBIOHKIIMIO U OTPHUIAHME MJIM IUIBIOHKINIO ¥ OT-
punanue. U3 sToro caexyer, 4ro Beakas dbopMyna anrebpel
JOTMKH MoXXeT OwbITh H300paskema II-cxemoii u, obpaTHO,
na nio6oit II-cxemsl MoxeT OwITh 3alMcana dopmysa, Ko-
Topasg m3o0pamaercss 3ToH cxemoif,

IIpumep 1. ®opmyne L = (x& y) v (35& Z/') COOTBETCTBYET
cxema 6:

XY

X Hy

Cxema 6.

IIpumep 2. Ins Il-cxemer 7

FX—.V'4Z—

H X H Y z B

AUUxHryH=zH B

NI
L

—\X%y-—

Cxema 7.



AJIFEGPA TIOTMKH 4"

cOOTBETCTBYIOMaA OPMYTa AreGpSL JOTHKY UMeeT BUA:
L=(2&y&2)v (T& Y& 2) v (x& J& 2) v (x& y& Z).
Yupoctum oty GOPMYTy CleAyOmuM 06pasom:
L= ((x&y&2) v (F&y&2)) v ((x&y& 2) v (x& §& 2)) v
v((x& y& 2) v (x& y& 2)) = (y& 2)& (x v E)) v
v((x&2)&(y v 7)) v ((x& y)&(2 v 7)) =
= (¥&2) v (x&2) v (x&y) = ((x v ¥)&2) v (x& y).

Tlocaenueit @opmyae coorBercrnyeT Il-cxema 8:

X
Z m
y .
A B
X y
Cxema 8.

W3 npumepa 2 caepyer, 4to A HexoTopeix PKC myTem
PAaBHOCWIBHEIX HpeoOpa3oBaHMil COOTBEtrCTBYyIOLel dopMy-
JBl anreGpel Jormku MoxkHO monyuuts PKC, comep:kamyio
MeHblllee Yuca0 nmepexJgiouaresneil. IIpobaeMa pemenus sroii
33724yl HOCUT HasBaHue nPoOieMbl MUHUMUIAYUU.

ITpusegem npumep nocrpoenns PKC 1o saganneiM yeiro-
BUAM C OLIEHKOIf Yucjia KOHTAKTOR.

IIpumep 3. TlocTpOUTH KOHTAKTHYIO CXEMY JJIA OLEHKU
Pe3yabTATOB HEKOTOPOTO CIODTUBHOTO COPEBHOBAHHA Tpe-
M CyAbAMU IPU CHEAYIONUX YCIOBHAX: CYAbd, 32CUINTHIBA-
I0IUi pesynbTar, HAXKKMAET MMEIOHIYIOCA B ero paclops-
JKeHUU KHOIKY, a CyAbfA, He 3aCUNTHIBAIOIUUA pe3yabTar,
KHOIIKN He Ha)xpMaeT. B ciyuae, ecii KHONKH HaKald He
MeHee IBYX cyJeil, ZOJI3KHA 3aropeThesd JaMIouKa (I0JI0KH-
TeJIbHOe pellieHHe CyAeHl IPUHSTO IMPOCTLIM GOJILITUHCTBOM
rosocos),
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Pemenue. fIcuo, uro paGora nyxHoii PKC onucsiBaerca
dyurnmeit Byns rpex nepeMeHHBIX F(x, Y, z) , T/ie epeMeH-
Hbl€ BHICKASHIBAHHUA X, Y, 2 O3HAYAIOT:

X — CYABSI X TOJIOCYeT «3a»,

Y ~ CYAbA Y rojIocyeT «3a»,

2 ~ CYJAbA 2 TOJIOCYET «3a».

TaGnuna UCTUHHOCTH GYHKUWHU F(x, y,z), O4YEBUAHO,

MMeeT BH:
x y z F(x,y,2)
1 1 1 1
1 1 0 1
1 0 1 1
1 0 0 0
0 1 1 1
0 1 0 0
0 0 1 0
0 0 0 0

B cpasu ¢ atum CKH® ¢opmynst (byHxmunm) F(x, Y, z)
BanMINeTCH B BUAE

F(x,y,z) =x&y&kzva&y&zvx&y&zvc&y&z.
A a10ii popmyne coorBercTByeT PKC, u3obpaseHnas Ha
cxeMe 7, KOTOPAadA COAEDIKUT JBEHAIATE HepeKJodaTenei,
Ho rakx 0miNio MoKasaHO, B PE3YJNbTATE DPABROCHJIBHBIX
npeo6pasoBaBEuil hopMysa F(x, Y, z) MOXeT ObITH IIpUBEeHA
K BHAY:
F(x,y,2) = (x vy)&kzv(x&y),

Kotopomy cooTBercTByeT PKC, msobpasxenHaa Ha cxeMe 8,
cosep:kaIieli NATL NepeKNouaTesneil.
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2. Permenyte JIOrHIECKUX 327129
MeTOJAMH aJreOphl JIOTHKH.

CyThb IIPUMEHEHUA METO0B alrefpet JIOTUKA K PEHICHHIO
JIOTUYECKUX 3aZad¥ COCTOUT B TOM, UTO, MMed KOHKDPETHHIEe
yCJIOBUSA JIOrU¥ecKo 3aatu, CTapaoTcs 3alACcaTh UX B BUJE
¢dopMyJIbl anreGpsI JOTHKH. B fanbHeiineM IyTeM paBHOCIIL-
HBIX Npeo6pasoBaHUil yIpOmIAIOT IOJNYYEHHYIO (HOpMyNy.
Hpocteiimuil Bux GopMyNsi, KaK OPABHNIO, HPUBOJUT K OT-
BeTy Ha BCe€ BONIPOCHL 3aflauu.

IToraxeM Ha pAAe KOHKDETHHIX IPUMEPOB, KaK MCIOJIb-
30BaTh BO3MOKHOCTHY anre6pel JIOTUKH AJIS DENICHUS DJIEMEH-
TApHBIX JIOTUYECKUX 3azad,

TIpumep 1. IIsiTasdich BCIOMHUTH N00efUTElNeH IPOIIIIO-
roZHEro TYpHUpa, NATH OBIBIMINX 3puTeseidl TypHHpa sad-
BUJIM:

1. AnToH 6nLT BTOPBIM, a Bopuc — naTeIM.

2. BurkTop Geli BTOpLIM, a JeHuc — TpeThbuM.

3. I'puropuii 6uin mepseiM, a Bopuc — TpeThuM.

4. AnToH Guint TpeTbuM, a EBrenuii — mecteiM.

5. Bugrop 6511 TpeTbuM, a EBrenunil — 4eTBEPTHIM.

BriocneCTBHH BEIACHUNIOCE, ¥TO KAXALIN 3pUTEIb 0116~
cAi B OXHOM U3 ABYX CBOMX BeICKaskiBanuii. Kaxomo GuLiIO
HCTHUHHOE pacipefesieHue MecT B Typaupe?

Pemenne. ByneM 0603HaYaTh BRICKA3HIBAHUS 3puTeneit

cumpontom X, , rae X —~ nepsad GykBa MMeHHM YYaCTHHKA

TYPHHpA, a  — HOMED MecTa, KOTOpOEe OH 3aHAJN B TYDPHHUpE.

Takx kax B nape BHICKA3HIBAHWI KasKAOT0 3pPUTENT OLHO
MCTUHHO, a BTOpOE JIOXKHO, TO OYAYT MCTUHHBIMU JUIBIOHK-
IMHU 9THX BBICKASLIBAHU I

A, vEB =1L,B,v;=1,I)vB=1,AvE =1,B;vE, =1
Ho Torma 6yamer ucTurHoi u dopmyna

L=(Ap v B5)&(By v I3)&(I'y v B3)& (A3 v Eg)& (B3 v Ey).
IlyTem npocThIX PABHOCUNBHEIX IpeoGpasoBaHU JEerKO

noKasarte, 40 L= A;& 5,& B,&I'"& E,. Ho L=1 u, 3Ha-

uur, A;=1, B,=1, B,=1, I =1, E, =1, uro u faeT o1-
BET Ha BOIIpOC 3aladH.
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Hpumep 2. Hunu gernipe Manbuura: Annbepr, Kapu,
Huapux n @puapux. Pamunuu gpyseii Te e, 4T0 U UMEHa,
TOJIBKO TAK, ¥TO HU ¥ KOT0 K3 HUX UMA M paMunus He Ouian
opuHakoBu., Kpome Toro, damunua Quapuxa He Obia Anb-
Gept. Tpebyercsa onpexenuts GaMUANIO KAXKAOrC U3 MAJILYH-
KOB, €CJIM M3BECTHO, ¥TO MMA MaJIbUUKa, y KoToporo damu-
nusa Ppugpux, ecTh GaMUIIUA TOT0 MAJLYUKA, UMA KOTODO-
ro — pamunua Kapna.

Pemenue. TlocTaBuM B COOTBETCTBHE KAXKJOMY Malb-

YUKy CUMBOJ Xy, rAe X — umsA, a Y — haMunug MalbguKa.

Toraa nmo ycjoBUIO 3afa4yX JIOKHEI BLICKASLIBAHUA:
AA’ RR’ ’ZI]I’ ¢¢’ ’ZIA’

HO eCTh MaJb4MK Y, TAKoH, 9TO MCTHHHA KOHBIOHKIHUA
Xp&Yx& Ky .

OueBugno, uto X +#P, X+ K, Y&, Y £ K.

Toraa BO3MOXXHEI ABa Chaydas:

1) X=AunY=J[,

D)X= u'Y=A.

Ho mepsBniil caydaii HeBO3MOMKEH, TaK KaK 3/ecCh
Yy =144, a mo yciopuio 4 =0.

CnenosaTenbHO, UMEET MECTO BTOPOH cjaydail. 3magwur,
Hunpux nMeer bhamunuo Ppuypux, Annbept nmeer dhamu-
nuio Buapux, Kapan umeer damuauio Ansbepr, a @pugpux
umeeT amunuio Kapi.

IIpumep 3. Ilo noxO3peHUIO B COBEPIICHHOM IPECTYILIE-
Hum 3agep:kanu Bpayna, »xonma m Cmumra. Opud m3 Hux
OB yBaXKaeMBIM B ropojie CTapUKOM, ApYyroii Ol Majious-
BECTHHIM YMHOBHUKOM, TPETUH — M3BECTHHIM MOUIEHHUKOM.
B npouecce cleACTBUA CTApUK I'OBODUJ NPABAY, MOIIEHHUK
Jrajl, a TpeTH#l 3afepKaHHEI B OJHOM CJyYae roBOpUI
npasgy, a B APYroM — JIOKb, BoT, 4TO OHM yTBepIKAaIU:

Bpayn: «f copepmun aro. J[}KOH He BHHOBAT».

Jsxon: «Bpayn me Bmmosart. IlpecTymiieHue coBepuimji
CMuT».

Cuurt: «fI me BuHOBaT, BuHOBEeH BpayHn».

OnpejlennTe MMs CTapHKa, MOUIEHHUKA M YUHOBHUKA U
KTO U3 HUX BUHOBAT, €CJIA U3BECTHO, YTO IPECTYIHUK OZUH.



AJICEGPA JIOMMKH 45

Pemerune. O60o3nauum 6yxsamu B, [T u C BEICKA3HIBaHUSA:
puHOoBaT Bpayn, BuHOBaT J[)KoHM, BuHOBAT CMHUT COOTBETCT-
penno. Torma yTBepiKAeHUs, BHICKA3aHHBIC 3aJeDKaHHBIMH,

MOJKHO 3aIlMCATH B BEJE KOHBIOHKNUt: B& ZI_ , B& C, B& 5,
u3 KOTODBLIX, II0 YCIOBHIO 3aMauy, ABe JIOMHEI, a OAHA MC-
THHHA.
IloaToMmy Oymer mcrunHOi dopmyna
L=(B&d)v(B&C)v(B&C).

Tabauma UCTUHHOCTH 3TOH PopMysbl UMEeT BUAL

B|Ogl|c B&J] | C&B B&C L
1 {1 |1 0 0 0 0
1|1 140 0 1 0 1
10 |1 1 0 0 1
11010 1 1 0 1
0ol 1 |1 0 0 1 1
0]l11]o0 0 0 0 0
00 |1 0 0 1 1
00 {oO0 0 0 0 0

Orcroza BugHO, uTo dopmyna L ucTuHHA B NATH uU3
BOCHEMU 3aHYMeDPOBAHHMX caydaes. Cnyuailt 4 caexyer uc-
KJII0YUTL U3 PACCMOTDEHHUS, TAK KaK 3AeCh OKashIBAIOTCS
MCTUHHBIMHU JBe KOHBIOHKIHUH, a4 DTO IPOTUBOPEYHAT YCJIO-
BUIO 3agaun, B cnyuasx 2, 3 u 5 oKassIBAIOTCI UCTUHHBIMHU
1o aBa BeIcKkassiBanusa: B u /[, B u C, [T u C cOOTBETCTBEHHO,
YTO TaKKe IPOTHUBODEYUT ycloBHIO 3agauu. CrenoBaress-
HO, cOpaBefNuB cjaydai 7, TO eCTb npecTrynnur — CMmur.
OH — uspecTHHIH MONIEHHHK, ¥ 062 €ro BLICKASLIBAHMUS JIOMK-~

He: B&C =0. Ilpu sTom shicKaseiBauus B u J] JOXKHLL.
3HayuT, UCTHHHA IIapa BhICKasuiBanuit M:xona, a y Bpayna
[lepBoe BHICKA3LIBAHME JIO3KHO, a BTOpoe mcTuHHO. OTcioza
AICHO, uTo JI>xoH — yBa)XaeMeuIii B ropojie cTapuk, a Bpayn —
MaJION3BECTHBIA YUHOBHUK.
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HCUYHNCJEHHUE BBICKA3LIBAHUN

JlaBast onucanue anre6pel BHICKASBIBAHUIN, MBI HOJB30-
BAJIUCH JIOTMUCCKUMY 3HAUEHUAMHU BBLICKA3LIBaHWi (WCTHHA,
noxn). Ho MoHATHA MCTHHHOCTH M JIOXHOCTH HE MaTeMaTH-
yecKHue., ITH NMOHATUA BO MHOrMX CAY4adAX CYOBEeKTHUBHEI U
cKopee oTHOCATCA K durocoduu.

B ¢BsA3H ¢ 3THM XeJaTeNbHO NOCTPOUTH MaTeMaTuuec-
KYIO JIOTHKY, He II0Jb3yACh NOHATUAMHI UCTUHHOCTH W JIOXK-
noctu. Heob6xXoguMo TakKe IpPH 3TOM HOCTPOEHUH He lIpAMe-
HATH CAMHMX 3aKOHOB JIOTHKH.

Hceuucnernue 8vicka3vi6aHUil — 9T0 akcuoMaTruecKasd JIo-
TrUuYeCKasd CUCTeMa, MHTEPIpeTarieil KOTOPOi ABAAETC aJ-
refpa BEICKASLIBAHUIA,

§ 1. ITonaTue GopMyasI HMCUHCIEHNA BHICKA3BIBAHNH

Onucanue BCAKOT0 MUCUMCJIEHUS BKJOUaeT B Cebs Omu-
canue CHMBOJIOB 9TOro uMcuucnenus (andasura), dopmyrn,
ABJIAOUIMXCA KOHEUHLIMH KOHQUrypauUgMu CHMBOJIOB, H
onpefeieHue BLIBOJUMBIX GopMyI.

Andaeum ucuucrenus 6vlCKA3bl6AHUIL COCTOUT U3 CHM-
BOJIOB TPEX Kareropuii:

1, CuMBONEI IEPBOM KATETOPUHU: X, Ys 2, wey X;5 Xy seee
OTH cHUMBONLI GyAeM Ha3bIBATH NEDEMEHHBEIMM BBLICKA3LIBA-
HUSAMHA.

2. CumBoJBI BTOpOii Kareropuu: v, &, —, —. Onm
HocAT o0lllee HasBaHWMe JOTUUYECKHUX CBA30K. Ilepsmiii u3
HUX — SHAK AUSBIOHKIUM MJIHA JIOTUYECKOIO CJOMKEHUIA,
BTOpO# — SHAK KOHBIOHKIMHM HJIH JIOTHUYECKOrO YMHOMKe-
HUfA, TPpeTUH — 3HAK MMIJNMKAIUK HUJIHU JIOTHUYECKOrO CJe-
JOBAHUA ¥ YeTBEPTHIH — 3HAK OTpPHUIAHUII.

3. TpeTsl0 KaTEropuio COCTaBJAET Iapa cuMBoJOB ( ),
HaspIBacMadg CKOOKaMH.

Jlpyrux cMMBOJIOB MCUMCJICHME BBICKASLIBAHUS HE UMe-
eT. Dopmynvl uCLUCACHUA BbICKA3bIBAHULL IPEJICTABNAIOT CO-
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Goii TOCHEXOBATEJIBHOCTH CHMBOJIOB andaBuTa MCUUCICHUS
ppicKasbiBaHuii. Jlna oGosmauenus Gopmyn OygeM HONL30-
BaTeCA GoNbIIMMU OYKBaMHU JATUHCKOTO andasuta. ITH OYK-
BBEI HE ABJIAIOTCS CHUMBOJIAMU HcuKcNeHus. OHY IpenCcTaBIA-
10T c060i1 TONBKO yCJIOBHEIE o0o3HaueHUs PopMyII.

Onpepenenue POPMYIsI MCYUCIEHH BEICKA3HIBAHMIA.
1. Besikast nepeMeHHAA X, Y, 2, ... ABIAeTcH GopMysoii.

2. Ecitn A n B ~ ¢popMynsl, To cnoBa (A& B), (Av B),

(A- B), A - raxxe dopmynsL.

3. Hurarxasa Apyrasg CTPOUKa CUMBOJIOB He SABASAETCS
dopmynoii.

TIepemenHbIe BBICKA3BIBAHUA OyJeM HA3LIBATL DJIEMEH-
TapHBIMH dopmynamu.

TIpusegem mpuMepbl GOPMYN HUCUHUCHEHHUS BBLICKA3LIBA-
auii.

IlepeMenHbIE BBICKA3LIBAHUS X, Y, 2 ABAAOTCA dopmy-
naMu cornacHo m. 1 onpezxenenus dopmynsi. Ho Torja ciiosa

(x&y), (xv2), (y > 2), ¥ asamoTca Gopmynamu cornacro
. 2 onpenenenus. Ilo arofi ke mpuunne 6yayr dopmynamu

ctona: (&), (v 2)ely > ), (=&3) > ().

OueBujHO, He ABAAITCA POpPMYJIaMH CIIOBA:

x!jv &x» (x&yv xXvy.
(B TpeTbeM M3 ITHX CJIOB COAEPIKMUTCH He 3aKpHITAd CKODOKa,
a4 B 4eTBEpPTOM — HeT CKOGOK).

OnHOBpeMeHHO ¢ MOHATHeM (OPMYJNLI BBOAUTCH IIOHJ-
THe nodgopmynvt unu yactTu GOpMYJILL.

1. IoadopMmynoii sjieMeHTapHON (GOPMYNEl ABAAETCH
TOJIBKO OHA caMa.

‘ 2. Econ gopMysa mMeeT Bug A, 1o ee noAadopMyaaMu
ABIAIOTCS: OHA caMa, dhopmyna A u Bce nmoadopmynrr dop-
Mynsl A.

3. Ecau popmysia uMeer Bug, (A * B) (3mecs U B gannHeii-
meM mox cuMBoJioM * 6yAeM moHuMaTh J060i U3 TPpex CuM-

BOJNOB V, &, —»), TO e NoAGOPMYNaMH SABJISIOTCA: OHA CAMa,
Gopmynsr A u B u Bee noadopmynst dopmyn A u B.
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ganpumep, Ausa GopMynst ((x& i) e (2 v y)) ee nondop-
mymapMa Oy AyT:

((xs7) > Fv)

noxgopMyaa ByJNeBo rayGuHBI,

(Ix& 'y‘) , (Ev y) — noxndopMyaBsl nepsoil raybuHsI,
£ v, (E v'y) — noAadopMyasl BTOPOH IIyOHHEI,
Y z — moxdopMyJaBl TPeThbel IJIyOuHSLI,
2 — noadopMyna dUeTBePTOH INyOHUHEIL.

(JueBHHO, UTO Ha camoii Gonpurofl ry0uHe HAXOAATCS
sy dJ1eMeHTapHEE GopMyJIEL. Opaaxo sseMenTapHbIe dop-
p1 MoryT OBITH M Ha Apyrux riaybunax.
pBeAeM B 3anuCh JOpMyJ HEKoTopule ynpoinesus. By-
jfem PUYCKATD B 3aIHUCH ¢dopmyn ckoOKM IO TEM Ke HpaBH-
M, UTO ¥ B aynrebpe BBICKasLIBAHWMIL.

My

na
P CBSISU C ITUMH IpasuiaMu (HopMysl ((A&B)VC),

B ey

(AVB), ((AVB)—)(C&D)) 6yzem nucate A&BvC,

AvB: AvB— C& D cooTBeTCTBEHHO.

§ 2. Onpepenenue noxasyemoii gpopmyant

CrepyomuM 3TaNoM B IIOCTPOEHUM MCUMCIACHHUS BBIC-
Kawmannﬁ ABJSETCA BBIJeJIeHUe KJlacca JOKadyeMbIX
dopMY .

Oupegenenue Jfoxasyemblx GopMys MMeeT TOT XKe Xa-
paxfeps YTO M oupejeneHue GHopMyJnl.

Caauajia OIpeneNAlTCa UCXOLHbBIe fOoKa3yeMble dopmy-
B (aKCUOMEI), a 3aTeM OIpPeJeNAIOTCA IPABUNA BHIBOJA,
korODble TO3BOJIAIOT U3 HMEOIMUXCA JOKasyeMbIx (opmyx
oy IMTh HOBBHIE NOKasyeMble dopMyaBl,

O0pagoBaHue AOKasyeMoil (GOpPMYJIEI U3 MCXOAHBIX H0-
ragyeMBIX tdopmyn nyTeM mpuMeHeHUA NDPABUJ BRIBOJA, Ha-
ap1p@ETCA BBIBOJOM JaHHOH (POPMyNBl K3 aKCHOM.

1. CucTeMa aKCHOM HCUHCAEHUS BLICKASLIBAHHUH.

CucreMa aKCHOM HMCUHCHCHHUS BLICKA3ZLIBAHUII COCTOMUT
us }1 axcHOM, KOTOpHe JeJATCA Ha YeTHIPe rpYHIbL.
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TIepBas rpyimna akcuoM:

L x>y x).

I, (x——)(y—>z))—>((x—>y)—>(x——>z)).
Bropas rpynna akKcuom:

I, x&y - x.

II, x&y > y.

I, (2> x)> ((z >y)-> (2> x&y)).
Tperba rpynna axcuoM:

III, x> xvy.

IIL, y > xvy .

11, (x—>z)—>((y—>z)—>(xvy—>z)).
YerBepras rpymnmna aKcHOM:

IV, (x> y) > (7 > ).

IV2 XK.

IV, T > x.

2. IIpaBusna BHIBOJA.

1. IIpaBuno mopcraHoBKH.

Ecnu dopmyna A moKasyeMa B MCUHMCJIEHHH BHICKA3LIBA-
HHII, x nepeMeHHas, B — mpousBosbHaA ¢opMmyna HCHHCIHe-
HHUSl BLICKA3BIBaHUI, TO QopMyna, nosydeHHas B pe3yJibraTe
saMeHnb! B dopMmyne A mepeMenHoit X BCIOAY, Iie¢ OHA BXOJUT,
dopmynoit B, ABnAeTCS TaKKe HoKasyeMoil dopMysoi.

Onepanusa 3ameHsI B hopmyse A nepeMenHoit x dopmy-
no#i B HocuT HazsBaHME NOACTAHOBKYU M CUMBOJIMYECKH 3aIlu-
ChIBaeTCA TaK:

B
J(a).
x
¥YrounuM chopMyNIHpOBaHHOE NPABUIO.

a) Ecnu dopmyna A ecTb nepeMeHHas X, TO NOACTAHOBKA

lj.(A) naer B.
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6) Eciu dopmyna A ecTh nepeMeHEAdA Y, OTHIHUYHAA OT X,

B
TO MOACTAHOBKA J'(A) naet A.
x
B) Ecnu A — ¢opmyna, ;A KOTOpOil mOACTAHOBKa YiKe
oupezeliena, TO NOACTaHOBKa B BMecT0 X B oTpulaHue A

B
€CTh OTPHUI[aHUE NOJACTAHOBKHM, TO €CTh IOACTAHOBKA I(A)
X

Aaet ij.(A) .

r) Eciu A, u A, — GopMynst, 1A KOTOPHIX NOACTAHOBKH
B

y#e ollpeleieHBl, TO NOACTAHOBKA I(A1*Az) Jaet

x

fan [(as).

Ecau A — noxasyemasa ¢opmyna, To 6ysem nucarb |-A.
Torza NpaBui0 HOACTAHOBKYM MOMKHO 3allMCATh cXeMaruuec-
Ku caexyomum obpasom:

A
-5 -
Ff(a)
X
W uutaerca sra sanuch Tak: «Ecau dopmyna A nokasy-

B
emMa, TO JjoKasyema cdopmyna I (A)».

x

2. IlpaBuN0 3aKJIIOYEHHS.

Ecnu ¢popmynst A u A > B goxasyeMbl B HCUUCJIEHUH
BBICKA3BIBaHU, To (popMyna B Takike JoOKasyema.

CxeMaTHUUeCKAsA 3alIMCh ITOro IMpaBMUJia XMeeT BHAS

LFA; FA—- B
LB
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3. Onpenenenne noKazyemoii hopMyJIEL.

a) Besaras axcuoMa ABJAeTCH JoKasyemoil Gopmytoii.

6) dopmyna, MOJyUeHHAS M3 JOKasyemok (opMyJkl Iy-
TeM NPUMEHEBUS NOLCTAHOBKM BMECTO IiepeMeHHOHM X IIpo-
n3BoJibHOI dopmynsr B ects jorasyemas gopmyna.

B) @opmyna B, nmodyienHas U3 AoKasyembIx dopmyn A
u A— B mnyrem npuMeHeHUs NDABUIA 3aKJIOUEHHAS, €CTh
JloKasyemasi ¢opmyna.

r) Huxaras jppyras dopMyna UCIUCHAEHUsS] BLICKASHIBA-
HUl He CUMTAeTCH HOKA3yeMOH.

IIponecc monyuenus porasyeMbix dopmyn GyreM Hasbi-
BaTh JOKAa3aTeJILCTBOM.

IIpuBeeM npHMepH! HOKAa3aTENBCTB.

1. lokasate, 94T0 |-A4 —» A (pedeKCHBHOCTH HMILIAKA-
mun).
Bocnonesyemesa axcuomoi I,:
x> - 2) > (x> )= (x> 2))

x
¥ BBINIOJIHUM IIOACTAHOBKY I(Iz) . Torza nonyaum
Z

Fx - (v - ) > (x> y) > (2 > x)). (1)

Ilpumensas mpaBUJIO 3aKJMOUYeHUA K aKcuome I, u dop-
myne (1), monygum

F(x = y) = (x> x). 2)
B dopmyae (2) ocyuiecTBUM IIOACTAHOBKY

B pesynbraTe NONYIHM HOKA3yeMyoO GopMyny
Fx = X) - (x - x). (3)

TIlpuMenruM npaBUIO 3aKJNI0OUEeHUA K aKcuoMe IV, u popmy-
Jae (3). 9To npuBoAUT K Zorasyemoil ¢popmyie

x> x. 4)
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Haxonern, OCyLIeCTBUB IIOACTAHOBRY B hopmyse (4) BMe-
cro x dopMynasr A, OOAYIUM

FA— A.

2. Ilokasars, 40 Lxv y > &7 -

Bosemem axcuomy II; ¥ BRINOJIHMM B Heil I1OCJIeAOBa-
TeJILHO /IBE [TO/ICTAHOBKY, 3AMEHAA CHAYANA X HA X , 4 3aTeM
y Ha j. B pesyanraTe MOJydIHM KOKasyeMyr (opmyiy

o) > ((z>7)> (> %&7). @

xvy
B dopmyie (1) BEINOSIHUM ITOZCTAHOBKY .[(1) » IOIYy4YUM
2

I—(xvy-—):?)—)((xvy—)y)—)(xvy—):?&y)). 2)

HoxasxxeM, uro QopMysbt

Xvy—>% 3)

Xvy—>7 4)
JIOKa3yeMBl,
BospMem axcuomy IV ¥ BHINOJIHUM NOACTAHOBKY

xvy
I(IVI) , TOJIyIHM
y

I—(x—)xvy)—)(;_v_y—ﬁc'). (5)

Ilpumensas x dopmysne (5) u axcuome III, npasuno sak-
JIOUEHUA, MOJydaeM AOoKasyeMocTh (opmyas (3). Anano-
THYHO YCTaHABJIMBaeTCA AOKA3yeMOCTh (opmyant (4).

IlpuMenuM NPaBHIO 3aKJOYenua K Gopmynam (3) u
(2), nmonyunm jgokasyemMyio GopMmyny

I—(xvy-—)y)—)(xvy-—)?f&y). (6)
IIpuMensas npapuno saxaodenuns ¥ popmynam (4) u
(6), monydaeM [J0Ka3yeMOCTH MCXOAHOUN (GopMyJsl.
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§ 3. IIpousBoaHbIe IMpPaBUIA BHIBOAA

IIpou3BOHEIC NIPABUIA BHIBOJA, KaK M PACCMOTPEHHBIE
npaBusia MOACTAHOBKHY ¥ 3aKJIOYEHHH, TO3BOJAIOT MOJY4YaTh
HOBEIE JjoKasyeMmeie Gopmysnl, OHM TOAYUAIOTCA C MOMOIILIO
MpABWI TMOACTAHOBKY M 3aKJIOUEHHNA, a MO3TOMY ABJAIOTCH
MpONBBOAHBIMHM OT HUX.

1. IIpaBuno oxHOBpeMEeHHO NMOACTAHOBKH.

IIycts A — noxasyeMasa QOPMyJIa; X, Xy we, X, — IEPEMEH-
uste, a B,, B,, .., B, — niobsie HOpPMYJNE HCUUCICHHA
BeICKaswiBauuii. Torga pesyasraT OfHOBPEMEHHOH NOACTA-
HOBKH B A BMECTO X, X,, «., X, COOTBETCTBEHHO QopMys B,,
B,, .., B, apnsaerca pokxasyemoil ¢popmynoii.

Jlnsa npoxasaTesnnCTBa 3TOrO MpaBUia BhibepeM IepeMeH-
HBIE 2, 2, ., 2, MONAPHO PasNHyYHble ¥ OTIMYHEIE OT BCEX
HepeMeHHbIX, BXOAAmuX B popmynsl A, B,, B, ..., B,. Teneps
TOCJIeI0BATENLHO caesiaeM B ¢opmysie A 1 MOACTAHOBOK, 3a-
MeHAA CHAYaJNa X, Ha 2,, 3aT€M X, HA 2, ¥ TAK jajee W, HAKO-
Hell, X, HA 2 . OTU NOACTAHOBKMU JAIOT AOKasyeMbie (OpMYJIBI:

F I(A) maer Ay, b .z[(Al) naet | Ag,y v

E?)

2,

- .[(An—l) naer |-A, .

X,

Jlamee mpoBezem mocaeAO0BaTeNLHO ele 7 IOACTAHOBOK
B Qopmyny A , saMeHAs CHayajna 2, Ha B, sareM 2, Ha B, u
TaK jajee M, HAKOHel, 2z, Ha B . JTH NOACTAHOBKH [JAIOT
AoxasyeMmele (DOPMYJIEI

’ Bl BZ Bn
= .[(An) maet |-Cy, | j(Cl) naer FCy, o, | .[(Cn—l) naer |-C,.

4 2 2,
flcno, uro poxasyemasn (opmysa C, moaywaercs B De-
3yJnTaTe OAHOBpEeMEHHOH mozcTaHoBKM B hopMysry A BMec-
TO IEPeMEeHHBIX X, X,, .., ¥, bopmyn B, B,, ..., B,.

CxeMAaTHYHO OMepamusa OfHOBPEMEHHOH NOACTAHOBKU
3amHCHIBAETCA B BHAE:
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FA

- j@

L

2. IIpaBuaO CHOMKHOTO 3AKIMIOYCHUA.
Bropoe npou3sBOfHOE NPABUIO NpUMeHSeTca K Gopmy-
JaM BHAA

Ay > (Az - (A3 - (...(A,, - L).)))

n (popMynUpyeTca Tax:
Ecmu dopmynst A,, Ay, s A, 1
4 > (Az - (A3 - (...(A,, - L)))) JOKasyeMbl, TO #

dopmyna L poxasyema.
9T0 YyTBEPKJEHHE JIETKO JOKA3hIBAETCA MOCJIEAOBATENb-
HEIM NpPUMEHEHWeM NpaBUuia 3aKJIIOUEHUA.
HeiicTBUTENBHO, eciH (GOPMYIIE

hom o (da s (1o ot 1)

JOKasyeMbl, TO IO NpaBWIy 3akjJII04eHUA aoKasyema ¢Gop-
MyJsa

A, > (4, ((4, 5 1)..).
Ho rax xak popmynst 4, u A; — (Aa - ((A,, - L)))

ZOKasyeMbl, TO foKasyema dopmyna A; — ((An — L))

Hpogonxaa 5TU pacCy:KJeHHdA, MEI JOKaKeM HaKOHeI,
uyto dopmyna L poxasyema.

IIpaBuio CA0XHOrO 3aKJIIOYEHUSA CXEMATHYHO 3allHCHI-
BaeTCA TakK:

LAy, FAg..., A, 4, - (A2 > (45 > (--(4n > L))))
3

.
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3. IIpaBuno cuanxorusma.
Ecnu goxasyemsl dopmyast A - B nu B — C, TO JOKa-
gyeMa GopMyaa A — C, TO €CTh

FA-> B, FB>C
FA—>C

Jna poxasaTesJBCTBA STOrO HNpaBHJA CAEIAeM cJeaylo-
mue OZHOBpPEMEHHBIe IOJCTaHOBKU:

A,B,C B->C,A
_[(12) u j‘ (Il) .
X,Y,2 x,Y

IlonyunM poxasyemrie GhOpMyJIbI
FHa->(B->C)>(4>B)>(4>C), @

HB - C)>(a-(B-C). (2)

Kpome TOro, mo ycnoBmio JOKasyeMbl (OPMYJIELD
A B, 3)
FB—>C. 4)
Wz ¢popmyn (4) 1 (2) mo npaBuiy SaKJIIOUEHUA NOIydaeM
FA—(B~C). (5)

Ho roraa us dopmyxn (5) , (3) u (1) mo npaBmwiIy CIOMKHO-
ro 3aKioueHus uMeeM A —» C.

4. IIpaBHAO0 KOHTPIOIHIIWH,

Ecnn goxasyema dopmyna A —» B, To goxasyema ¢op-

—  — A B
Myna B - A, TO ecTh I_B——__)‘X

Jist goKasaTeNnCTBa STOr0 NPABUJIA CAEIAEM OZHOBpe-
MEHHYIO MOACTAHOBKY:

A,B

j (Ivy),
X5y
OoJIy4YuM aoKasyemyio dopmyny
(4 > B) »-(B - 4). (1)
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Ho mo ycaoeuio goxasyema dopmysia
A B. ()

W3z dopmya (2) u (1) mo mpaBuay s3akIO4YEeHUs HMeeM
FB>A.

5. IIpaBunO CHATHUA ABOHHOTO OTPHUAHUSA.

a) Ecau poxasyeMma dbopmyna A —)f, TO JAOKasyeMa
dopmyna A - B.

6) Ecnu pokasyema dopmyna a - B, To moxasyema
¢dopmyna A— B.
FA>B A > B
FA>B " LAo>B

HJIH AOKAa3aTeJIECTBA 3TOr0 IpaBija BHIMOJIHUM NOACTa-
HOBKH

To ectn

_[(Wz) u ?(Wa) ’

NOAyINM AOKasyeMble (POpMYJIbI

LA A, (1)
LB - B. 2)
Ho mo ycaosuio a) noxasyema dopmyna
FA->B, ®3)
a mo yciosuio 0) goxasyeMa (opmyna
-4 > B. 4)

Takum o6pasoM, eCnM BHINIOJHEHO YCJOBHE a), TO M3
dopmyn (3) u (2) mo mpasuay CHJAJOrmaMa HOJyyaeMm

A > B.
Ecan xe BRINOIHEHO ycnoBue 6), To us dopmya (1) u (4)

nonydaem A - B.

§ 4. llonaTHe BHIBOAMMOCTH (GOPMYJIHI
n3 coBOKynaocrH (popmyn

Bynem paccmarpuBaThE KOHEUHYIO COBOKYIHOCTE (op-
myan H = {AI,AZ,...,A,,}.
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Onpepexenne GpopmMyas], BIBOAMMON U3 COBOKYIIHOC-
a H.
1) Beaxaa dopmyna A; € H aBaserca dbopMyJioif, Bbl-

poauMoil us H.
2) Beakaa goxasyeMas dopMmyna BeiBoguma us H.

8) Eciu dpopmynsl C u C —» B BRIBOZUMEI U3 COBOKYII-
moctu H, to dpopmyna B Taxsxe BuIBOguMa us H.
Eciu Heroropaa ¢opmysna B BeIBOAHMA H3 COBOKYIIHO-

cru H, To samucuiBaior H|-B.

Herpyaro BupeTs, uTo Kaace GopMyJs, BHIBOAMMEIX U3
coBoxynHocTd H, cOBmajaeT ¢ KJaccoM poKasyeMulx ¢op-
MyJ B clydae, KOTJa COBOKYHHOCTh, H COAEpIKHUT TOJBKO
AokasyeMulie (hopmysnl, M B caydae, korga I mycra.

Eciu xe coBorynuocts popmynr H copep:suT XOTA OBl
OJHy He g0Kasyemyio opmysy, TO Kiacc ¢GopmMysa, BEIBOgHU-
Mex u3 H, mmpe Kiaacca gokasyeMblx GopMyii.

Hpumep. [okasaTe, YTO U3 COBOKYHHOCTH GOpPMYT

H= {A, B} BeIBoguMa opmyna A& B.

JoxasarenscrBo. Tak xax A e H u B € H, To 1o on-
penesieHHI0 BHIBOAUMOIT GopMyIIn:

HI-A, 1)

H}-B. (2)
Bossmem axcuomsl I, u I, u BHINOIHMM HOACTAHOBKH

A,B,A B,A
j(IIa) u ..‘(11). B pesysibTaTe MONyYMM JOKa3yeMule
X,Y,2 XY

dopmynn1, KoTOpHle BRIBOAMME U3 H 1o ompejeneHUIo BbI-
BOAUMOH hOopMyJBl, TO €CTh

H-(A~> A)>((A>B)>(A—> A&B)), (3)

H-B— (A - B). 4)
Tax xax dopMyda A -> A AokasyeMma, TO

H-A - A. (6)
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W3 dopmyx (5) u (3) mo npaBuily 3arIIOUEHUSA NOJMydaeM:

H}-(A - B) > (A > A& B). (6)
W3 dopmya (2) u (4) mo npaBuiy 3aKJIIOYEHHUA MOAydaeM:
H|-A - B. (¢p)
Wz dopmya (7) u (6) no npaBuiy 3aKIIOUCHHUA MOFXyIAeM:
H}-A —» A& B. 3)

U, vakonen, us dopmya (1) u (8) monygaem
HNA&B. 9)

SlcHo, uro npu JOKa3aTeNLCTBE BEIBOANMOCTH PopMyas: U3
COBOKYITHOCTH (JOPMYJI MOXKHO MOJIb30BATHCH He TOJLKO OCHOB-
HBIM NPABRJIOM 3aKJIOUeHWA, HO M IIPABUJIOM CJOKHOTO 3aK-
modenusa. Toraa, HOaL3ysACk STUM IPABUIOM, IpeAioxenue (9)
MOXHO TOIyunuTh B3 npegnoxenuii (5), (7), (1) u (3).

§ 5. IlonsaTne BHIBOAA

Onpenenenue. Boisodom 13 KOHEUHOH COBOKYIHOCTHU Gop-
myn H HasniBaeTcAa BCAKasd KOHEYHAd MOCJEJOBATEILHOCTD
dopmyn B, B,, ..., B,, BcAKuil WieH KOTOpPOH yAOBJIETBOPSAET
OZHOMY U3 CJEAYIOIIUX TpeX yCJIOBUil:

1) on aenserca oxHo us ¢opmys coBorynHoctu H,

2) on sBasgercA AOKazyeMoil dopmyoii,

3) oH moyiyuaeTcsa NO NPaBUIy 3aKJIOYEeHUA U3 ABYX JIO-
OhIX MpeAIecTBYIOIUX WiIeHOB MOCJIeA0BaTeNbHOCTH B, B,,
s B,
Kax Ob110 mOKasaHoO B NpeABIAYINEM NpHMepe, BEIBOAOM

us coBoxynHocTr dopmyan H = {A,B} ABJIAETCA KOHEYHas
nocJIe0BaTebHOCTL hopMyI:

A,B,(A—-)A)—)((A—>B)—>(A—) A&B)),B~—>(A—>B),
A—> A (A->B)-»>(A—> A&B),A—> B,A > A&B,A&B.

Ecnu e 3zech BOCHONL30BATHCH MNpaBUJIOM CJIOXKHOrO
3aKJIIOYEHUSA, TO BBIBOJ MOXXHO 3alIHMCAThL TaK:

A,B,(A—> A)-((A> B)> (A > A&B), B~ (A B),
A A, A B,A&B.
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W3z onpenenenuii BHIBOAUMO (GOpMYyJbl U BLIBOZA W3
COBOKYITHOCTH (DOPMYJI CIAEAYIOT OYEBHAHEBIE CBOICMBA Bbl-
eoda:

1) Besaxnit HauaJbHEIH OTPE3OK BHIBOJ2 U3 COBOKYIHOC-
tit H ecTs BulBog us H.

B camoMm gene, Bce GOPMyInl HAYANBLHOIO OTpe3Ka BLIBO-
7ia YIOBJIETBOPAIOT ONPEAENeHUI0 BEIBOZA.

2) Ecau mexzy AByMA COCeHUMH WJIE€HAMM BHIBOZA W3
H (wmm B Havajne, WIM B KOHIE €r0) BCTABHTL HEKOTOPHIH
BeIBOA 13 H, To mony4ueHHas HOBAA MOCJIE0BATEILHOCTD GOp-
myn 6yaer Belzogom us H.

JleficTBUTEILHO, HATIDUMED, €CJAN COBOKYIHOCTH (opMYyJI
B,B,..,B,B,,.,BuC,C, .., C, ap1ai0Tca BHBOAAMU
us H, To cosorynocts B, B,, ..., B,C,,C,, ..,C_, B, .., B
Mo OmpesieIeANIo BLIBOAA, ABAAETCA BuIBogoM us H.

3) Besgruit used BHIBOZA K3 COBOKymHOcTu H aBiaseTcs
dopmyiroii, seiBogumoii us H,

Beaxkuit Bripop us H siBisercs BHIBOAOM ero nocjejHeit
dbopMyaBI.

4) Ecaim H <« W, To Becakuii BuiBog u3 H saBiasaerca BHI-
BopoM us W.

5) Jaa toro, utobnl popmyna B Gblna BHIBOAMMA M3
copoxynuocT H, HeobXOZMMO WM AOCTATOYHO, YTOORI cyge-
CTBOBAJ BBIBOA 5TO# dopmysnr us H.

34

§ 6. IlpaBuna BHIBOAUMOCTH

Iycrs H u W ~ aBe cOBOKYNHOCTH (GOpMYJI NCUHCACHIA
BeicKaseiBaHuit. ByseM oGosnauars uepe3 H, W ux ob6nenu-
HeHHe, TO ecTh H. W =HUW .

B uacTHOCTH, €CJIM COBOKYMHOCTE W COCTOMT M3 OAHOIA
dopmynnt C, To 6yaeM sanucuBath o6negunenne H U{C} B
suge H,C.

PaccMOTpUM OCHOBHEIE NPABUAR 6bla0dumMocmus.

I HLA

* HwkA

9TO0 NMpaBHJIO CJEAYEeT HeMOCPEeACTBEHHO W3 OIpepesie-
HUA BLIBOJA M3 COBOKYHIHOCTH (opMyII.
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H,C- A, Hl-C

H-A

JMorasarenncTBo. Tak Kay MO YCJIOBHIO W3 COBOKYITHOCTU
thopmya H, C BrBoguMa (popMyiia A, TO CymiecTBYeT BEIBOJ U3
H, C, nocnegueii ¢opMysoit KOTOpPOro aABjisaeTca A:

B, B, .., B_,, A 1)

Tak Kax nO YCJIOBHIO U3 cOBOKyNHOCTH dopmya H BuiBo-
numa Gopmyna C, To cyinecTByer BuBoA ua H, nocnepneir
dopmynoit koroporo ariasierca C:

C,C, oy C, C. 2

Ecau B BmiBOoze (1) orcyrcrByer dopmyna C, To on
ABJSETCA BHIBOAOM TOJBKO M3 cOoBOKymuoctu H, u, snauwur,
us H soiBoguma A.

Ecau B sriBoge (1) oxua us dopmyn ecrs dopmyna C (wanpu-
Mep, GopMyiia B), TO BetaBuM Meskay dopmysnavu B u B, | BRI-
Box us H (2). B pesyJsbrate OJyduM BBIBOA, TOMBKO u3 H:

B,B,..B,C,C,..,C,CB,,.,B,_,A.

U, cnegoBarentuo, dopmyaa A sBeiBoguma us H.

H,C-A,WlC
H,WlA

II.

Iii.

IoxazarenscrBo. Tak kax H,Ch A, To mo npasuay (I)
H,W,C-A,
Tax xkax W|-C , To Takxe mo npasuny I H,W|l-C.

Hcnonpaya Teneps npaswuio II, monysaem H, Wl A.

H-C—> A
H,C-A
HMoxaszareaserBo. Tax xax ws H smBoguma (opmysa
C > A, To cymecTByer BeiBog m3 H, Ha KoHIE KOTOpOro
croutr opmyna C— A:
B,B,,..,B _,C—>A. 1)
IIpucoepuauM Teneps K coBOKymHOCTu (opmya H ¢op-

myny C. Ionyunm coBoxynnocts opmyn H, C. Ilpu stom,
nobasisa K eeieogy (1) dopmyny C, MBI DONYYHM BBLIBOJ

1v.
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B,B,,..B,,C—>A,C. (2)
KOTOPEI ABnfercs BeIBOAOM us H, C.

Ho B xoHme BEIBOAA (2) MOMKHO 3ammcaTh (popMyny A,
goTopag monydaerca v3 dopmyn C—> A u C mo npasuny
3aKJIIOUeHUA.

CregoBaTensHo, MMeeM BBIBOJ W3 COBOKynHoctH H, C

B,B, .,B, ,,C—>A,CA,
nocnegueit hopmynoii koroporo Apasercs Gopmynra A, TO
ects H,Cl-A.

H,Cl-A
H-C> A’
Jorxasareascrso. IlpeasapuTensHO JOKakeM, UYTO A
moboro BeiBoAa B, B,, ..., B, u3 cosoxynHoctd H, C cnpa-

V. Teopema mexyRIuu;

BeANMBO yTBepikaenue: HE-C — B,. JokasaTexnCcTBO IpO-
BeJeM METOAOM MAaTeMaTHYeCKOW WMHAYKIIVH.

1. IIpu k =1 yreepxgenne cupaseanuso. JdelicTBurens-
HO, ecad B, ecTs BrIBOA u3 H, C, TO BOSMOXHBE! TPH CIydad:

a) BeH,

6) B, — noxasyeMas ¢dopmyna,

B) B, ecrs C.

B cnyuaax a) u 6) MokHO 3amucaTs Brieop u3 H: B,

B, —» (C - Bl), C - B, u, caegosarensno, H-C — B,.
B cnyuae B) GakKTHYeCKHM HYKHO J0Kas3aTh, 4TO

H}-C —» C. Ho dopmyna (C — C AOKasyeMa u IIOITOMY BhI-
BoguMa M3 ni000il COBOKYIHOCTH.

2. IlpeanonoKAM Temeph, UYTO YTBEDKAeHUe CIIpaBef-
JIUBO A Ni000ro BHIBOAA ANMUHE! [ < B U JOKaxeM, YTO OHO
CIpaBeyINBO AJs BHIBOJA AJNHHEBI R.

ITycers B,, B,, ..., B, — BuiBog us H, C. fIcno, uTO 3xeCh
k>1, u M09TOMYy OTHOCHTeNLHO (HOPMyasl B, BO3MOMHLI
YyeThIpe Chay4daf: )

a) B, eH,

6) B, — noxasyeMan ¢dopmyna,

¢) B, ects C,

r) B, nonyuaerca IO MpPaBUIY 3aKJIIOUeHUA U3 ABYX
¢dopmysn, npexmecTBYIOIGUX e B BLIBOJE.
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Jlna nepBrIX Tpex cilydaeB JOKa3aTeAbCTBO YTBEPje-
Hua H|-C - B, HONHOCTBIO COBIAfaeT C AOKA3aTeJLCTBOM,

npoBeAeHHEIM ipu k£ =1.
PaccmorpumM uwerBepThiii cayuail. Tax xax sgech dop-

myna B, momydyaercsa us XBYX Qopmyn B n BJ. npu i<k n
j <k m, To dopmyna BJ. XOMKHA uMerh Bux B; —» B,, npu-
YeM CHpaBeXJIMBLI YTBEPKACHUA

H|-C - B,, 1)

H|-C - (B, > B,). (8]
Bocnonssyemcsr akcuomoii I,, Beimonuus B Heil moAcra-
HOBRY
C,B,B,
j (I5)-
X,Y,2
TTonyunm poxasyemyo dopmyny
Hc- (B ->B)-»(c>B)»(c>B) ©
@opmyast (2) , (1) u (3) BeiBogume! ua H. Ilpumenasa r
HMM NPABHJIO CIOXKHOr0 3aKI09eHns, norxyuum H-C - B,.
Bepuemcs Temeps K obimemy cayuato. Iycte H,C-A.
Torpa cymecrsyer BeiBog B, B,, .., B, ;, A us H, C. Illpn
9TOM 1O JOKA3AHHOMY CIIPABEAJIHBO yTBep:KIeHne H-C —» A.

BaXHBIM cEECTBHEM H3 TEOPEMBI AEAYKIUU ABAAETCH
O6061meHHan TeopeMa JIeTYKITUH:

{C.Cp.... G- A
ke - (Cz - (G »..(C, > A)))

JoxasareascrtBo. Obosnauum uvepes H, cOBOKyNHOCTB
dopmyn

H, ={C,C,,...,C;} .
Ilo ycnosuio H,|-A mwm H, ,, C,l-A. Ho Torga mo Te-

opeMe HeAYKIINK cIpaBeAINBO yrBepxaeHne H ,,_ll-C,, —>A.
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Tak xaxk Hjp 3 = Hp 9,Ch_1, T0O CIpaBesauBO yTBEDK-
peHne

Hk—Z’ Ck—1|_Ck - A-
Hcnonn3ysa u 3fech TeopeMy AeAYKINU, TOXYIUM
Hy ol Coy > (Ck - A).

IIpogenas aty uponesypy k pas, Mbl IpHJAEM K YTBEDXK-
JEeHUIO:

Hy = 2C, - (C - (C; -...(C, - 4)...)

Ho usz nycroro MHOYMeCTBa BEIBOZUMBL TOJABKO KOKA3ye-
mble GOPMYARI, TO €CTh

¢, - (G - (¢ »...(c, - 4)..)
B uacrHOM cayuae npu k =1, oueBupHO, nMeeM

Cc-4
Fc> A’

H|-A,H|I-B
VL. IIpaBuno BBeACHUS KOHBIOHKIVHH: "HFA&B °

Joxasareascrso. Ilo ycmoBuio
H-A, ¢))
H|-B. 2)
Kax 6b110 zoKazaHo paHee, U3 COBOKYIHoCTH GopMyHR

{A,B} BEIBOZUMA KOHBIOHKIMA A& B, TO €CTh

{A,B}l-A&B. 3)

I/ICIIOJH:SYH npasuno I BBIBOXMMOCTH, MOXHO 3anucarhb
H,A,Bl- A& B, 4

H,Al-B. (5)

Tenepsb, ucnonbays npasunao II seiBogumMocti, us (4) u
(5) momyuaem

H,Al- A& B. (6)
Taxxe no npaswiy II us (1) u (6) nonyuaem H|- A& B.
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VII. IIpaBnio BEEACHUA MUIBIOHKINM: — fr - BL-C

HoxasareanctBo. U3 ycmosua H,Al-C;H,Bl-C mo re-
opeMe AEAVKIMH HMeeM

H-A-C, ' (1)
H-B-C. 2

Boasmem axcuomy III,. Ona BrIBOAMMA M3 COBOKYMHOC-
™1 H rar poxazyemas ¢dopmyna, To ecTh
HHA->C)>(B->C)>(AvB- ). 3)
Hpumenaa & dopmynam (1) , (2) u (3) npasuio cnoxHO-
ro 3aKAIOYECHHS, MOAYIUM
H-AvB-C. 4)
HUcnonways reneps npaBuio IV BEIBOAMMOCTH, MOJYUHM
H,Av B}-C.
§ 7. loxasaTeanCTBO HEKOTOPLIX 3aKOHOR JOTHEHN

IIpaBuna BEIBOAMMOCTH, B O0COGEHHO TeopeMa AeAYKIIUH,
MO3BONAIOT NOKA3aTh PHJ 3aKOHOB JIOTHKH,
I. 3axk0oH mepecTaHOBKH HOCHLIOK:

-y -2)-> - (x> 2) )
JoxazareascrBo. Tax xax ms coBoxynmocTu Hopmyn
H = {x >y -2y x} crepyer BRBOX x —> (y — 2), Y, %,
Yy —> 2, 2, To ua coBokynHoctu H BriBogmMa dopmyna 2.
Torza 1o o600mHIEHHOM Teopeme HEXYKIUM AoKasyema ¢op-
myaa (1).
W3 3aKOHA IlepeCTAaHOBKM IOCHLAOK BEHITEKAET NpAsUL0
nepecmanosKy nOCLIIOK B AOKaayeMbIX ¢opmynax:

FHx - (y - 2)
Fy - (x> 2)
JeiicrBuTensno, ecan

Fx - (y - 2), 2)




HCYUCIIEHNE BLICKA3LIBAHWHA 65

1o ua dopmysa (1) u (2) mo npasuny 3aKIIOYEHHS CIEAyeT
by = (x> 2).

II. 3axon coemuHeHUSA HOCHITOK:

H(x = (y > 2)) > (x&y - 2). 3)

JorxazarenscTBo. Tax xKax uz coBoKynmoctu dopmysn
H= {x - y—> z),x&y} caexyer BEBOA x —> (y — 2), x&y,
x&y > x, x&y >y, X, Y, y > 2, 2, TO U3 COBOKYIHOCTH
H spiBoguMa dopmyna 2. Torma mo o6o0umienHoit Teopeme
JenyKIUU doxazyema dopmyna (3).

W3 zaxoHa COEJUHEHHA IIOCHIIIOK BEITEKAET nNPABUJO
coeduHeHUA nOCLLIOK B XOKasyeMbIX Gopmynax:

Hzx -y z))

Fx&y — 2
HeiticTBuTENBHO, €CAU
Fx—(y - 2) 4)
ro u3 dopmyxn (3) u (4) M0 NpaBMIy IAKJIOUEHHUS CAERYyeT
Fx&y — z-
III. 3axkon pasbeAUHEHNT NMOCHLLIOK:
Fx&y — 2) - (x >y z)) 5)

JoxazareascrBo. Taxk xax m3 coBokynmuocTu GopmMyn
H = {x,y,x&y — z} cnepyer BuiBOx %, Y, x&y > 2, x&y,
2, To 3 coBoxynHoctun ¢opmyn H BeiBoguma dopmyna z.
Torza mo obobmienHo#t Teopeme xeAyKIuM poKasyema ¢op-
myna (5).
" W3 3axkona pasbeEUHEHHUA IOCHLIOK BBITEKAET NPABUNO
Das3zeluHenUus NocvlNOK B RKOKazyeMbIX dopmynax:
Fx&y - 2z
Fx—o(y-2)
JeiicTBUTENBHO, €CIH
}~x&y —> 2> (6)
ro uz dopmyn (5) u (6) o mpaBuny 3aKAIOUCHUHA CIAEAYET

Fx—(y—2).
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IV. x> (x> y)- M
JoxasarenscTeo. CresaeM MOACTAHOBKM B AaKCHOMEI I, u
Iv,

7,x

7
[() = J@n).
y )
B peaynrpraTe mosyumM KOKasdyeMble (POPMYIBI
Fx— (7 - x), (8)
FG - %)> (x> 7). (9)

W3 dopmya (8) u (9) mo npaBuiy CUIANOrU3Ma CJIEAYyeT
x> (x> 7)-
Hcrnionb3yst 3aK0H COEAUHEHWs IIOCHUIOK, NOJYYMM
Fx&x > 7 -
Hcnonbaysa OpaBUIO CHATHA ABOHHOrO OTDUILAHWH, IIO-
JAydum
Fx&x >y .
W, sHaxoHer, NPUMEHAA 3aKOH PA3beIUHEHUA IIOCHLIOK,
nonyuum dopmyay (7).
5. 3aKOH MCKIIOYEHHOTO TpeThero:l-xv X
JlorxazateancrBo. Bocronsayemest moxazyemoit dopmynoit

Fxvy > X&T : (10)

x
, CHeyidaB B Hell IOXCTAHOBKY J'(lo), TTOAYYIUM

¥

bxve —»> 7&%- (11)

Taxke cpenaeM IOXCTAaHOBKY B dopmyne (7), 3aMeHaAA X
HaX,ayHa J:

I—E—a(?-—) y). (12)
Hcnonnaysa 3aKOH COeAMHEHHUA IIOCHLLIOK, OYIEeM HMeTh
LX&X > 7 - 13)

W3 dopmyn (11) u (13) no npasuny cuanorusMa mnouay-
Yaem

Fxvio7g. (14)
Nz dopmynm (14) no mpasuny KOHTPHOIULNA CHELYET

Fg > xvE-
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Hcnoabaya ob6a NpaBuia CHATHS KBOMHOIO OTPUIAHUA,
nonydaeM

Fyo>xvE. 15)
IIycrs Teneps y — ai00adA goxazyemada gopmyna R , Torga
w3 dopmyn R, R - xv ¥ 1O npaBHiy 3aKj04YeHHs MO-
nydaem
Fxvx,
VL. |- X&7 > xvy.
HMorazareancTso. CAenaem moxcTanoBKY B axcuome IIL,,

saMeHsd B Hell 2 HA F& Y :

}-(x—»Bc‘_&—y‘)-e((y-ef&y‘)-»(xvy—)-k‘—&—y)). (16)
Ua axcuom II, u IT, umeem:
Lx&y - =x, an
Fx&7 - 7. (18)

IIpumensns xk dopmymam (17) u (18) npaBuio KOHTPIO-
3UMUH, HOJYIUM

X - x&7» (19)

7 —» &y - (20)

Hcnonpaya NpaBuioO CHATUA ABONHOrO OTPHIAHUA, Oy-
peM MMeTh:

Fx - x&y» (21)

Ly —» x&7 - (22)

IIpnmenss x opmynam (16), (21) n (22) npasuno caox-
HOT'O 3aKIIOUCHUs, [TOAYIAeM

Lxvy - x&Y. (23)

Tlpumensasa & dopmyne (23) npaBmyio KOHTPIIOSHIUU, A
3aTeéM IpaBHJAO CHATHA ABOWHOIO OTPHIAHHUA, NOJyYaeM

Fx&g - xvy.
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§ 8. Ceasp Mexay aareOpoil BLICKA3LIBAHUIM
M MCUYHUCJEHNEM BBHICKA3bIBAHWIL

PopMysIsl NCUUCIEHNS BHICKA3LIBAHUIT MOIKHO HHTEp-
IpeTHPOBATh KaK (dopmyiasl anreOpbl BolcKadniBaHmi. Has
aroro OymeM TpaxTOBaTh NeDeMEHHbIe HCUYMCIEHHS BBICKA-
3BIBAHUYE KaK mepeMeHHbIe aire0phsl BRICKA3bIBaHUHN, TO €CTh
IepeMeHHbIe B COZEPKATENBLHOM CMBIC/IE, TPUHAMAOLINE KBa
3HaueHus: uceruna u J0XKs (1 u 0).

Onepapun &, v, —> U — ONPEXEINM TAK e, KaK B
anreGpe BoickasbiBaHmnii. Ilpum sTom Beakaa dopmyna uc-
YHCJeHns: BHICKA3BIBAHMH IIpH NOOBIX BXOAMAIINX B Hee Ire-
peMeHHBIX OyZeT NPpUHUMATE OZHO M3 3HadeHuili 1 miam O,
BBIUHMCIAAEMOE II0 ITpaBHJIaM ajareOpbl BbICKA3LIBAHMIA.

Beeaem noHaTHE 3HAYECHUS QOPMYALI MCUMCICHHUSA BBIC-
KasblBaHMii.

Ilycre A — ¢opmysa MCUMCTEHHS BBHICKASEIBAHUHN, X,
X,5 «»s X, — TONMAPHO PA3JHYHBIE NEPEeMEHHEIC, CPEXH KOTO-
PBIX HAXOJATCSH BCe NiepeMeHHble, BXoAsmue B Gopmyny A.
OGoanauuM vepes a;, oy, -., &, HAOOp 3HAUYeHNH 5THX Iepe-

MEHHBIX, cocrofAmuii us 1 u 0, pgnnuaer 7. OueBHAHO, 4TO
BEKTOP (al,az,...,a,,)nmee'r 2" 3paveHmi.
Onpepennm 3aaverne GopMyanl A Ha oZHOM TaKkoMm Habo-
pe 3HaueHuii NepeMeHHBIX, 0603HAaYAd ero Yepes Ralazma,. (A):
1. Ecnu gna ¢opmynst A ee moxdopmyna camoit Goap-
oW rayGUHBL eCTB X, T0 Ryg o (x,-): a;.

2. Ecnu onpepeneHbl 3HAYeHUs BeeX moxdopmya rayGn-
B! k+1, To mopdopmynsl raybuasl k, monayueHHbIE B pe-

synbraTe onepamuit A& A4;, A, VvA;, A - A;, A 6yayr
HMeTh 3HAYECHHA:

Rm...d'n (A"&Al) = R"l---“’n (A"')&R"l-'-“'n (AJ) ’

Ru,‘..a,, (Ai v Ai) = Raxu-ﬂ'n (A'l) v Rd'l---an (Ai)’

Ral...a,, (A1 i J') = Rd'l---an (A'l) I Rﬂ'lu-“n (Ai)’
(
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Hanpumep, popmyna x, v¥, — x,&x,; Ha HaGope 3Ha-
wennii (0, 1, 1, 0) mepeMenumx x,, x,, x,, X, nMeeT 3HAUYEHHE
Rmm(x1 VX > xz&f3) =1,

IeiicrBurensuo, ara dopmysa vmeer:

x VX, x,&%; — nopdopmyssl nepsoit ray6uHbL,

x,, X4, %,&X; — noadopmysisl BTOpoit rryGHHBI,

X4o Xgs X3 — NOAMDOPMYJEI TpeThEH IiyOHHEL,

x; — noxdopmyla deTBepToit rayOHHEL

Orcroza Rouo(xs) =1, Rouo(fs) = R0110(x3) =0, Rollﬂ(x2) =1,
Rono(x4) =0, Rono(xz& -fa) = Rono(xz)& Rono(-fs) =0,

30110(’?4) = Rouo(x4) =1, R0110(x1) =0,

Rouo(xl v 334) = Rouo(xl) v R0110(-f4) =1,

Rouo(xz&fa) = Rouo(xz& -fa) =1,

Rouo(xl VI xz&f3) = Rouo(xl V74) - Rouo(xz& 73) =1.

JoxkaxeM Tpu TEOpPEMBI, KOTOPhIE YCTAHABJIUBAIOT CBA3b
MEXXAY OCHOBHBIMH (haKTaMu anrefprl BhICKasbIBaHMI M HC-
YUCJeHUA BHICKA3BEIBAHMIA,

Teopema 1. Kaxcdas ¢opmyara, doxasyeman 8 ucuucie-
HUuL 8bicKa3vieaHuil, asnsemca monlecmaeHno UCMUHHOUL
8 anzebpe BblCKA3bIBAHUIL.

JoxazareabeTBo. A HoxasaTeIbCTBA 3TOM TEOPEMBI,
OYEBUZHO, CIAEAYET AOKA3ATE TPH MOJOKEHHA:

1) Kaxxpgas akcuoMa NCUYNCICHUSA BLICKA3BIBAHUIH — TOM-
AecTBeHHO MCTUHHAA GopMyna B anrefpe BHICKA3LIBAHMIH.

2) IlpaBuno HoXCTAaHOBKH, IPHMEHEHHOE K TOXAECTBEH-
HO HCTUHHHIM (JOpMYyJaM, IPUBOAUT K TOMKAECTBEHHO HC-
THHHBIM dopmyiaM.

3) IlpaBnno saKAOYeHUst, NPpUMeHEHHOE K TOMAESCTBEH-
HO HCTHHHEIM (opMynam, IPDHUBOZUT K TOMKIECTBEHHO HC-
THHHBIM {OpPMYyJaaM.

1) ToxpmecTBeHEHAS HCTUHHOCTEL AKCHOM UCYNCIACHUS BEIC-
KasulBaHWIT Mo)KeT OBITH NpoBejeHa nepeGopoM Bcex BO3-
MOKHEBIX 3HaYeHHH BXOAALIMX B HUX IEPEMEHHBIX, TO €CTh C
NOMOMIBIO TaGMMI MCTHHHOCTH, KOTOPEIE HMEIOT BHX:

a) A aKCHOM, COAEPYKAINUX ONHY IepeMeHHYIO

x Iv, Iv,
1 1 1
0 1 1
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6) nA aKCHOM, COZlePXXANTUX JBe IlepeMeHHEIe

x|y | L II, IT, IIT, III, Iv,
1141 1 1 1 1 1 1
110 1 1 1 1 1 1
0|1 1 1 1 1 1 1
0|0 1 1 1 1 1 1
B) AJIf AKCHOM, COJAEPIKANTUX TPH HepeMeHHbIe

y| z I, IT, III,

I I
bt | ek |k f et |k | et |t | et

IO ||t [t |t | &
O[O [ [t [ [t |1t
Ol O(=|O|m i |m-
ok | sk ot [ |k [ ok ok ok

2) Jlemma. ITycmy x,, X, wvy X, X — NEPEUEHL NEPEMERHDLIX,
KOmoputii codeprcum 6cé nepementuie, 8xodawue 6 Gopmyavt A u
B, u nycmv @, g5 s ¢, @ — BPOUIBONLHBLE PUKCUPOBAHHbL
Habop u3 0 u 1, Tozda, ecau Ralaz.-a,.a(B) =f, mo

B

Ra,az...ana[ j(A)} = R o p(4)-

X

Noxa3areabcTBO JIEeMMEL MPOBEAEM II0 MHAYKIIHH, y4H-
THIBAIOIeil mocrpoeHue (GPopMybL.
a) Ilycre A ecTb mepemennas x,, orauyras ot x. Torza

B B
R“1a2'-~ana(xi) =a, J‘(xi) =% H Ralaz~'-a"a(J‘(A)} =,
x x

Ryo,...0p ﬁ(A) = @; , TO €CTh YTBepIKACHNE JIEMMbI CIIPaBEe/IUBO.
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6) Ilycte A ectek mepemennas x. Torga MOACTAHOBKa

B
.‘-(A) maet B, Ryo oa .‘-(A) = Ry,..qa(B)= B, TO ecTh

x x
yTBepIKAEHNEe JeMMbl CIIPABEAJINBO.

B) Ilycte Teneps dopmyna A nmeer Bup: A, ¥ A,, u faa
dopmyn A u A, yTBep:pjeHue JeMMEI cnpaBexiuBo. Ee
CIpaBeJJINBOCTE AJs (opmynst A crefyer u3 menouKM pa-
BEHCTB!

Ra.az.--a..aﬁ(“‘)] = Ra.az---a,.a[?(Al *Az)] = Ra.az...a,.aﬁ(Al) * ?(A2)] =

B B
=Ry, .0 I (Al) *Roa,.aa I (A2) = Rog,..ap (Al) *Roa,..a8 (A2) =
x x

=Rog,.0,8(4 % A2)= Roo o p(4).
AHaJornuyno NpoBORUTCH KOKA3ATEABCTBO JIeMMbI B CHY-
gae, xorja Gopmyna A nmeer BUE A, .
HMoxaxeMm Teliepk yTBep:KAeHUe I. 2 TeOPEMBI.
IHyemv A — dannasa ¢opmyra, x — nepemeHnas, a B —
awbas gopmyna ucsucnerus evickasviearuli. Ecnu A — moxe-
B

Jecmeenno ucmuntas Gopmyaa, mo u I(A) — moxcdecmeern-

HO ucmunuas (opmyna. x

Horazaremserso. IIyCTh X, Xy ey X, X — NOJHBIN nepe-
YeHL [IEPEMEHHEIX, BXoAAmux B dopmynn A u B, Hyxno no-
Ka3aTk, YTO HAa BCexX Habopax 3HAUECHHMil NepeMEHHBIX

B

(al,az,...,an,a) dopmyna I(A) npuanMaer suavenue 1. Ilpex-
B x

TIOJIOKUM, UTO I(A) — He TOXAECTBeHHaH mcruHa. Torga cy-

x
mecTByer HaGop 3HAYEHMI MePEMEHHBIX (af,ag,...,a,?, a°)

B

TaKoi =4.

oii, uto R 00a...a%a® I(A) 0. Ho rorpa corimacHo nemme
x
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R0 g0 ﬂ(A) =0, a 9TO IPOTUBOPEUHT TOMY, UTO A — TOX-

JAeCTBEHHO HCTHHHAaa (dopmya.
3) Ecau gopmyast C u C—> A — moidecmeenno uc-
murrsle, mo u (opmyaa A ~ moxdecmeenrHo UCMUHHAA.
JlokaszaTensCTBO IPOBEAEM METOAOM OT IPOTHBHOrO. Ilycrs
X, %55 wep X, — HOJHBIH Ha0Op HEPEMEHHBIX, BXOAALINX B (Op-
mynnl C 1 A. Tlpennonoxnm, uro A — He TOKAECTBCHHO HCTHH-
Has (opmyna. Torpa cymecrsyer HaGop S8HaueHNH IIepeMEHHBIX

(a?.ag.-.,ag) TaKoi, uTo Rafaé’...a,?(A):O' Ho npu stom

Roop 02(C > A) = Bopgs 55(C) = Boogs go(4)=1->0=0,
YTO NPOTHBOPEUHT TOKACCTBEHHOM HCTHHHOCTH (DOPMYJIHI

C—>A.
Teopema 2. (0 BeBogumoctu). ITyemv A — neixomopas

hopMYna UCHUCIEHUA BbICKASBIEARULL; X, Xy wey X, — HAGOD
nepemennblx, colepxcawjuii ece nepemernvle, 8xodauue 8

dopmyry A; a,,a,,...,a, —~ NPOU3BONbHbLIL (PUKCUDOBANHbLIL
Habop 3naxeruil amux nepementuvix. Ob6os3xaium depes H
KOHeywHYW cosokynnocms dopmuyn H = {x{’",x;"",...,x,f"}, 20e

L% = x;, ecnu a; =1,
: X;, ecan a; = 0.

1) Ecau Ry, o (A)=1, mo HI-A.
2) Ecau Ry, o (A)=0, mo HI-A.
HoxrasareancTBo. [l0Ka3aTeIHCTBO TEOPEMEI IPOBEIEM MO

HEIYKIHAN (MHEIYKIHAA 10 TOCTPOEHHIO (POpMYJIBI).
1. IIycts dopmyna A ecTh HepeMeHHAR X,

a) Ecan Ra;az---a,. (x,-) = g; =1 0, oueBnjHO, xil-xi, uinu,
uTo TO e x[t|-x;, To ectp x|-A, u Tem Gonee, H|-A.

6) Ecnn Ryy o (x)=e; = 0,ro, oueBHAHO, x}-x,, unm,
uT0 TO e x|-X,, TO ecth x*|-A, u Tem Gonee, H|-A.

2. IIpeAIonoxuM TeNepsb, YTo GopmMysia A HMEET CLHH
H3 creAyomux dersipex Buaos: I. B,&B,, II. B, v B,,

II. B, > B,, IV. B; u ana dopmyx B, u B, Teopema cupa-
BeganBa. PaccMOTpHEM KasKABINA K3 4YeThIpexX CJLyYaes.
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I. ITyers A umeer Bux B, & B,.
a) Eciu R, ,(B&B))=1, o R, ,(B)=1 u

Ry .., (Bz) =1, no Toraa no npeanonoxenno H- B, u H|-B,.
Orciofa 0O NpaBuy BsefeHHs KombioHKnMY Hi-B,& B, 10
ectb HLA.

6) Ecm R, (B,&B,) =0, o o R, , (B,) =0, 6o

R, ..o, (Bz) = 0. Ilycts, Hampumep, R (Bl = 0., Torga no

ay...oy

IPeAII0JIOKEHHIO
H}-B,. (1)

Bocnonssyemca axcuomoit I1: | B,& B, - B,. Orciona
oo IPaBMly KOHTPIO3HI[HH

B, > B&B,. 2)
Wz dopmyn (1) 1 (2) no upaprny 3aKIIO4YEHHHA IOIYyYa-
em H-B&B,, To ects H-A.
II. Ilycts A umeer Bux B, v B,.
a)Eemm R, (B1 v B2) =1, TO HCTHHHO XOTH GBI OZHO U3

SHAYCHNR Rax-.-an (Bl) nm Rax---a,. (Bz). IIycrs Ral...a,. (Bl) =1.
Torza 1no NpeAnoNOKEHRIO

H\-B,. 3)
Bocoonbayemea axcromoii III;:
By — By v By, 4)

W3 dopmyn (3) u (4) no npaBuNy 3aKIOUEHUS MOIyda-
em H|-B, v B,, T0 ects HI-A.
6) Boxn R, ,(BvB)=0, 00 K, . (B)=0 =
R, , (B,)=0. Orciona crenyer, uro H}-B;, u H}-B,. Ho
TOTHA TO IIPABHUNY BBEIACHHS KOHBIOHKI[HYA
H|-B,&E,. (5)
Bocmosssyemea nokxasyemoii dopmynoi
| B,&B, > B,V B, (6)
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Wz dopmya (5) u (6) no mpapuny 3aKIIOUEHHA KMeeM
H}-B, v B,, To ects H-A.
III. IIyets A umeer Bug B, - B,.
a) Ecnu R,,,l._',,,"(B1 - Bz) =1, To yGO Ra,...a,,(Bl) =0,
mGo R, ,(B,)=1.
Ecnn Ral...a,,(Bl) =0, o _
HLB,. (7

Bocooaszyemes okadyemoii opmMysron |-—B1 -> (1_3_1 -> Bz) .
M3 sroii bopMyanl 10 IPAaBHIY IEePECTAHOBKH IIOCHLIOK II0-

JAyIHRM

B, - (B, > B,)- (8)

W3 dopmyx (7) u (8) mo npaBHAy 3aKIIOYEHHS IOJYIHM
H|-B, - B,, o ects H|-A.
Eemn R, (Bz) =1, o

H|-B,. 9)
Bocnoxssyemest akcuomoit I:
B, > (B, > B,) (10)

W3 dopmyan (9) u (10) mo mpasuny 3aKJIOYEHNS HMeeM
H|-B, - B,, To ects. H-A.

6) Ecam R, . (Bl - Bz) =0, ro R, , (Bl) =1, a

B, . o (Bz) = 0. Orcrofa 10 IPEAION0ACHUIO

H|-B, 11)
u

H|-B,. 12)

Bocmonszyemcss pokasyemoii GhopMyoii:
(B, - B,) > (B, > B,).

W3 s70i1 hopMyasl D0 MPaBHIAY HEPECTAHOBKY IOCHIICK
noay4yaem

B, » ((B1 - Bz) - Bz). (13)
W3 dopmyxn (11) u (13) oo npasuiy 3akI04YeHNS TOJIYINM

H\-((B, > B,) > B,). (14)
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Yz dopmynsl (14) 1m0 npaBuny KOHTPHO3ZHUIUKA HMEEM
H|-B, - (B, - B,)- (15)

W3 dopmyxn (12) u (15) oo upasuny saxkaoueHns noxy-
gaeM Hl—m, T0 ecTh H|-A.

IV. Ilyets A umeer BHR B,.

a) Ecan Ral...a,,(El) =1, 1o Ral...a,,(Bl)"‘ 0, u, sEa4wmr,
Hl-B;, 7o ects HLA.

6) Ecms R, (B)=0, o R, ., (B,)=1, u anaunr,

H}-B,. 16)
Bocmonsayemcs akcuomoit IV,
H-B, - B,. an

Wz dpopmyn (16) 1 (17) mo upasuny sakaodYeHusa IoJy-
qaem H|—-:B”?~1, ro ectb H-A,

Teopema 3. Kaxcdas moxwdecmeenHHo ucmurnai dop-
MYAaA anzetpul 8blCKA3LIBAHUTL JOKA3YeMA 8 UCLUCTEHUL 8bLC-
Ka3bl6aHUlL.

Jorasareancrro. ITycTs A — TOMIECTBEHHO HCTHHHAS B
anre0pe BbiCcKassIBaHUH Qopmyna, a X, X,, «., X, — OEPEUeHD
BCEX NEPEMEeHHBIX, BXCAAIUX B gopmyny A.

Bosemem nioGoif Habop 3HaueHH# 3THX HepeMEHHBIX

(al,az,...,atn).
Tarx Kax dopMyna A — TOXJECTEEHHO HCTHHHAHA, TO

R, . a, (A) =1. Orcrona 1o Teopeme 2 crepyer, UTO
H,}-A, (1)
rae H, = {xf",xé’z,...,x:"}.
Tax Kax Bcero HaGOPOB (al,az,...,a") 27, 70 cooTHOIIE-
uHue (1) copasesarso B 2" cayyasx.
Eerm H,,= {xf‘,xgz,---,x,?i‘l‘} , TO, OYEBHAHO,
H, ,,x}An H,,_l,.’x',,I-A. Toraa o mpaBHNAY BBEJCHUSNA

Ausnionknun H,_y,x, v %,}-A . Ho dopmyna x, v ¥, Hoxa-
3yeMa H €e MOXXHO OIYCTHUTh K3 COBOKYIHOCTH dopmya
H, ,,x,v¥,.3naunr, H, |-A.
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Ananoruyno, o6osnauas ueped H,_, = {x{" R ng,...,x,‘fz—;} R
v, Hy = {xf‘,xgz} , Hy = {xf"}, MOCJIEOBATENBHO JOKAKEM,
uro H, ,-A, ... Hy-A, H,}A. Ho coorromenue Hj =
= xf“ A cuopaseanmeo npu @ =1 u npu @, =0, T0 ectb
%A u ¥|-A. Orciona 10 NpaBMTy BBEJEHUSA AUSHIOHKIMN
nmeeM x, v X;}-A. Ho dopmyna x, v %, noxasyema, u Io-

3TOMYy €€ MOXKHO omycthth. CllegopaTelnbHO, @|— A, a 310
ozHadaeTr, uTo Gopmysa A JOKasyema.

§ 9. IipoGremsl aKCUOMATHYECKOro HCHHCICHHSI
BBICKA3BIBaHEH

Beskas akcHoMaTHuecKasi TeOpHs AN ee ODOCHOBAHUA
TpefyeT paccMOTPEHHA ueThipex mpobiem:

1) npobaemMel pazpemKUEMOCTH,

2) npobieMbl HEIPOTHBOPEYUBOCTH,

3) mpobaeMbl TOJNHOTEI,

4) npobaeMel HE3aBUCHMOCTH.

1. lipo6Gaema pa3pemIMMOCTH HCIUCHSHHSA BBICKA-
SBIBAHM,

IIpobrema paspewiumocmu NCUUCNCHHA BHICKA3SBIBAHWH
SaKJIO%aeTcs B AOKA3ATENLCTBC CYHIECTBOBAHHA aJITOPHUT-
Ma, KGTOPLIH mO3BOJHA OB AJiA JIoDOil 3amanHGH GOpMYJIIbI
HCUHCJICHHSA BRICKABLIBAHHI CIPENENUTh, ABJIAETCS JH OHA
JOKA3yeMoil My He ARBRJIACTCH.

Teopema. IIpo6aema paspeuwumocmu Gas UCHUCTEHUS
85ICKA3bIBAHUIL paspeuLtuma.

JorasarenascTro, Jlrobasa dopmysa MCUUCIeHUS BpICKa-
3LIBAHHI MOMET paccMaTPHBAThCH Kak (opmyia anrebpsi
BLICKA3BIBAHNI, M, CJEJOBATEIbHO, MOKHO pacCMaTpHBATH
ee JICTHYECKYe SHaUeHUA HAa Pa3JHMYHEIX Habopax 3HAYEHIH
BXOASINIUX B Hee IIePEeMEHHBIX.

ITyers A — nobaa dopmysia UCUKCHEHNS BEICKASBIBAHMIL,
a X,y Xy «oy X, — IEPEUCHD BXOASAMMUX B Hee IEPEMEHHBIX.

Brerancanm Ralaz...an(A) Ha Bcex HabGopax 3HaueHHH

Q,,Qy5..., @, BXOAAIHNX B Hee TEepeMeHHEIX. Ecan IpH 3ITOM

R0, .0, (A): 1 =a BCcex BHalopax a,d,...,d,, TO dopmyna
A — TOXJEeCTBEHHO MCTHHHAs, W, 3HAUUT, 110 TEOpeMe O JOKa-

3YEMOCTH TOXKJECTBEHHO MCTHHHON (HOpMyJIBI OHA ACKasyeMa.



HUCYUCIIEHNE BbICKA3bIBAHWNA 77

Ecau ke cymecrByer HabGOp sHaueHHH HOepeMeHHBIX

0 0 % - -
. a3,...,a, Taxoi, uTo Raf,ag,u.,a,?(A) =0, ro dopmyna A

He TOXKJECTBEeHHO HMCTHHHAS, W, 3HayuT 10 Teopeme 1 § 8
oHa HE JOKadyema.

2. IIpoGaera HEIIPOTHROPEYHBOCTH HCUHCICHHSA BhIC-
kassiBauuii, Jlormuyeckoe HCUKHCJEeHUEe HA3SHIBAETCS HENPO-
THBOPEYMBLIM, €CJM B HEM He JAOKA3yeMbl HHKaKHe ase Gop-
MyJabl, H3 KOTOPBIX OfjHA ABJsETCA OTPHIIAHNEM APYroii.

WHaue rosops, akcuoMaTHYeCKQOe HCUHCJICHHE Ha3bIBa-
eTCsl Henpomueopeiusbim, ecIi B HEM He CYNIeCTBYeT TaKas
dopmyna A, uTo A0Kasyema A u JAoKasyema A .

IIpo6nreMa HEIPOTHBOPEUHBOCTH BAKJIIOUAETCSA B BHISAC-
HEeHUH BOIpoOca: SABJSAETCH NaHHOE HCYHCJICHHe HEIPOTHUBO-
pednBBIM Hiu Her?

Eciu B HeuHCNEHHE OGHAPYKHBAIOTCA AOKazyemsble Gop-
Myasl BHAa A 1 A, TO TaKOe MCUMCJICHNMEe HA3LIBAETCA IpO-
musopeyuaoLi.

Ecauu 66 B HCUHCJICHHY BRICKA3hIBAHKHA HeKOTOpHIE (hop-
Myan A B A OKaBalHch AOKA3YEeMBI, TO B HeM OuI OKasanach
gokasyemoii nobaa Gopmyna B. Jokaxkem a10.

Byzem B jasibBeiimem ofosHauaTh uepez R Jobyio fo-
kKasyemyo dopmyay, a uepez F — dopmyny R.

Bo-mepBbIX, JOKaKeM, 4To 1Ja J6oi dopmynant B npo-
Kagzyema ¢dopmyna

B> R. (1)
JelicTBETENBHO, NOACTAHOBKA B aKcHomy I, maer:
R (B— R). 2
Ho mo ycaosuro
LR. 3)

W3 dopmyn (2) u (3) mo nmpaBUNy 3aKMIOUSHHA HONXyda-
eM crpaseaausocts (1).

Joraxem Teneps, urc Aaa a0boit dopmynsl B pokasy-
ema dopmyna

-F - B. “)
HeficTBuTesbHO, IOACTAHOBKA B axcuomy IV, pmaer:
HB - R) > (R~ B). (5)

Ho no goxasaHHOMY
-B - R. (6)
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W3z dopmyan (6) 1 (5) uo nmpaBuny 3aKMIOUEHHS OOTydaem

LR > B. &)

Hcoonpsysa OpaBHIO CHATHA JBOMHOTO OTPHIAHKA H 3a-
mensa R ua F, nonyuuwm (4).

W, maxomen, aoKaykem, uTo a8 Ja00oi dopmynasr A
AoKasyema ¢gopmysa

FA&A > F, 8)
Coraacao akcuomam I, u IV, nokasyemn Gopmyss:
FA—(R— 4), )
(R — 4) > (4 > F). (10)
Y3 dopmyan (9) u (10) mo npasuny CHINOTHIMA MONydaeM
4 - (4 - F).

Orciofla o IpaBHJIY cOefHHEeHNA IOCHIICK IPHXOAUM K

dopmyne (8).
N3 dopmyn (4) u (8)no npasmay CHANOTH3MA UMeeM

A& A - B. 11

Ho Tax Kax 10 IPEANONOKEHHIO -4 u |-A, 10 |- A& A4,
H, CJIEIOBATENLHO, NOKasyema dopmyna B.

Teopema. HcuucneHue guicKasbl6aHUl HENPOMUBOPEHUED.

Jokrazareascrso. J{oxaskeM, UTO B HCUHCICHHH BBLICKA-
3BIBAHMI HeT TaKo# (Gopmyssl A, ANG KOTOPOH AOKA3yeMBbI
Aun 4.

IIyers A — nobaa Gopmysia HCUHCACHHS BHICKA3bLIBA-
uuif, Eciu A gokasyema, 1o no teopeme 1 § 8 oma Tomxae-
CTBEHHO HCTMHHA, H, SHAYAT, A — TGIXKAECTBEHHO JOMNKHAS
¢bopmysa, a mO3TOMY He AOKasyeMma.

3. HpoGieMa IOJHOTHI MCUMCIECHMSA BBHICKA3LIBAHMM,

Onpenenenne 1. AKcuoMaTnuecKOe HCUHCHEHUE Ha3bl-
BaeTCs NONHLLM B Y3KOM CMbuicae, eclH nc0aBieHNe K CIHC-
Ky €ro akcuoM Jio00il Henokasyemoil B ucurnciaenunu bopmy-
JIBI B KayecTBe HOBOH aKCHOMBI NPUBOXZUT K HOPOTHBOpEYMU-
BOMY HCUYHCJEHHIO.

Onpenenenne 2. Mcuncnaenue BLICKasbIBAHHIH Ha3BIBa-
eTCSE NOAHLIM B WLUPOKOM CMbiCHe, eCHNH JNI0bast TOXeCTBeH-
HO HCTHHHAas QopMmyJia B HEM JoKasyeMma.
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W3 aTux onpedelleHU# cieAyer, 4TO NpobGieMa IOJHOTHI
MCURCJCHNA BLICKA3LIBAHHMI JOJ’KHA pemuTh xBa BOIpOCA:

1) MoXHO JH PACHINPHTHL CHCTEMY AKCHOM aKCHOMATH-
YyecKOro HCUKCJIEHHS NyTeM R06ABJEHUS K Heil B KadeCTBE
HOBOIHl AKCHOMBI KaKOH-HUOYAL HeJOKa3yeMmoi B 3TOM IC-
gucaeHHEA GopMyns?

2) fBnsierca au BeAKas TOMKAECTBEHHO HCTHHHAS dop-
myJaa anreOphsl BhICKA3LIBAHUWNE JOKA3yeMOH B HCUUCICHHU
BBICKA3BIBaHHI?

OTBeTH HA 3TH BOLIPOCH! AAIOT CJEAVIOUIHE TEeOpEeMEI.

Teopema 1. Heuucnenue svickasbieanuil” nolHo 8 ys3-
KOM CcMbLCRE.

HMoxazateascrro. Ilyers A — sr06as Hepokasyemas dop-
MyJla HCUMC/ICHUA BBICKASBIBAHUI, A X, Xy, w0y X, — HOJNHBIH
nepeueHb BXOAAmMKX B dopmMysy A mepeMeHHEIX.

Tax kaxk A — pejfjokagzyemas popMyJsa, TO OHA He SABJSA-
ercd TOMAECTBEHHO HCTHHHON. CreposaTesIbHO, CYUIECTBY-

et Habop sHaueHu# LEpeMEHHLIX @, 0,,...,Q, TAKHUX, 4TO

Ry, A1, 0. 7)) = 0. )
Iycts B,, B,, ..., B, — 1100B1€ TOMAECTBEHHO MCTHHHEIE (hop-
MyJIbI, 38BHCALIHE OT TEX K€ IEPEMEHHBIX X, Xy oy X, PaccMoT-

B, ecau a; =1
pim rabop B, B%,...,B% ,tae Bt =4 N

" B, ectu o; = 0.

OcyIiecTBEM CAEAVIONIYIO MOACTAHOBKY B Qopmyny A:
BB . B
(A) . onyuum dopmyny
Xy Xp,...%,
A(B®,B2,...,B™). 2)
HMoxaskem, uro dopmyna (2) — TOKAECTBEHHO JIOKHAA.
Bossmem mio6oit HaGoOp oy 5 Gy vy O, SHAUCHUI NEPEMEHHBIX X,
Xy we X, Tax xax Gopmymst B, B,, ..., B, — TOXJeCTBEHHO
uctunEBe, TOR, (Bi) =1.Hororna R, ,, o (Bi‘") =g

H, cienoBaTeJIbHO,

R, ., . A(BM,BE,.,B) = Alay,a5...,2,) = O,
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Orcroa caeayer, 4to Gopmyna A(Bf",B;Z,...,B,',’") — TOMXAE-

CTBEHHO WHCTHHHAA, H, 3HA4YNT, N0 Teopeme 3 § 8 ABAsierca
ACKa3yeMoii.

C apyroii CTOPOHHI, €CJH K CHMCKY aKCHOM HCUMCIICHMSA
BBICKASBIBAHHI [HPHCOSAWHUTH B KadecTBe HOBOH aKCHOMBL

dbopmyny A(xl,xz,...,x,,), TO OHa B HOBOM HCUUCICHUU OyJeT
JOKasyeMOill KaK aKcHoMa, B TO Ke BpeMs B HOBOM HcuucCJe-

HuE OyjeT AoKasyeMoi u dopMmyna A(Bf",B;’z,...,B,',’") KaK

dopmyna, monydeHHad W3 ACKA3yeMOil B pesyJbTaTe IOO[CTA-
HOBKH.
HWrak, B HOBOM HCUMCICHMH OKABLIBAIOTCS JIOKAZYEMEI-

Mu GOpMyIEI A(BI“‘,BQ”Z,...,B,‘:"‘) " A(B{’",B;’z,...,Bf,'"), 9TO

IPHBOAKHT K HOPOTHBOPEUUBOMY HCUMCIICHHIO.

Teopema 2. Hcuucnenue auicka3vl8aHUll NOAHO 8 Wil-
poKOM CMuLce.

CupaseyIMBOCTS 9TOH TeOpeMH cliefyer U3 TeopeMsi 3 § 8.

4. IIpoGneMa HE3aBUCHMOCTH AKCHOM MCUHCICHHSA BbIC-
Ka3piBaHUM,

Jlast BCSKOTO aKCUOMATHYECKOTO MCUHCJIEHHA BO3HHKA-
€T BOIPOC O He3aBHCHMOCTY €r0 aKCHOM, BOIPOC ITOT CTa-
BHTCA TaK: MOYKHO JIH KaKyO-BHHOYAb aKCHOMY BBIBECTH H3
OCTAJIBHLIX AKCHOM, NPHMeHAHA IpPaBHJA BBIBOAA JaHHOMR
cucTeMhbI?

Ecnn gna HeKOTOPOM aKCHOMBI CHCTEMBI 3TO BO3MGIKHO,
TG 3Ty AKCHOMY MOYXHO HCKJIOUUTE U3 CIHCKA AKCHOM CHC-
TEMBI, H JIOTHYECKOE MCUKCJIEHHE IPH 9TOM HE H3MEHUTCS, TO
€CTh KJIAaCC JOKa3yeMBIX ¢opmyn ocTapercsa 0ez H3MEHEHHS.

Onpenencuue. Arxcuoma A Hasvieaemcesa He3asucumoil
OT BCEX OCTAJLHBIX AKCHOM HCYHCJIECHHA, €CJM OHA HE MO-
sKeT ObITH BBIBEJEHA H3 OCTAJBHBIX AKCHOM.

Cucmema QKCUOM UCLUCTEHUA HaA3bledemcs He3asucu-
Moli, eClli KaiKJad aKCHOMAa CHCTEMBI He3aBHCHMA.

Teopema. Cucmema arxcuom UCHUCACHUA BbICKA3bIBAHUTL
He3asucuma.

JoxazarexberBo. (A [0KA3aTENBCTBA HE3AaBHCHMOCTH
aKCHOMEI A HCUHMCJICHHA NPOBEREM HEKOTOPYIO HHTEpIpera-
U0 UCUUCIEeHNs BRICKAspIBaHuil., ByflemM nHTepIpeTHpPOBATH
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nepeMeHHbIEC HCUNCICHHA KaK IepeMeHHble, IpHHEMAIOIIE
[Ba BHaveHHs, Korophie OyneM oGosHauars GykBamMe o, 5,

rie o Wrpaetr poak MCTHHEL, a § — JOKH.

Onepanun &, v, —», — CIPEAENHM ¢ TAKKM PacyeTOM,
yTOOBI COBMIONAJIKCE CACAYIOUIHE YCIOBHA:

1. Bce akcHOMEI, KpOMe aKCHOMBI A, IpH BCEX 3HAUCHH-
AX MEePEeMEHHBIX IPHHHMAIOT 3HaUCHHE (.

2. Kamnaa dopmyiia, BEIBOAKMASNA H3 COBOKYIHOCTH BCEX
OTJIMUHBIX OT A aKCHOM CHCTEMBI, TaKJKe NPHHHMAaeT 3Haue-
HHE ¢ TPH BCEX 3HAYEHHAX BXOAAIMHX IEPEMCHHBIX.

3. AxcroMa A mpUHHMaeT 3HaYeHHe [ OPH HEKOTOPHIX
3HAUEHUAX BXOAAIMHX B Hee MePEeMEHHBIX.

Hcero, uTo, ecaH yiaercd IPOBECTH TAKyl HHTEpIpeTa-
IHIO, TO HE3AaBHCHMOCTE aKCHOMBI A OT ApDYyrux aKCcHOM
ncuucaeHnsa 6yzer AokasaHa. JlefCcTBUTENBHO, €CJH OB aK-
crioma A 6bla BHIBOAHMA M3 OCTAJABHBIX aKCHOM HCUHCJe-
HId, TO OHA COTJIACHO NyHKTY 2 mpHHHMAaJa OBl 3HAUCHHEe ¢
IIPH BCEX BHAUYECHHAX NEPEMEHHEIX, a 3TO Ob! IPOTHEOPEUHJIO
NYyHKTY 3.

Vcaorumesd, uro GOPMYJab, B KOTOPEIX BMECTO Iepe-
MeHHBIX IOACTABJEHLI HEKOTOPLIEC X 3HAUEHN A, TAKIKEe HMe-
ot cmeici. Hampuwmep, o& B, ¢ - A u .14,

Popmynsl, KOTOPLIE IPHHAMAIOT OJHHAKOBLIC 3HAUYCHHA
IPH BCEX 3aMeHaX BXOAAMIHX B HHX NEePEMEHHBIX Ha 3HaUe-
HEA @, f, OylJeM cuuTath PaBHBIMU: A = B.

IIpn »Tom OyaeM CUKHTaTh, YTO 3HAK PABEHCTBA CBA3LI-
BaeTt cjabee JOTHUECKHX CBAZOK &, v, —»>.

Temepp moKaskeM He3aBHCHMOCTb aKCHOMEI II,.

C »TOi meNbI0 OIPEAEJIMM BCE JIOTHYECKHE OlepAaIjHH,
KpOMe KOHBLIOHKIMUH, Kak B ajrebpe BricKaszwiBanmii. Ome-

panmuio KOHBIOHKIIHH OIIpefeJHM paBeHCTBOM x&y =Y.
Brimumem Ty HHTepIpeTanjHio IoApob6HO:

a»>ae=a; PoP=a pfra=a a—>p=pf
ava=a; evfB=a; pPva=a; Bv p=p;
a=p B =a

ac&a=a; a&p=p P&a = a; P& p = L.
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Hoxkaxem Tenepb, 4YTO TPM NepeUYUCIeHHBIE yCIOBUA
(cM. BEHIIIE) NPH 9TOH MHTepNpeTaly BLINOJHAIOTCS,

Jlerko BueTh, YTO BCEe AKCHOMBI MCUMCICHHS BBICKA-
spiBaHUH, Kpome axcuomsr II, mpu aTOd MHTepHperamun
NpRHUMAIOT 3HaUeHUe O .

HelicrBuTensuo, Bo Bce axcuomsl rpynm I, III n IV
onepanus KOHHIOHKIUA He BXOAUT; OCTalbLHbIe Me onepa-
NN ONpefiesieHbl TAK JKe, Kak B ajrebpe BhiCKa3bIBaHMIA.
Tak xax B anrebpe BBICKasbIBaAaHUH 5TH (GOPMYJAB ABIA-
10TCA TOXKNEeCTBEHHO NCTUHHBIMY, TO ¥ B aHHOII MHTEpIpe-
TamMM OHM NPUHUMAIOT 3HaUeHNe ¢ NPH BCeX 3HAYEHUAX
HepeMeHHBIX.

Paccmorpum axcuomsr 11, II,, II.

Axcuowmsr IL, u II, B aunoil nurepnperanyuy npuHUMA-

OT BUA Y > Y U (x—)y)—)((x—)z)—)(x—)z)). 9tu dop-
MyJBl He cojepiKaT OIleparuio KOHBIOHKIMHU M ABJISIOTCH
TOM/JECTBEHHO MCTHHHBIMK B anreOpe BbickasbiBaumii. Ilo-
STOMY OHM BCerjia NMPUHUMAIOT 3HAUCHUE « .

Axcuowma I, He paBHa TOX/IECTBEHHO o, TAK KaK B JaH-
HO!l WMHTepHmpeTanuy OHaA paBHOCHIBHa (Gopmyne Yy — x,

KOoTOpas npu x = ff, Y = & IPpUHUMAaeT 3HayeHue J.
Teneps ocraerca ZoKasaThb, 4TO (GOPMYJBI, MOJYIEH-
HBle NTyTeM NpaBull BHIBOJA U3 TAKUX, KOTOphle TOXJe-
CTBEHHO PaBHBI ¢, CaM¥ paBHBI ¢ . Ho panee 65110 ZOKa-
3aHO, YTO IpaBUJa NOJACTAHOBKU K 3aKJIIOUEHU:A, IPUMe-
HeHHBIe K TOM/JAECTBEHHO MCTHHHBIM (POpMyIaM, NPUBOLAT
HAC K TOMJECTBEHHO MCTHUHHBIM popmMynam.
CienoBaTeJbHO, YCHAOBUE NYHKTA 2 BHINOJHIETCS,
Takum 06pas3oM, HE3aBUCUMOCTh AKCHOMBI II1 JAOKasaHa.
IIo ananormyHON cXeMe JOKa3bIBAeTCS He3aBUCUMOCTD
OCTaJbHBIX aKCHOM MCUMCIeHUA BrICKasbiBaHuil rpynn 11,
III u IV. HeckoJbKO CJOMHEE AOKA3LIBasTCA HE3aBUCH-
MOCThb aKcuoM rpynmsi I.



I'JIABA II1

JIOTHKA TIPEAHUKATOB

§ 1. IloaaTne mpeamMKATa

B anre6pe soruxy BHICKASHIBAHMS PacCMaTPUBAIOTCH KAk
HepasAeJIbHBIE IfeJible ¥ TOJBKO ¢ TOYKK 3PEHUS NX UCTHUHHO-
cTH WIM JIOKHOCTH. Hu CTPpYKTYpa BBICKa3BIBaHMIA, HU, TEM
GoJsiee, UX coZepsKaHUe He 3aTparuBaioTcs. B TO e BpeMsa u
B HayKe, ¥ B NPaKTHKe WNCHOJbL3YIOTCA 3aKJIIOYEHHS, CYIIe-
CTBeHHBIM 00pasoM saBHCAINIVNE KAaK OT CTPYKTYPHI, TAK ¥ OT
COJIePIKaHUS HCHOJb3YEMBIX B HMX BBICKA3BIBAHMIMA,

Hanpumep, B paccyxaenun «Bceaxkuit poM6 — mapaJuie-
sorpamm; ABCD — pomG; ciemoBaTenbHo, ABCD — mapan-
JIeJIorpaMM» MOCHUIKM M BaKJIIOYeHHEe SABJIAIOTCS dJIeMeH-
TapHBIMM BBICKA3LIBAHUAMM JIOTMKM BBICKa3hIBaHMI U C
TOUKM 3PEHHUA HTOHM JOrMKHM PACCMATPHBAIOTCS KaK IieJbie,
HeJeNnMble, Oes yuyera UX BHYTpeHHeH cTpyKTyphl. Caenosa-
TeJbHO, anrebpa Jgorukm, Oyaydu BaKHOM YaCTHIO JIOTHU-
KU, OKa3bIBAeTCA HENOCTATOYHOII B aHaiuze MHOTHUX pac-
CYyMKAeHUHA.

B cBaAsu ¢ 5TMM BOBHUKaeT HeOOXOAMMOCTD B pacIIUpeHNN
JOTHKY BBICKA3LIBAHMII, B IOCTPOSGHUM TAKOIl JIOrMYECKOIl
CHCTEMBI, CPEeICTBAMH KOTOPON MOMKHO GBLIO GBI HMCCIEAOBATH
M CTPYKTYPY TeX BBICKa3blBAHMH, KOTODHIE B paMKaX JIOIMKH
BBICK@BBIBAHUIT paccMaTpUBAIOTCA KaK 3JEeMeHTAapHBIE.

Taxoit JoryyecKoil cucremMoil ABJSIETCS JIOTMKA Hpexu-
KAaTOB, cojep’Kamias BCIO JIOTHKY BBICKaSHIBAHUM B Kaue-
CTBe CBOEH YacTu.

Jlozuxa npeduxamos, Kax H TpaJullvoHHas (HPOPMaJb-
Has JIOTMKA, pacuJieHAeT SJIEMEHTAPHOe BLICKASbIBaHME Ha
cybsexm (OYKBaIBHO — NOJJIEXKaIee, XOTd OHO M MOIKeT
HUIpaTh poJab AONOJHEHWA) U npeduram (GyKBajibHO — CKa-
3yeMoe, XOTfA OHO MOXKET UrpaTh U POJb OIpelesIeHHM).

Cybeexm — 3TO TO, O UeM YTO-TO YTBEP)KAAETCA B BBIC-
KasslBaHUHM; npeduxam = 3TO TO, YTO YTBEPKAAETCA O
cyObexre.
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Hanpumep, B BHICKaSBIBaHUU «T7 — IIPOCTOE YUCIO», «T» —
CYOBEKT, «IpOCTOe YUCIO» — MPEAUKAT. JTO BHICKAa3bIBaHUE
YTBEDIKAAeT, UTO «T» obaajaeT CBOICTBOM «GBITH NMPOCTHIM
YHCIOM» ,

Ecny B paccMOTDEHHOM NpHMeEpE 3aMEHUTh KOHKPeTHOe
YuCa0 7 mepeMeHHON X M3 MHOMKECTBa HaTypaJlbHBIX UMCeJ,
TO MOJYUUM 68blCKAIbLEAMENbHYI0 POPMY «X — IIPOCTOE UHC-

ao». Ilpu oguux snayeHuAx x (Hampumep, x =13, x=17)
ara dopma HaeT UCTMHHGBIE BHICKASBIBAHRA, a IIPH APYrUX

3HaveHUAX x (manpumep, x =10, x =18) sra dopma paer
JIOYKHBIE BBICKa3bIBAHUA,

fAcuo, uyTo sTa BHICKasbIBaTeNbHas (opMma ompejesiser
GyHKIUIO OXHON mepeMeHHON X, OIpefesIeHHOH HA MHOMKe-

cree N, ¥ npuHUMAOUIYIO 3HAYEHUS U3 MHOMKECTBa {1,0}.

3necsr IpeauKar cTaHOBUTCA (yHKIUe!l Ccy6heKTa M BbIpa-
JaeT CBOMCTBO CcyOBeKTa.

Onpenenenne. Odnomecmuvin npedurxamonm P(x) na-

3LIBAETCA IPOM3BOJILHAS QYHKIUA IMEPEMEHHOro X, olpeze-
JIeHHAA Ha MHOMecTBe M m HIpUHMMAOmias 3HAYEHUA U3

MHOJKEeCTBa {1,0} .

MmuosxecTBo M, Ha KOTOPOM OIIpeJeJIeH NpeSuKaT P(x) ,
Ha3BIBAETCA 00aacmbuio onpedenenus npedurxama.

MHO0eCTBO BCEX 3JIEMEHTOB X € M , Npy KOTOPBIX Ipery-
KaT NPUHUMAST 3HAYCHUE «MCTHHA», HASBIBACTCA MHONCECTNEOM

UCMUKHOCMU TIPeAUKATA P(x) s TO €CTb MHOXXKECTBO MCTHHHOC-
TH IIPEAUKaTa P(x) — 310 MuOMecTBO Ip = {x: xeM, P(x) = 1} .
Tax, npegukar P(x) — «X — NPOCTOE UUCJO» OIPEJeJIeH

Ha MHOXXecTBe N, a MHOxecTBO Ip AJIf Hero ecTh MHOXKECT-

BO BCeX npocTeIX umcen. IIpexpuxar Q(x) — «ginx=0»
ompeziesieH Ha MHOXecTBe R, a ero MHOKECTBO HMCTHHHOCTH
Ig = {krr,k eZ} . IIpepuxar F(x) — «Jlmaronanu napassue-
JorpaMMa X NepHeHAMKYJSPHLI» ONpEeJeNeH HA MHOXKEeCTBE
BCEX IapajjeJlorpaMMOB, & €ro MHOMECTBOM HCTHHHOCTHU
ABIAETCA MHOXMECTBO BCeX DPOMGOB.
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ITpusesenHble NpUMEPHl OJHOMECTHBIX NPEAUKATOB BbI-
pakaloT cBoiicTBa IPeAMETOB.

Onpenenenne. Ilpegurar P(x) » OTIpefeJIEHHBIA HA MHO-
skectBe M, HaBHIBaeTCA MmOxNcAecmEeHno ucmunnbiym (moic-
decmaenio nomnoin), ecma Ip =M (Ip = @),

EcrecTBenubIM 0000mieHEeM NOHATUA OLHOMECTHOTO
npefiuKaTa ABIAAETCA NOHAMUE MHO20MEcHnHO20 npedukxa-
ma, ¢ MOMONI[EI0 KOTOPOro BHIPAKAIOTCA OTHOLICHUS MEM-
Iy npexMeTaMu.

Iipumepom OuHApHOro OTHOIIEHUS (OTHOIIEHUA MEMIY
ABYMS IIpeiMeTaMU) ABIAETCA OTHOILUEHNe «MeHble». IIyeTs
3TO OTHOIIEHNE BBEAEHO Ha MHOXKecTBe Z mneabix uucea. Omo
MOXKeT OBITH OXapaKTepPH30BAHO BBICKAa3BIBATENBLHON (op-
MO «X<y» , TAe X,y €Z, TO ecTb ABAseTCH QYHKInHE:l
IBYX IEepPEeMeHHBIX P(x, y) » OIPEeNeJIeHHOH Ha MHOXKECTBe
Z x Z ¢ MHOXXECTBOM SHauYeHUH {1,0} .

Ounpepnencaune. Jeyxmecmusvim npeduxamonm P(x, y) Ha-
3plBaeTca QYHKIUA JBYX IIepeMeHHbBIX X U Y, Ollpefie/IeHHas

Ha MHOXKecTBe M = M, x M, ¥ NpuUHUMaIOas 3HAUCHUS

U3 MHOXM{ECTBA {1,0} .
B uncse npuMepoB [ABYXMECTHBIX HPEARKATOB MOMKHO

Ha3BaTh IPELHNKATHI Q(x, y) — ¢X = Y » npefuKaT PaBEHCTBA,

onpefieJIeHALI Ha MHOMKECTEE RZ=RxR; F(x, y) —«x//y»

IpAMasa X napajuiejbHa IPIMOi y, onpee/ieHHbIH Ha MHOXe-
CTBEe NPAMBIX, JEKAIMUX HA TAHHOM ILIOCKOCTH.
AnayorudyHo ONpenesfaerTcs N-MEeCTHbIA NpesHKaT.

§ 2. Jlornueckne omepamuy HAL NpeaUKaATAMH

IIpeguxkarsl, Tak K€, KAk BHICKa3bHIBAHWA, MPUHIMAOT
aBa sHauenus 4 u 2 (1, 0), N0sTOMY K HMM NPUMEHHMBI BCe
omepamuy JIOTMKK BBICKa3bIBaHWIl.

PaccMoTpuM npuMeHEHUE OIepaluil JOTMKK BBICKA3HIBA-
HUM K [IpefuKaTaM Ha IpUMepax OZHOMECTHBHIX IPEeJUKATOB.

ITycts Ha HEKOTODOM MHOMKecTBe MM oOnpejeneHBl JBa

upesuKaTa P(x) u Q(x).
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Onpepnenenne 1. Konswouryueil KByX npesuKaToB P(x)

n Q(x) Ha3bIBaeTCA HOBBIM IIpefuKaT P(x)& Q(x), KOTOPBII

IPUHUMAET 3HaYCHHE «MCTHHAa» IIPY TeéX M TOJBKO TeX 3Ha-
yeHuAx x € M, IpH KOTOPBHIX KaXKALINH U3 NPeANKaTOB IpHU-
HIMaeT 3HauYeHHNe «MCTHHAa», U IPHHNMAaeT 3HAYCHNUE «JI0XKb»

BO BCE€X OCTAJILHBIX CIyYadx.
OueBuaHO, YTO 06JIACTHI0O MCTHHHOCTH IIpeAUKaTa

P(x)&Q(x) apagerca obmjag wacThb 06JacTedl MCTHUHHO-

CTHU NPEAUKATOB P(x) n Q(x) , To ecTb nepeceuenue Ip(lg.
Tak, manpuMep, AJA npeaukaros P(x): «x — germoe

YUCIO» U Q(x): «X KpaTHO 3» KOHBIOHKIUE P(x)& Q(x)

ABJIAETCA NPEAUKAT <X — YETHOE YMCIO U X KPaTHO 3», TO
€CTh IIPEAUKAT «X NEJUTCA Ha 6».

Onpeneaenve 2. Juasionkyuell KBYX NpeAUKaTOB P(x)

" Q(x) HaspIBaeTcA HOBBIA NpemuKar P(x) v Q(x), KOTOpPLIi

IPUHUMAET 3HAUCHUE «JIOKB» IIPM TeX M TOJBKO TeX 3Hade-
HUSX X € M, IpU KOTOPHIX KaXKABIA M3 IpefuKaTOB IpU-
HUMaeT 3HAYeHHe <«JIOKb» M IPUHUMAET 3HaUeHUE «UCTH-
Ha» BO BCEX OCTAJBHBIX CIyJIasmX.

fAcHo, uTO 06JACTHIO UCTHHHOCTH IIpefuKaTa P(x) v Q(x)

ABaAeTca o0neauHenue obiacTeil MCTUHHOCTH IpEAMKaTOB
P(x) u Q(x), To ecrs obveunenue IpUIg.

Onpenenenne 3. Ompuyanuem npesuKaTa P(x) Ha3bI-
BaeTCA HOBBIHM IpeAUKaT T’(x) , KOTODBII IpUHUMAaeT 3Haue-
HUE «UCTWHA» IPH BCeX 3HaYeHUAX X € M, IPH KOTOPBIX
IpefuKar P(x) IPUHUMAET 3HAYEHUEe <«JIOKb», U NPUHKAMA-
eT 3HauYeHUE «JOXb» IIPU TeX 3HadeHmax x € M , npu KoTo-

PBIX HODEeANKAT P(x) OPpUHHEMAaeT 3HadeHne <«HCTUHA»,

, M3 aroro onpenenenns cueayer, uro Iy = M\ Ip = Clp.
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Onpenenenne 4. Hunauxayueil upeguxatos P(x) "

Q(x) HAGBIBAETCA HOBHIA mpegukar P(x)—> Q(x), xoropsrit
ABJAETCA JIOMKHBIM IIDH TeX U TOJLKO TeX 3HaAYeHMAX X € M ,

ApH KOTOPHIX OJHOBPEMEHHO P(x) IpUHEMAaeT 3HAYEHUE

«ICTHHa», a Q(x) — 3HAYCHMNE «JIOXb» M NPUHNMaeT 3Hade-

HUE «HCTUHa» BO BCeX OCTAJBHBIX CJIydafx,
Tax kark npm kamgoM GUKCHPOBAHHOM x € M cIpa-

BeIJNBAa PAaBHOCUJIBHOCTH P(x) - Q(x) = 1—’(x) v Q(x) , TO
Ip_,Q = Ij;‘UIQ - CIPUIQ,
§ 3. Keamropanle onepanun

ITycTs umeercsa npeguxat P(x), ONpeeIeHHbIIl Ha MHO-
skectrBe M. Ecan a — HeKOTODBIHA s/1eMeHT M3 MHOMKecTBa M,

TO NOACTAHOBKA €ro BMECTO X B IIDEAUKAT P (x) npespalgaeT

5TOT npeAuKaT B BhIcKassiBanme P(a). Takoe BrickaswiBa-

HUe HasblBaeTca eauHUUYHBIM. Hapazy ¢ obGpasoBaHueM u3
NpeANKaTOB €MHUYHBIX BBICKA3LIBAHUII B JIOTMKE Hpexu-
KaTOB paccMaTpuBaercsa €lle ABe Olepamuy, KOTopble Iipe-
BpanjailoT OJHOMECTHBHIH IIpefWKaT B BHICKaszbIBaHUE.

1. Kpanrop eceobmuoctu. IlycTh P(x) — nmpexuKar,
onpepeneHHblil Ha Muosxecrse M. Ilox Beipaskennem Vx P(x)

HNOHUMAIOT BBICKa3blBaHNE, MCTHHHOE, KOrza P(x) HCTUHHO

AN KaXKAOTO 3JIEMEHTa X M3 MHOMKecTBa M M JIOMKHOE B IIpO-
TUBHOM CJIydae. OTO BBICKaShIBaHHE V’Ke He 3aBUCHUT OT X.
CoorBercrByloniee eMy CJOBecHOe BhIpaskenme OymeT «J{ns

BCAKOIO X P(x) uctunHOo»., CUMBOJI V Ha3bIBaOT K8AHMO-
pom eceobuinocmu.

TlepeMeHHYI0 x B IIPEAUKATE P(x) HasbIBAIOT c80600HOiL
(eit MOoxHO HIpujaBaTh pasdjauuyHble 3HadYenus us M), B
BBICKa3bIBaHUN VX P(x) TIepeMeHHYIO X HA3bIBAIOT C6A3AHHOL

KBaHropoMm V.
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2. KBauTop cymecTBoBaunsa. IlycTb P(x) -~ npegukar,
onpexeneHneii Ha MuokectBe M. Ilox Bhipasxenwem Jx P(x)
TIIOHMMAIOT BBICKA3BIBAHIE, KOTOpPOE ABJIAETCA WCTHUHHBIM, €C/IH

CylllecTByeT ojaeMeHT X € M, mia KoToporo P(x) VICTUHHO, M
JIO}XHBIM B IIPOTHMBHOM CIy4yae. OTO BHICKa3bIBAHUE YKe He 3aBu-
cur or x. COOTBETCTBYIONIEe My CJIOBECHOE BhIpaskeHUe OyzeT:

«Cyintectsyer x, IpU KOTOPOM P(x) ueruauo». CumBoa 3 HA3BI-

BalOT K6AKMOPOM CYulecmeoeanus. B BbickasniBanny 31X P(x) ne-

PEeMeHHAaA X CBA3aHa KBAaHTOpoM 3.
IIpusegem npumep ynorpebieHus KBanTOpoB. Ilycrn Ha

MHOKecTBe N HATYpaNbHBIX uucesl 3ajaH NpexuKar P(x):
«Ynueno x xpatao 5». Mcenoansys KBaHTOpBI, M3 AAHHOTO
NpeauKaTa MOXKHO MOJYINUTh BhICKashiBanus: VX € N P(x) -

«Bce HarypasbHBIe UMcaa KpaTHE 5»; Jx eN P(x) - «Cy-

IMeCTBYeT HaTypajiibHOE YUCa0, KpatHoe 5». OueBupHO, nep-

BOE M3 3THUX BHICKA3BIBAHWIA JIOMKHO, a BTOpPOE HMCTHHHO,
fcno, uro BBICKashIBanme VX P(x) UCTUHHO TOJHBKO B

TOM €JAMHCTBEHHOM CJIydae, KOorga P(x) — TOMXJAECTBEHHO

WCTUHHBI IpeARKaT, a BRICKasblBaHue JX P(x) JIOMKHO TOJIb-

KO B TOM €INHCTBEHHOM cCJaydae, Korjga P(x) — TOXIAECTBEH-

HO JIOXKHBIH TpefUKaT.
KBanTopubie olepanmuyl IPUMEHAIOTCA X K MHOTOMECT-
HBIM npegukaram. IlycTb, nanpumep, Ha mMHOMecCTBe M 3a-

JlaH ABYXMECTHBIN IpefuKaT P(x, y) . IpumeHenue xBaurop-
HOM omepamuy K IpeIuKaTy P(x, y) 110 epeMeHHON X cTa-
BUT B COOTBETCTBUE ABYXMECTHOMY IpPEAUKATY P(x, y) oxi-

HOMECTHBIM IpefluKar Vx P(x, y) (v opHOMECTHBIH Impe-

auxar Jx P(x, y)), saBMCAIMIT OT mepeMeHHOM y U He 3a-

BHCAIMHA OT mepeMeHHO# x. K HMM MOXHO MPUMEHUTH KBaH-
TOPHBIE OIlepamyy N0 NepeMeHHOH i, KOTOphIe NIPUBEAYT YiKe
K BBICKASBIBAHMAM CJACAVIOUNINX BUIOB:
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vyvxP(x,y), IyVxP(x,y), Vy3IxP(x,y), Jy3xP(x,y).
Hanpumep, paccMoTpuM npegukar P(x,y): «xiy», on-
peneneHHBIl Ha mHoxecTBe N, IIpuMenenue KBaHTODHBIX
onepanuil K UpegUKaTy P(x, y) IPUBOAUT K BOCBMM BO3-
MOXKHBIM BBICKa3bIBAHMAM:
1. VnyP(x, y) — «Jlanst BcAKOTO Yy M ANA BCAKOTO X Y
ABNAETCA JNeJInTeIeM X».
2. HnyP(x, y) — «CymecTByeT Yy, KOTOpOE SABIAETCA
JeIUTeeM BCAKOrO X».
3. VnyP(x, y) — «Jlns BCcAKOTO Y CymecTByeT X Takoe,
4TO X JEJUTCA Ha Y».
4. EIyEIxP(x, y) ~ «CymecrByeT y m cyuiecTByeT X Ta-
Kye, 4TO Y ABJAETCHA NEJIUTEIEM X».
5. VxVyP(x, y) ~ «Jlna BeAKOTO X M ANA BCAKOTO Y Y
ABJAETCA HEJUTENEeM X».
6. VxEIyP(x, y) — «JIna BCAKOrO X CylllecTByeT Takoe Y,
YTO X AEJUTCA Ha Y». -
7. 3x3yP(x,y) ~ «CymecTsyer x M cymecTByeT y Ta-
Kue, 4TO Y ABAACTCH HeJUTENeM X».
8. HxVyP(x, y) - «CymecTByeT x Taxkoe, 4TO RIS BCA-
KOT0 Y X AEJUTCS Ha Y».
Jlerxo BMAETH, 4TO BHICKa3biBaHMA 1, 5 u 8 JIOXKHBI, A
BbICKaspIBaHuAa 2, 3, 4, 6 u 7 ucTnHHLI.
W3 paccMOTPEHHBIX IIPUMEPOB BULHO, YTO B OGHIEM CJIy-
Yae M3MeHeHMe IOPAAKA CIeXOBaHHS KBAHTOPOB HM3MEHAET
CMBICJI BHICKA3bIBAHMS, & SHAUNUT, M €ro JIOryecKoe 3Haue-
Hue (HanpuMep, BbicKa3biBanud 3 u 8).

PacecmorpuMm nmpemurat P(x), onpeaeseHHBIH HA MHO-
wKectse M = {al,az,...,an} » COZepKalieM KOHEeYHOe UYMCJO
ajieMenTOB. Eciu npegmKar P(x) ABNACTCH TOMKJECTBEHHO
HUCTUHHBIM, TO MCTHHHBIMU OYAyT BBICKa3bIBAHUSA P(al),
Plag), .., P(a,,) . IIpu sromM meTuHEEIMU GyAYT BHICKA3HIBA-

mue VaP(x) n wombonkmua P(a )& P(ag)&...& P(ay,).
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Eeau e x0Ta GBI And OLHOTO 9jeMedTa dp € M P(ak)
OK&YKeTCS JIOKHBIM, TO JIOXKHBIMU OYyAyT BHICKA3bIBAHUE
VxP(x) ¥ KOHBIOHKIUS P(al)& P(az)& ...& P(a, ). Cnegosa-
TEJIbHO, CIpaBe/JNBa PaBHOCUIBHOCTH

VaP(x) = P(a;)& P(a)&...& P(a,).

Herpyaxo nokasaTh, 4TO CIpaBejNBA M PaBHOCHJIb-

HOCTD
3x P(x)= P(ay)v P(ag)v...vP(a,).

OTcloza BUAHO, YTO KBAHTOPHBIC Ollepariy MOYKHO pac-
cMarpuBaTh Kak o6ofmenue onepanuid KOHBIOHKIUM M
JUSBIOHKINN Ha cJydail GecCKOHEYHBIX obiacrei.

§ 4. Ilonarue (POopMyIL! JOTHKM NpPeANKATOB

B soruke npegmkaToB GymeM IOJb30BATHCHA CHeRyIOmeit
CUMBOJHKON:

1. CumBoss! p, ¢, 7, ... — HEePEeMEHHBIE BHICKA3HIBAaHUA,
NpUHUEMAapMe JBa sHayeHuA: 1 — uctuHa, 0 — JOXKE.

2. TlpegmerHble TIEPEMEHHBIE — X, Y, 2, ..., KOTOPBIE HpO-
feraloT sHaueHMST U3 HEKOTOPOro MHOXKectBa M; x°, 1° 20, ... —
npefMeTHbIe KOHCTAHTBI, TO €CTh 3HAYECHUS IPEAMETHBIX Iiepe-
MEHHBIX.

3. P(~), F () — OZHOMECTHBIe IIpeUKaTHBIe IepeMeH-

msie; Q(+»'s.er'), B(*,...,r) — n-mMecTHEIE mpeguKaTHBIE
nepeMeHHbIe. '

Po(-), QO( -,-,...,-) —~ CHMBOJIBI [IOCTOAHHBIX IPEIHKA-
TOB.

4. CumBoJIBI JJOrMYECKMX omnepammii: &, v, —>, —.

5. CuMBOJIBI KBaHTOPHBIX onlepammii: Vx, Jx.

6. BcnomorarenpHeie CHMBOJIBI! CKOOKM, 3ansThIe.

Onpegesnienne (GpopMyasl JOTHKR NPeXUKATOR.

1. Kasxnoe BhICKaSHIBAaHWE KaK IepeMeHHOe, TaK H I110-
CTOAHHOE, ABNAeTcA (Popmysioil (dsiemeHTapHOi).

2. Ecan F(',-,...,-) — n-MecTHas NpegUKaTHAA Ile-

peMeHHasA MM NOCTOAHHSBIA NpPEAUKAT, & X, Xy e X, HPE.-
MEeTHBIE IiepeMeHHEIe WM IpefMeTHbIe IIOCTOAHHERIE (He 06513a-

TEJILHO BCE pasJHUHEIE) , TO F(xl,xz,...,xn) ectb hopmyna.
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Taxasa ¢popmyJia HasblBaeTCA dJIEMEHTAPHOM, B Hell nipes-
MeTHEIE IlepeMEeHHbIe ABJSAIOTCHA CBOOOAHEIMY, HEe CBA3AHHDI-
MH KBaHTODaMH.

3. Ecau A u B — (opMynbl, IpUYEM TaKWe, 4TO OALA U
Ta JKe IpefMeTHas NepeMeHHasa He ABJIAETCA B ONHON U3 HUX

cBA3AHHON, a B gpyroil — cBOGO HOMH, TO cioBa Av B, A& B,

A —> B ects Gopmyanl. B sTux dopMysax Te nepeMeHHEIe,
KOTOphIE B UCXOAHBIX (opMysax 6bLau CBOGOAHBIMU, ABJIA-
jorca CBOGOAHBIMHK, a Te, KOTOphle OBLIM CBA3aHHBEIMY, AB-
JAIOTCSA CBABAHHBIMH.

4, Ecnu A - dopmyna, To A -~ topmyna, u xapaxrep
HpefMeTHBIX IEPpEeMEHHBIX NpPHU nepexone oT GopMynsl A K

dopmyie A npe mensercs.
5. Ecan A(x) — (hopMysna, B KOTOPYIO IIpeMeTHAA Tiepe-
MeHHasl X BXOAUT CBOGOAHO, TO CJIOBa VxA(x) u HxA(x) SB-

aaworea popMynaMu, npuyeM IpegMeTHas MepeMeHHAas
BXOAUT B HUX CBA3aHHO.

6. Beaxkoe ci0BO, OTINYHOE OT TEX, KOTOphIE HAa3BaHbI
dopmysnamMu B nyHkrax 1-5, He aBasercs Gopmyoit.

Hanpumep, ecau P(%) u Q(%,y) — oxHoMecTHEH 1 ABYXMe-

CTHBII NpPEIUKATBI, a ¢, ' — NepeMeHHbIe BBICKA3BIBAHUMA, TO

dopmynamu Gyayr crosa: g, P(x), P (x)& Q(xo, y) , VxP(x) >

—)EIxQ(x,y), (-(-Q-(—chy—)vq)—)r.

He sBaserca GopMynoi cjoBo: VxQ(x, y) - P(x) . 3nech
HapyIIeHO yCcJoBHE I1.3, TaK Kak B (GOPMYyIy VxQ(x, y) ne-

peMeHHas X BXOJUT CBA3aHO, a B (opMyny P(x) nepeMeH-

Has X BXOAUT CBOOOZHO.

N3 onpegenenus (GopMynasl JOTHKYM NPEANKATOB SACHO,
yro Bcaxkas (popmysa anre6pnl BhICKaszbIBAHWI ABIAETCA
¢GopMyNIOHl JIOTUKU IIPEJUKATOB.
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§ 5. 3nauenue (OPMyJaBI JOTHKH NPETUKATOB

O normueckoMm sHayeHuu GOPMYJIBI JIOTHKU IPegUKa-
TOB MOXKHO IrOBODMTH JIMILUBL TOTN4, KOTAAa 3aAaHO MHOMe-
c¢TBO M, Ha KOTOpPOM OnpexeseHbl BXOFIIKe B 3Ty (opMy-
Ay npexuKatei, JIoruyeckoe 3zHadyeHne (OPMYJaB! JOTHUKH
IpeguKaTOB 3aBUCUT OT 3HAYEHWUH Tpex BUFOB Hepe-
mennbIx: 1) sHavyenuit BxogAmnx B GOpMyJsly nepeMeHHEIX
BBICKA3BIBaHUIl, 2) 3HayeHuil CBOGOZHEIX HpEegMETHBIX
nepeMeHHBIX W3 MHOXMcecTBa M, 3) sHayeHU# HOpexgUKAT-
HBIX HEepEeMEeHHBIX.

Iipy KoHKpeTHBIX 3HAYEHUSAX KAMCFOrO M3 TPEX BHEOB
nepeMeHHBIX GopMysaa JOTHUKU HPEFUKATOB CTAHOBUTCSH
BBICKA3BIBAHUEM, UMEION{UM MCTHHHOE WM JOXKHOE 3HAa-
yeHue,

B kauectBe mpuMepa paccMOTPUM (GOPMYIY

Jy Vz(P(x, y) - P(y, z)) . ¢8)
B KOTODOil KBYXMECTHEHIH NpeauKaT P(x, y) onpexesieH HA
muoxecTse M x M , rne M = {0,1,2,...,n,...} .

B ¢opmyny (1) BxoguT nepeMeHHBIH NPEegUKaT P(x, y) .

npegMeTHbe IepeMeHHble X, Y, 2, ABE M3 KOTOPhIX yuz-—
CBSI3aHHBIE KBAHTOpaMi, a X — cBoGOgHAs.

BoseMéeM 3a KOHKpeTHOe 3HAYEHHEe NpeRuKaTa P(x, y)
¢duKcupoBaHHBIH npeguKaT Po(x, y): «x<y», a csobox-
HOI NepeMeHHOH x npugagum snauenue x° =5 € M . Torga
OpH 3HAYEHHAX Y, MerbInux x° = 5 mpeguxar Po(xo’y) opHu-

HUMAaeT 3HAYEHHE JIOMKDb, a UMILTUKAUUA P(x, y)—) P(y, z)

npu BceX 2 € M NpUHUMAIOT 3HAYEHMe HCTHUHA, TO eCTh

BBICKasblBaHue JY VZ(PO(x, y)— P°(y, 2)) HMeeT 3HadeHHe

«HUCTUHA».
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§ 6. PaBHocuiasusie ¢GopMyasl JOruKu NPERNKATOB

Onpenexenne 1. JiBe GopMyJasl JIOTHKN IPETUKATOB A
M B Ha3sIBaOTCs PABHOCUNbHUIMU HA O0aacmu M, ecau oun
NpUHUMAIOT OFUHAKOBBIEC JIOTHYECKWE 3HAYEHUA NPU BCeX
3HAYEHUSIX BXORAIUX B HUX NepeMeHHHX, OTHECEeHHBIX K
obaactu M.

Onpenenenne 2. J'Be GopMysabl JOTUKM IPERUKATOB A
u B Ha3BIBAOTCA PABHOCUNLHLIMU, €CIAU OHM PABHOCUJIBHBI
Ha BCAKON 0GsacTHU.

3xech, KaKk B ajredpe BLICKA3LIBAHUMN, AJS PABHOCUJIb-
Heix GopMys npuHATO 0603HayeHue A= B.

HcHO, uTO BCE PABHOCHJILHOCTH aJredphl BBICKA3BIBA-
Huil 6yxyT BepHBI, eCIM B HUX BMeECTO IlepeMeHHBIX BBICKA-
3bpIBAHUN MORCTaBUTHL Qopmysasr Joruku npegmkaros. Ho,
KpoMe TOro, MMelOT MeCTO PABHOCHJLHOCTH CaMO#l JIOTHMKHM
npegnKaToB. PacCMOTPUM OCHOBHBIE U3 STUX DPABHOCHIb-
mocreit. Ilyers A(x) n B(x) — nepeMeHHEBIe IpeguKarel, a C
— nepeMeHHOe BbICKasbIBaHue. Torzga

1. VxA(x)=3xA(x),

N

JxA(x) = VxA(x)

*

VxA(x) = HxA(x) ,

w

3xA(x) = VxA(x) ,

. VxA(x)& VxB(x) = Vx[A(x)& B(x)] ,

oA

[=2]

. C&VxB(x) = V2 C& B(x)],

7. Cv vxB(x) = va[Cv B(x)],

8. C - VxB(x)= va[C - B(x)],

9, Vx[B(x) - C] = 3xB(x) - C,

10. 3xA(x)v B(x)] = 3xA(x) v 3xB(x),

11. Elx[C v B(x)] =Cv Ele(x) R
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12. 3x]C& B(x)] = C&3xB(x),

13. Ele(x)& EyB(y) = 3x3y[A(x)& B(y)] -

14. 3xC - B(x)] = C - 3xB(x),

15. Elx[B(x) — C] = VxB(x) -C.

PasnocuarHocts 1 osmayaeT TOT mnpocroit dpaxrt, uro,

ecny He [JJA BCeX X WCTUHHO A(x) , TO CyIlecTByeT X, Ipu

KOTOpOM OyReT MCTUHOI A(x).
Pasaocunbrocrs 2 ozmauaeT Tor npocroit dakrt, uro,

ecJiM He CYIECTBYET X, IPU KOTOPOM HMCTHHHO A(x) » TO IS

BCex x OymeT MCTUHON Z(x).

PapnocunsnocT 3 M 4 IOJYYaloTCS N3 PABHOCUJILHOCTENH
1. u 2. cOOTBETCTBEHHO, €CJIM OT 00eux WX 4acreil B3ATH OTPU-
LAHWS U BOCIIOJIL30BATHCA SAKOHOM ABOMHOrO OTPHIIAHMI.

HMoxaxkeM paBHOCHJIBHOCTEH 5. Ecau npegukxarsl A(x) "
B(x) OXHOBPEMEHHO TOXKIeCTBEHHO UCTHHHBIE, TO OyIeT TOX-
JeCTBEHHO HUCTUHHLIM M IpefuKaT A(x)& B(x), a moaToMy
OyAyT UCTUHHBIMM BBICKA3BIBAHUI!

VxA(x), VxB(x), Vx[A(x)& B(x)]
To ecTs B 5TOM cjiyuae 00€ 4yacTH PABHOCUJIBHOCTH 5

NPUHUMAIOT 3HAUYEHUE «MUCTUHA».
IIyers remeps XOTs OBl OYMH U3 IPEJUKATOB, HAIPH-

mep, A(x), 6yner He TOKIECTBEHHO MCTHHHBIM. Torma e

TOXKIAECTBEHHO UCTHHHBIM GyAeT M ImpefuKarT A(x)& B(x), a
HO3TOMyY JIOKHBIMHU OyAyT BHICKASHIBAHUS

VxA(x), VxA(x)& VxB(x), Vx[A(x)& B(x)],
TO €CTh U B 9TOM CJIy4ae 00e YaCTH PaBHOCMJILHOCTH 5 mpH-
HUMAIOT OXVMHAKOBbIE (JIOXKHBIE) 3HAYEHMS., DTHM HCUEpIIbI-
BaeTCA JOKASATENLCTBO DPABHOCHILHOCTH 5.

Jorasxem papHOCIIBHOCTE 8. IIyCTh NepeMenHoe BEICKA3hIBa-
e C npuHEMaeT 3HAUYEHuEe «JIO¥b». TOrZa TOMAECTBEHHO
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uCTHHEBIM Gyger npefukar C — B(x) u, oueBnjHO, MCTHH-

HEIMU OyayT BricKassiBaHua C — ‘v’xB(x) u ‘v’x[C - B(x)] .

TO €CTh B 9TOM Cayuae o0e 4acTH PAaBHOCHJILHOCTH 8 NpUHU-
MAOT OAMHAKOBBEIE (MCTHUHHBIE) 3HAYEHM,

ITycrs renepnr mepeMenHoe BricKasbiBaHue C IpHUHUMAaeT
3HayeHue «MCTHHa». Kciau npu 5ToM mepeMeHHBI NpeguKaT
ABJISIETCST TOMKAECTBEHHO UCTUHHBIM, TO OyJeT TOMXECTBEHHO

MCTUHHBIM u npemuxar C —» B(x), M, 3HAYUT, UCTHHHBIMU

6yayT BuICKA3LIBAHUA ‘v’xB(x) ,Co VxB(x) , Vx[C - B(x)] ,

TO €CTh U B 9TOM CJIy4dae o0e uactu PaBHOCHIIBHOCTU 8 npu-
HUMAOT OMHUHAKOBLBIC (I/ICTI/IHHBIe) 3HAYCHUA.

Ecuu ke npeguKar B(x) He SIBJSETCH TOXKECTBEHHO
HCTUHHBIM, TO He GyIeT TOX/AeCTBEHHO UCTHHHBIM M IIpef-

xKar C —» B(x), a MOJTOMY JIOMKHBIMHU OYAYT BHICKASLIBAHUS

vxB(x), C - VxB(x), Vx[C - B(x)] .

CneposaTenbHo, U 37ech 00e YacTU PaBHOCUJIBHOCTH 8
NPUHUMAIOT ORUHAKOBBIE (JIOKHBIE) 3HAYEHUA. DTUM HCUep-
nbIBaercs NOKa3aTeJbCTBO PAaBHOCHMJILHOCTH 8.

AHaJ0rM4YH0 ZOKA3BIBAIOT OCTAJILHBIE M3 IIePeYUCIIeH-
HBIX paBHOCHJAbLHOCTEII.

B szakaioyeHue oTMeTHM, 4TO (hopMyJia Vx[A(x)v B(x ]
He paBHOCUJIBHA Qopmyie VxA(x)viB(x), a dopmyna

Ex[A(x)& B(x)] He paBHOcuJIbHA Gopmysre 3xA(x)& ExB(x) .

OnHAKO, CIPaBeJJIUBE PABHOCHJIBHOCTH
VxA(x) v VxB(x) = VxA(x) v VyB(y) =
= Vx(A(x) v VyB(y)) = VxVy(A(x) v B(y)) ,
3xA(x)& IxB(x) = JxA(x)& 3y B(y) =
= EIx(A(x)& ElyB(y ) = 3x3y(A(x)& B(y)) .
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§ 7. llpenBapennas HopManbHAA topmMa

Onpegenenne. I'oBopar, 4ro thopMyna JOTWKHU IIpejyu-
KaTOB WMeeT HOPMALbHYI0 opMy, €CAU OHA CONEPIKUT TONb-
KO omepanuyd KOH'BIOHKOWW, AUIBIOHKIMY M KBAHTOPHBIE
orepanuu, a omnepauusl OTPUIAHUSA OTHECEHA K dieMeHTap-
HeiM ¢dopMyIam.

OueBUaHO, YTO, HUCIIOJNB3Ysl PABHOCUJIBHOCTU aJarebphl
BBICKABKIBAHMHA M JIOTMKH NpPeAUMKATOB, KAXKAY0 QopMmyny
JOrMKM IPEeSUKaTOB MOXCHO IPHUBECTH K HOPManabHOH dop-
me. Hanpumep, npusefieM K HOpMaiabHOH (hopme dhopmyay

(3xP(x) > VyQ(y)) > R(2).

Ilonbaysacs paBHOCUJIBHBIMUE IPe00paz0BAHMAMI, TIOIYIAM

(3xP(x) > VyQ(y)) - R(2) = 3xP(x) v VyQ(y) v R(2) =

= 3xP(x)& VyQ(y) v R(z) = IxP(x)& IyQ(y) v R(z).
Cpenu HOpMAaNbBHBIX (GopM GOpMYN JIOTUKU IPEXUKATOB
BajKHOE 3HAYeHUEe MMEIOT TAaK HasbiBaeMble npedéapeHHnble
Hopmaavrble popmut (1.H.G.). B HUX KBaHTOpHBIE OIEpAIlUH
160 NOJHOCTHIO OTCYTCTBYIOT, I160 OHU MCHONBL3YIOTCA IIOCe
BCcex omeépanuit ajreGps! JIOTUKH, TO €CTh IIpeABAPeHHAas HOp-
mansHafg Gopma GOpMyabl JOTUKM IIPEIUKATOB MMeEeT BHUJ:

(oxl)(oxz)...(oxn)A(xl,xz,...,xm), n<m,
rie IojJ CHMBOJIOM (ovc,) MOHUMAETCA OJUH M3 KBAHTOPOB

Vx; win 3x;, a dopMmyna A KBaHTOPOB He COREPXKHT.

Teopema. Bearxas popmyaa nozurku npeduxamoes moxcem
6oimb npueedena k¥ npedeapenHOil HOPMAALHOL (Gopme.

MokxazaTenberBo. Bynem cuurars, uro gopmytia yxe
npuBejeHa K HOpManbHOI GopMe M HOKaKeM, YTO ee MOKHO
IpUBECTU K IIpeABapeHHOil HOPMAJBLHOI QopmMme.

Ecsu pannadA ¢opMmysa sBAseTCS dJIeMEeHTAPHOM, TO OHA
KBaHTOPOB HE CONEPKUT, U, CIAEAOBATEABHO, yKe MMEET IIpej-
BapeHHYyI0 HOPMAJBHYIO GopMmy.

IIpepmonoxxuM Temephb, UTO TEOPeMa CIpaBeNJINBA AJs
dopmyJ, comep:xaiux He Gosee kB omepamuii, U JOKaxKeM,
4TO NIpH STOM IPEeAIOoNOXKeHuu oHa Oymer cipasejjuBa H
ans opmyn, comepaxaniux posao k+1 omeparuro.
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IIycte dopmysna A comepsxut k+1 omepamuio M uMmMeer
BUA O'xL(x), rae ox o0603HauaeT OAMH U3 KBaHTOPOB.

Tak Kak L(x) comepykUT k omepamuit, u, ciaeL0BATEIb-
HO, €€ MOXKHO CUMTATH IPMBEAEHHON K IpeABapeHHOH HOp-
masbHoit hopMe, TO y Hee Bce KBAHTOPHBIE ONEpalUU CTOMAT

suepexu. Ho torga popmyna ox L(x) , OYeBUHO, IMeeT Ipex-
BApPeHHYI0 HOPMAaJBHYIO (QopMy.

IIycts dopmyna A umeer Bug L , rae dopmyna L npu-
BEJIeHA K IpeiBapeHHO# HOpMasibHOil (opMe m COmep:KHUT k
onepanuit, Torza ¢ moMouIsl0 pasHOcHILHOCTEH 1 U 2 OTpH-
IaHue MOYKHO BBECTH IIOA 3HAK KBAaHTODOB, W 3TO IIPUBEAET
dopmysry A K npeaBapeHHOI HOpMAaNbHOR (opme.

Iycrs dopmyna A umeer supy Ly v Ly, rae L, u L, npu-
BeJleHbI K UpeABapeHHOil HOpMaibHOI dopme.

Ilepeumenyem B (opmyne L, cBsAisaHHbIEe IPEAMETHEIE
mepeMeHHbIe Tak, 4To0ul B popmynax L, n L, Bce CBA3aHHBIE
IpejMeTHRIe IepeMeHHbIe ObLIM pasauuyHsiMu. Ilpu sTom
dopmyast L, u L, moryr 6bITh 3anucaHbl B BUAe

Ly = (oxl)(axz)...(oxm)al(xl,xz,...,xn), ms<n;

Ly = (oy1)(ov2)---(ovp)@a(y1-v20-»¥a)  P<4q.
Hcnonbaya paBHOCUARHOCTH 7 ¥ 1, 3anumem dopmyny A,

a0 bopyy L, nox snas esarzopos (o), (%) (o)
4 = (00) (0%) - (0 Y (15 -2 v
v (ov1)(ov2)-+-(owp) 22yt ¥z - g)) -
Savest msexew o amau katopos (av1), (0Us)see

(oyp) dopmyny al(xl,xz,...,xn). Torga gua dopmynasr A

NOJIyydM HpeIBApPeHHYH HOPMAaJIBLHYIO (popMy:

A= (oxl)(oxz)...(oxm)(oyl)(oyz)...(oyp)(al(xl,xz,...,xn)v

v ag(yl,yg,...,yq)),
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AHanOrMYHO NPOBOSUTCA JOKA3aTeNLCTBO M B ciydae,
xorga QGopmyna A umeer Bun Ly & L,.

3ameuanne. Ecau B nponecce nmpusefenus OpMyJIBl JI0o-
THKY OpeguKaToB K NH.H.(. INPUXOHUTCS pPAacCMATpHBATHL Bbi-

paKkeHUe 3xA(x) v BxB(x) YLJIY BBIpAXKEHUe VxA(x)& VxB(x) ’

TO crefyeT BOCIOJNb30BATHCA paBHOCUIBHOCTSAMHE O M 10,
Hanpumep, OpuBejeM K IpeABApeHHOH HOpMaibHOMK

dopmMe dopmyny A =JxVy P(x, y) v VxIy Q(x, y) .
A =3xVy P(x, y) v JxVy Q(x, y) = EIx[Vy P(x, y) v Vy Q(x, y)l =

= E!x[‘v’y P(x,y)v Vz -é(_x,_z)] = VavyVz (P(x, y)v 6(1,:5)

§ 8. OGIe3HaYUMOCTs M BHRITOJIHMMOCTH thopMya

Onpeneneaue 1. dopmyna A JIOTUKU NpPELUMKATOB Ha-
BLIBACTCH 8bNOAHUMOU ¢ o6aacmu M, eciu CyuiecTBYIOT
BHAYEHUS NePEMEeHHBIX, BXOAAINUX B 3Ty HOpMyJy M OTHe-
CeHHBIX K obnacTu M, npa KOoTopeIX GopMyJsia A IPUHUMAET
VICTUHHBIE 3HAYEHUT,

Onpenenenne 2. PopMysa A HashIBaeTCH BbLNOAHUMOL,
eciu cyuiecTByeT 06JyacTh, HA KOTOpo# sta opmyna BhHI-
HOJIHUMA,

W3 onpenenenus 2 cnepyer, uTo, ecau GopMysaa BBIIOJ-
HUMAa, TO 3TO elll¢ He 03HAYAET, YTO OHA BBIIOJHUMA B JIO-
6oit oOnacru,

Onpeneaenne 3. Popmyna A HasniBaerca moxcdecmeen-
HO ucmunnoii 8 o6aacmu M, ecau oHA DPUHAMAaET UCTHH-
Hbleé 3HAYEHUS JJIsI BCEX 3HAYEHWH IepeMeHHBIX, BXOAAM[UX
B 9Ty opMyJsy M OTHECeHHBIX K 3TOit o0sacTu.

Onpenenenne 4. @opmyna A Ha3sIBaeTCA O00UW,E3HAYLU-
Moll, ecayt OHA TOMIECTBEHHO UCTUHHAS HA BCAKOM obJactu.

Onpegenenue 5. Popmyna A HaswIBaeTca moxcdecmeen-
HO N0¥HOU 6 ofnracmu M, ecin OHa IPUHUMAET JIOKHBIE
3HAYEHUd JJIA BCeX 3HaAYEeHHi NepeMeHHERIX, BXOJSIIIUX B 9Ty
dopMysy M OTHECEHHBIX K 3TOH 00JsacTu.

W3 npusefeHHBIX onpeje/eHu ciaenyer:

1. Ecau ¢opmyna A o6mesHaunma, TO OHA K BBIMOJHH-
Ma H4 BCAKOH o6aacTH.
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2. Ecau dopmyna A TOXIECTBEHHO MCTUHHASA B 006JacTH
M, TO OHA ¥ BBHIIOJIHMMA B 37Ol o0GiacTu.,

3. Ecoiu opmyna A TOM/IECTBEHHO JiOXHasd B 06JaCTH
M, To oHA He BBIIOJHUMA B 9TOi 06JacTu.

4, Ecau ¢opmysna A He BRITOJIHUMA, TO OHA TOMIAECTBEHHO
JIOPKHA HA BCSKOIl obnacrw.

B cB#3U ¢ ZAHHBIMH OIIpeJieJIeHUAMY eCTEeCTBeHHO BhIJe-
auTh ZBa Kjacca GopMys JOTMKU IpeguKaroB: BBINOJIHU-
MBIX M He BEIIOJHUMBIX (GopMyJI.

OrMeTuM, 4YTOo OOIMIEe3HAYUMYI0 GOPMYyJly HA3BIBAIOT J10-
2uiecKuMm 3aK0HOM.

IlpusefeM COOTBETCTBYIOUUE HPUMEpHI:

Hpumep 1. Popmyia VxElyP(x, y) peinoguanMma. JHeii-
CTBUTENBHO, €CJIU P(x, y) ~ nmpeguKar ¢« X < Yy », OIllpejesieH-
Hbli B o6sacTu M = Ex E, rae E = {0,1,2,...,n,...} , TO ¢op-

myna Vx3yP(x,y) rompecrsenno mermHHaA B obmactn M,

U, cJeJ0oBaTeNbHO, BBIIOJHUMAa B sToit obmacru. Oxnaxo,
ecau IpeguKaT «X <Y » pacCcMaTpUBaercs B KOHeUYHOR 06-

nactu My =E;x E;, rne Ej = {0,1,2,.._.,k} » To dopmyna
VxElyP(x, y) Gyner TOX/eCTBEIHO JIOXKHOM B o6mactu M, u,
clleoBaTesnbHO, He BHIIOJHMMA B oGmactu M,. Ilpu srom

fICHO, uTo thopmyia VxHyP(x, y) He obesHayumMa.
TIpumep 2. Popmyna 3x3y[P(x)&P(y)] BBITOJHHEMA.
Heiicreurensno, ecau P(x) — npexukar <«Yumcso x — uer-

HO», onpepeJdeHHBIit B o0Osactu M=ExE, rpne

E= {0,1,2,...,n,...} , TO 9Ta opMyJia TOMITECTBEHHO MCTUH-

Has B o61actu M, u, ciefoBaTeapHO0, BEINOJHUMA B 00JacT
M. Opnaxo, ecau npegukar «Uucno x — yeTHO» paccMarpu-

BaTh B obnactu M; = E; x E;, rpe E, — MHOXECTBO YeTHEIX

qucen, To Gopmysia BxEly[P(x)& P(y)] GyeT TOMKJECTBEHHO

JNOXKHOHK B oBsmactu M 1» U, CIE0BATENILHO, HE BBIDOJIHIIMOIA,
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Tipumep 3. Popmyna Vx [P(x) 1% P(x)] TOK,€CTBEHHO HC-
TUHHAaA B JM1060# obmactu M. 3HauyuT, OHa SIBIASETCH OOIIE-
3HAYMMOIl, TO €CTh SIBJIAETCH JIOTHYECKUM 3aKOHOM (3aKOH
HCKJIIOYEHHOI'0 TpPeThero).

Ilpumep 4. Popmyrna Vx[P(x)& P(x)] TOMJIECTBEHHO
JIO¥KHAasA B J11o00it obnactu M, ¥ IOITOMY OHA HE BBIIOJHMMA.

Jlerko ycTaHOBUTH CBSI3b MeXXJy O0Ie3HAYMMOCTHIO H
BBEIIIOJIHUMOCTEI0 (POpMYJT JOTUKHM IpPefUKATOB.

Teopema 1. Jas mozo, umoGvr opmyna A Goiaa oGuie-
3Havuma, Heobxodumo u docmamoiHo, Ymolbvl ee ompuya-
Hue ObLl0 He 6bLNOAHUMO.

HMoxkaszarenscrso. Heo6xodumocms. Ilycts Gopmyna A

obmreanaunma. Torga, oueBHAHO, A — TOMIECTBEHHO JIOMK-

Haa dopmyaa B Ja1060it obimacTu, 1 MOITOMY dopmyna A He
BBIITOJTHUMA.

Hocmamounocme. Ilyers GopMyna A He BBIIOJHUMA B
aw060it obmactu. Torga mo onpefesieHUI0 HeBBIIOJHUMOMR

¢hopmybr A — TOM[ECTBEHHO JOXHas B 1000 obaacTu.
SHauur, GopMysna A — TOXJECTBEHHO UCTUHHAA PopMysa B
ar060it oGaacT, M, CAELOBATENBHO, OHA OOIIesHauymMMa.
Teopema 2. [[aa mozo, umo6ut ropmyna A Oviaa évinon-
HUuMOll, HeoO0x0dumo u Jocmamoyiro, ¥mobue popmyaa A 6vira

He obuesnawuma.

JAoxkaszareascrtBo. Heo6xodumocme. Ilyets dopmyna A
BEIIOJIHAMA, JTO O3HAUAeT, UTO CyIlecTByeT o0Jacte M u
Ha0op 3HaueHuil mepeMeHHBIX, BXOAAMUX B popMyny A, npu
KOTOpHIX hopMyia A mpUHUMAET UCTUHHOE 3Havennue. Oue-
BUAHO, YTO Ha 9TOM HaGope snaueHUil mepeMeHHBIX GopMy-
12 A DpHHEMMAaeT JOXKHOe 3HAUEHHE, X, cJIeoBaTeNLHO,
dopmyna A HeobuiesHaumma.

Hoemamounocms. Ilycres dopmyina A ne obulesnauu-
ma. Torpa cymectsByer oOinacte M M Habop snauyeHUi mepe-
MEHHBIX, BXOIAITNX B GOpMyIy, IPH KOTOPHIX dopMynaa A
IpUHAMAET JIOXKHOe 3HaueHue. Ha aTom nHaGope sHavernuit
nmepeMeHHBIX (hopMyJIa A NPUHUMAET 3HAUEHHE «HCTHUHA», U
mnosToMy GopMyna A BEIIOJHUMA.
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§ 9. Ilpumep dopmyasl, BEImONHIMOMH
B OecxoHeuHOH 00macTH ¥ HeBBUIOMHIMOI
HY B KaKo#l KoHeYHOH o6xacTu

ToxkasxeM, uro thopmyia

VxVyVz (P(x, x)& (P(x, e (P(y, z)-> P(x, z)))& P(x, u)) 1

BBHITIOJIHNMA B GeckoHeuHO#H o06JaCTH M HEBHIIOJHHAMA HH B
Kakoil KOHeuHO#l olaacTil.

HonyctuM, uro ¢opmyna (1) BRIIOAHMMA B HEKOTOPOil
obmactu M. B TakoM ciyuyae JOJIKEH CYIIeCTBOBATH (PUKCH-

pOBaHHBIH IIpEeAMKAT P*(x, y), Uia Koroporo ¢dopmynaa (1)

npunumaer suaueHue 1. Torga njia Bcex s1eMenTOB X, Y, 2 U
xoTA OBl JUIA OAHOTO 2JeMeHTa u us obsactu M dopmyna

P (z 1) (P (59) - (P (02) > P'(.2)) )& P (,0)

npuauMaeT sHaveHue 1. Ho B 9T0M cilyuse IpHHMAMAIOT 3Ha-
venne 1 u dopmyast

P(xy) - (P*(y, 2) - P*(x, z)) , 2)

*
P (x, x). (3)
Kpome toro, muas mwo6oro x us obiaacte M cymecrsyer
XOTs OBl OUH JJMEMEHT U, JJIA KOTOPOro

&
P (x,u) €))
TO}¥.€ IIPUHUMAaeT sHadenwme 1.
Herpyano ybeauTnhes, YTO B TAKOM CJIydyae IDeJUKAT

* 2
P (x, y) upeacTasiasier coboil IpeUKaT, YCTaHABJINBAIOIIM

OTHOIIIEHUe MOpIAKa MEXAy sneMenTamm obuacrm M. Mei-
CTBUTEJNBHO, U3 UCTUHHOCTH (hopmyn (2) u (3) cregyer, uTo

IpeguKar P*(x, y) YAOBJIETBOPSAET aKCHOMaM IIopAAKa:

1. P*(x, x) ~ JI0XB.

2. P*(x, y) - (P*(y, Z) - P*(x, 2)) — WETUHA.
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*
B cesizu C 9THM ycioBuMcs P (x, y) BBIpAXKaTh CJOBa-

MM «X IpeamecTByer y». Kax BHJHO M3 UCTUHHOCTH Qopmy-
asl (4), AN KaXKAOT0 X JOJKHO CYIIECTBOBATH TAKOE U, UTO

3
UCTUHHO P (x, u), TO ecTh «X IpeairecTsyer u». BosbMeM

IIPOU3BBONBHEIN DIieMeHT o06NacTy X,; CPeJJH 3IeMEHTOB obsa-
€TH JoJIKeH HAHTHCh TAKOH DIEMEHT X,, UT0 «X, Ipejiie-
cTByeT X,» . TOYHO TaKXKe JONMKEH HAHTHCH TAKOH SJIEeMEHT
X, UTO ¢X, MPEJIIECTBYET X » M T. M. Monyuaem mocnemona-
TeNBHOCTE DJIEMEHTOB
X5 Xys ey Lyyen (5)
B cnny akcuoM 1 u 2 gax/niii a1eMeHT 3TOMH IociieoBa-
TeNbHOCTH OTJHMYEH OT KAMKJIOro 5JieMeHTA ¢ MEHBIIHMM HH-
JeKCOM, Tak Kak OyfleT UMeTh MECTO «X, IPEAUIECTBYET X, ».
Ho 5T0 o3HauyaeT, 4To JNIOGLIe JBA 3JIEMEHTA IOCJEOBATENb-
mocTH (5) pasnnuusl u oGnacte M GecxoHeuHa.
ToxaskeM, UTO CyIiecTByer o6JacTh, Ha KOTOpoil dop-

myna (1) sermonuuma. Iyers M = {0,1,2,...,n,...} , a P(x, y)

osHauaer «x > y». Torma P(x, y) osHayaer «x <y». Ipu

TaKoil 3aMeHe IIpeJuKaTa P(x, y) dopmyna (1) npunuMaer
BUJ,

VxVyvz3u [;c-<_x& ((x < y) - (y <2—>x< z))& (x < u)]

OueBugHO, UTO HA MHOXKecTBe M = {0,1,2,...,n,...} 5Ta

¢dopMysia UCTHHHA.

W3 pnoxasamHOro fCHO, UTO, €CIM OQJIACTH, HA KOTODOIi
paccmarpuBaerca dopmyna (1), KoHeuHa, 1o (dopmyna (1)
TOMAECTBEHHO JIOXKHA Ha M, u, 3HAUNT, He BHIIIOJHUMA.

§ 10. IIpoGiaema pas3pemuMOCTH AJA O0LIE3HAUNMOCTM
H BHIIOJHHMMOCTH, HepPA3peilMMOCTL ee B ofmeM ciyuae
(6e3 porasaresbcTBa)

IpoGiema paspemiuMOCTH B JIOTHUKE IIPEJUKATOB CTABHUT-
cA TAK JKe, KaK U B anrefpe JIOPHKU: CYIIECTBYIOT JId &JIro-
pYTMBI, ITO3BONSAIONINE I JI0Goil (hopMysbl A JIOTHKU IIpe-
IUKATOB YCTAHOBUTH, K KaKOMY KJIACCy OHA OTHOCHUTCH, TO
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ecTh ABIAETCA JIM OHA MUY OGIEe3HAUUMOLH, MJIN BHIIOJIHUMOIL,
M TOMECTBeHHO JOKHOM. Eciu 6ul Takoil aaroput™m cy-
fIEeCTBOBAJ, TO, KaKk 4 B ajreGpe BHICKA3LIBaHU, OH CBO-
gunca GBI K KPUTEPHUIO TOMK/JECTBEHHON MCTHHHOCTH JI060M
¢opMyJIBI JOTHKH NPEAUKATOB.

OrMeTuM, UTO B OTINYHE OT anre0Psl JOrMKH, B JIOTHKE
IpeANKaTOB He IPHMEHUM MeToj Hepefopa BCeX BADUAHTOB
3HaueHUI IepeMEeHHEIX, BXONAMHUX B (GOopMyny, TAK KAK
TaKNX BAPHAHTOB MOXKeT GHITh GECKOHEUHOe MHOMKECTBO.

B 1936 roxy amepuxauckuii marematTux A.Yepu jmoxa-
3aJ, YTO npobaema paspeuwiumocmii rozuKu npeduxamos 8
obuem eude anzopummuiecxKi He pa3pewuma, TO eCTh He
CYIIECTBYET AJrOPUTMAa, KOTOPKII ObI ITO3BOJINII YCTAHOBHUTS,
K KaxKoMy KJaccy dopMya orHocutca diobada dopmyna Jio-
THUKH IIPEJUKATOR.

§ 11. Aaropurmsl pacmozuaBanud
o0me3HaYuMOoCTH POopMYI B YACTHBIX CIYUAAX

1. lipoGiaemMa paspemIHMOCTH B CAy4Yae KOHEeUHEIX 0G-
Jdacrei.

OueBupuo, uTo HpobGieMa pPaspeiIIuMOCTH B Clyuae
KOHEeUHBIX o0JacTteil paspemuma. JleificTBuTeNnbHO, B 9TOM
Cliy4iae KBAHTODHBIE ONepaIlMM MOMKHO 3aMEeHHUTH Olepa-
IUAMM KOHBIOHKIUM ¥ JUSBIOHKOHE M TeM CAMBIM CBe-
ctH QopMyny JNOrmKH npesuxatToB K dopMyie axreGpnl
JOTUKHU, IJA KOoTOopo# npoGaema paspemImMOCTH paspe-
miuMa.

Hanpumep, dhopmyna VxEIy[P(x, y)v P(x, x)] B obaacra

M = {a, b}, COCTOAIIEH M3 ABYX SJIEMEHTOB, IPHBOAUTCH K
BUy:

a3 [Plry) v B3| = V[ () v Pl ) v Plt)] =

= [P(a, a)v P(a,a)v P(a, b)]& [P(b, a)v E’Cb,_bj v P(b, b)]

Tax xar xampgblit uneH mocieaHell KOHBIOHKIHUH SABJA-
€TCA MUIBIOHKIHUeN, cojepsalieii BHICKA3HIBAHUE U €ro OT-
bunanue, To topmyna mcruHHA.
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2. IpoGaema paspemmMocTH JJIs GopMydl, CORepHamux
B npegsapeHHON HOPMAaJbHOH (hopMe KBAHTOPEI OTHOr0 THIIA,

Onpenenenue 1. @opMysa JNOTHKHM HPEUKATOB HA3bI-
BAETCA 3AMKHYMOIl, €CHIM OHA He COJEPIKUT CBOGOAHBIX NIpej-
METHBIX ITepeMeHHBIX.,

Onpenenenue 2. Ecin dopmyna soruxu npepuxaror C
co/iepKuT CBOGOJHEIE IIEPEMEHHBIE X |, X,, ..., X,, TO HopMyma
A=VxVxy...Vx, C(xl,xz,...,xn)

HA3BBLIBAETCA 3aMbiiaruem obSurocmu dopmyns C, a dopmya
B = 3x;3x,...3x, C(xl,xz,...,x,,)
HashiBaeTCSA 3aMBIKAHHEM cymiecTBopauma (popmynsr C.
Teopema 1. Ecau samxnymasn gopmyna nozuxu npedu-
Kanmoe 6 npedsapentoil HOPMANLHOU opme cOdepicunm moab:
KO K8AHMOPLL CYecmeo08anUl, LUCAO KOMOPLLX PAGHO N, U
moxdecmeenho UCMuKHA Ha A0600 obaacmu, cocmosauleil
u3 o0nozo anemenma, mo ona obuje3naxuma.
JorasareascrBo. Ilycts dopMylia JIOTMKH IPEAMKATOB
B IpeABapeHHOH HOPMAJIbHOM (opMe HMeeT B

B =3xy3xy... 9%, C(q1, 920 -.» By Pos.os @1, @2s..), (1)
rae C KBAaHTOPOB HE COAEPKMT; ¢, — JOTHUECKHE IIEPEMEH-
HBIe, P, — OlHOMECTHBIE NIPEIUKATHL, @, — IBYXMeCTHBIE IIpe-
ITHKATHL,

3uauenue MCTUHHOCTH 5TOH (OPMYNBI 3ABHCHUT OT BXO-
AAIEX B Hee HEPEMEHHHX ¢, ¢,, .., Ipeauxaros P, P, ..,

Q,, Q,, ... M TaK janee.
ITo ycnoBuIo TeopeMbr Ha Jii0Goii obnactn M = {a} , co-

IeplKameil TOJBKO OJUH SJIEMEHT @, JaHHAg (hopMyJa TOX-
NEeCTBEHHO MCTHHHA, TO €CTH TOXKAECTBEHHO UCTUHHOU ABJIA-
erca Gopmyna

C(ql,qz,...,Pl(a), Pz(a),...,Ql(a, a), Qz(a, a),...) (2)
®opmyna (2), ouerngno, apngerca Gopmysoit aareGpst
JOTHKH.
HpennonoxumM, uro dhopmyna (1) ne asnserca obiesHa-
aumoii. Torza cymecrsyer Takas oGnacrs M, u Takoi Habop

BHAUEHNil MePEMEHULIX @7, ¢, ws Pls P, wer Q) Q5 wues

Ha Koropom dopmysa (1) mpurMMaer 3HAUEHUE <«JIOXKE»>,
TO €CThb
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3x13x2...ExnC(qf,qg,...,P1°,P2°,...,Qi’,Qg,...)=0 @)

PaccmorpuM oTpunanue dopmyns: (3).

Jxy3x... ax,,c(q‘{,qg,..., PLR,..., Qi’,Qg,...) =

= Vxl\/xz...VxnC(qi’,qg,...,Pf,Pz",...,Qi’,Qg,...) =1

Orcropa cuepyer, 4ro dopmyina

C(q‘l’,qg,...,Pf,Pz",...,Qi’,Qg,...) )

TOMKAECTBEHHO HCTHHHA, He3aBUCMMO OT BbIGopa mpeaMer-
HBIX MepeMeHHLIX u3 oGmactu M.

Bosemem u3 oGiactu M, xakoit-aubyAp sneMeHT X, 4
nopcraBuM ero B GopMmyny (4) BMECTO BCeX NMPEAMETHBIX
nmepemeunsix. Torga

Cla8 a3s--os B (0} B (o) --s @ (0 20), @ s T ) = 1

W, smauur,

C(q‘l),qg,...,Pl"(xo), Pz‘)(xo),...,Qf(xo,xo), Qg(xo,xo),...) =0,

4 5TO0 NPOTHBOPEYUT TOMKAECCTBEHHOI MCTHMHHOCTH (GopMy-
aw1 (2).

Teopema 2. Ecau samxuymas Gopmyra nozuxu npedu-
Kamoe 6 npedeapennoi HOpMARLHOIL Gopme codepicum mosv-
KO Keanmopul 00uiHOCMU, HYUCAO KOMOPLLX PABHO N, U MON-
decmeenno uCmMUnKA HA 6CAKOM MHONceCmEe, codepicauem
He 0Oontee, uem N dneMeHMO8, MO OHA O0ULE3HALUMA.

JMoraszareaxscrso. Ilycts GopMysa JNOTHKE NPEIUKATOB
B IpeABapeHHOH HOpMANBHOH (opMe mMeeT BHJ,

A =Vx;Vxp...V2,C(q1, 42, B, Poyeo, Q1, Q2,0 ) (1)

T'Ze, KaKk u paHblIe, ¢,, {,, -.. — JIOTHYECKUE II€PEMEHHEIE, Pv
P, ... - ogHOMeCTHBIE IIPEAUKATHI, Q,, Q,, ... ~ ABYXMeCTHbIE
IpeauKaTE. U T.A.

IIpeanonoxum, uro dopmyna (1) e asnsiercs oGmiesHa-
uumoii. Torga cymecersyer o6nacts M , C YHCJIOM HJIEMEHTOR,
Gonpim 7, Ha KOTOpPOIl OHA He FBIAETCA TOXJAECTBEHHO



106 Kypc nexqui no mameaamuveckoil nozuke

NCTUHHOM, TO €CTh CyIiecTByeT Ha0op SHAUEHUH IIepeMEeHHBIX

qys g3s s B’ PJy s Q)5 Q35 -y HA KOTOpOM (popMysa

Vxl‘v’xz...VxnC(qi’,qg,...,P1°,P2°,...,Qf,Qg,...) @

NPpUHEMAaET JIOXKHOE 3HAYECHHE. OTCIO}Ia

Vxl‘v'xz...VxnC(qi’,qg,...,Pf,Pz",...,Qf, Qg,...) =

= ElxlEIxz...ElxnC(q‘l’,qg,...,Pl°,P2°,...,Qf,Qg,...) =1
Taxum oGpasoMm, eymiecTByer HaGop IpeAMETHHIX Iepe-

MEHHBIX X}, X9, .., X M3 obmacta M, npu Koropom (hop-

MyTa C(qg,qg,...,Pf,P;,...,Qf,Qg,...) “MeeT suavenmue 1, a

dbopmyna C(qi’,qg,...,P1°,P2°,...,Qf,Q§,...) uMeer sHaueHue 0.

3uauur, u3 obmactu M, MOYKHO BHIAENATHL o0mactTe M,
copep:amylo He GoJjiee n DJIE€MeHTOB, Ha KOTOPOil jamuas
dopMyNia He fBISETCA TOMAECTBOHHO MCTUHHOMN, a 9TO HPO-
THBOPEYUT YCJOBUIO TEOPEMBI.

§ 12, IlpuMmenenue H3BIKA JOTUKM (PEAHKATOB
JAOA 3aMUCH MATEeMATHYECKMX NpPeAJoiKeHmil,
oIpefeNieHHii, MOCTPOCHAA OTPHIAHMSA NpexIoKesui

1. 3anucs maTeMaTHYeCcKNX Npeljoxenuii B sume dop-
MyJI JIOTHKM IIPeAHKATOB.

SI3bIK JIOTHMKM DpeauxaToB ynob6eR g 3anMcu MaTeMa-
THYeCKMX Hpemioxxkenuii. OH gaeT BO3ZMOYKHOCTL BBHIPAKATDH
JIoOTHYeCKUe CBA3YN MeXXJy MOHATHAMU, 3alKUCHIBATH OIlpeje-
JICHHS, TEeOpeMbI, AOKasarTelbCTBa. IIpuBeneM psAzx IpUMe-
POB Taxkux 3almceii.

1. Onpedenenue npedena wucaosoii nocaedosamenvHocmu.

a=lima, < Ve>03ny Vn eN(nZno—ﬂan—al<£)
n—yo

31ech MCHONB30BAH TPEXMECTHBIN IpPEeIuKaT Q(a,n,no):

(nZno -)la,,—al<£).
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2. Onpedenenue npedena pynkyuu 6 mouke.

b:)in;of(x)QVa>036>0Vx eE(0<[x—x0|<6:>lf(x)—b|<f:)

3aeckh HCIONB30BAH TPEXMECTHHIH Ipeguxar P(a,&,x):

(0<lx—x0|<5:>|f(x)—bl< a).
3. Onpedenenue nenpepvtenocmu QPynKyuu 8 mouke.

dyuxpus f(x) , OIIpefesienHas Ha MHOKecTse E, Henpe-

peIBHA B Touke xg € E, ecnn
Ve>035>0Vx eE(|x-x0|<5=>|f(x)—f(x0)|<s).

3xecs TaKxe UCIIONB30BAH TPEXMECTHLIN HPeAuKAT P(a, R x) .
4, Onpedenenue 6o3pacmaiwweil PpyrnKyuu.
DyrKuEuS f(x) , OIlpefieieHHas Ha MuoxecTre E, Bospa-

CTAeT HA HTOM MHOMKECTBe, eClHU
Vi, e EVxy € E(x1 < xg = flx1) < f(xz)) .
31ecs HCMOMB30BAH ABYXMECTHBIH MpesuKaT W(xl,xg):

(x1 <ixg = flxy) < f(xz)) .
5. Onpedenenue ozpanusennoii QPyHKyuU.
®ynxuua f(x), onpesenennas Ha Muoxecrse E, orpa-

HUYEeHa Ha 9TOM MHOXKECTBE, eClu

IM eR, Vx eE uf(x)l < M) .

31ech MCHONB3OBAH ABYXMECTHHIH HpesuKar L(x,M):

(If(x)l < M) .

Kax ussecrmno, MHOrHMe TeQpeMbI MATEMATHKM JOIIYCKAIOT
dopMynuposky B BUAE yenosHBIX npepnomenuit. Hanpumep,
paccMoTpuM clleayomyio reopeMmy: «Ecia Todura JIeMHUT HA
GuccexTpuce yria, T0 OHa paBHOyYAAJIeHa OT CTOPOH 9TOr0 yIJiIa».
Yenosuem sroit TeopeMbl ABJIAercA upepiomenue «Touka Je-
UT HA GHCCeKTpHCE YIila», a 3AKJIOUECHHEM — IPEAJIONKEeHHe
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«Touka paBHOyRaNeHa OT CTOPOH yriaa». Bugum, uTo u ycio-
BUE, W 3aKJIIOUEHIE TEOPEMBI IPEACTABIAIOT CO00il mpeAuKa-
THI, 3a{aHHBIe Ha MHOMecTBe R2, O0osHauas 3TH NpeXuKaTLI

2
COOTBETCTBEHHO Uepes P(x) u Q(x), rne x € R®, Teopemy
MOXXeM 3anucats B BuUAE (GOpPMYJbI

vx e R (P(x) - Q(x)) .

B cBasu ¢ 5THM, rOBOpPA O CTPOEHHN TEOPEMLI, MOIKHO
BBIAENUTD B Hell Tpu uyactu: 1) ycioBHe TEOPEMBI: IPEAUKAT

P(x), safaHHbLIH HAa MHo)kectee R2; 2) saxniouenue Teope-

MBI: IpeguKaT Q(x) , 3alaHHLIA Ha MHOMKecTBe R?; 3) pasmsc-

HUTENBHASA YACTB: B Heil ONKCHIBAETCA MHOMKECTBO OOBEK-
TOB, O KOTOPBLIX HJET PE€Ub B TeOopeMe.

2. TloeTpoeHue NMPOTHBOMOJIONKHEBIX YTBEepPKAEHHIA.
IIyere jaHO HeKOTOpOE MaTeMaTHYeCKOe yTBepxzeHune A.

Emy nporupomnono:xubiM Gymer yTBep:iaeHne A.
Jloruka NpeRUMKATOB MO3BOJSET NMYyTEeM DPABHOCHJIBHBIX

npeoGpasoBanuii GopMynsl A NIpHAAThH ei xopoiro 06o3pn-
MBI BUJ,

Tax, HanpuMep, oIpelelieHNe OrPpAHUYEHHOH (QYHKIHMH
maercss dopmMymoi

M eR, Vx ¢ E (]f(x)| < M),

Ornpenesenne HEOTPAHUYEHHON QYHKIIMN MBI TIONY4YUM, Geps
orpunanue 3roii GOpMyJNibI U HPOBOAA DPABHOCHNLHBIE Mpe-
oGpasoBpaHuA:

M R, Vx cE ([f(x) < M)= VM e R, Vx < E f(x) < M) =

= VM eR, 3x < E([f(x) < M)= VM <R, 3x < E (f(x) > M)

Mocnenusaa dopMylia ZaeT He HETATUBHOe, & IIOJOMKHTENb-
HOE OIIpejeJIcHHEe HeOTPaHUYeHHOH (yHKUUH.

W3 npusesenHOro onpejeseHus BUAHO, UTO AJAA IIOCTPO-
€HHA NPOTUBOIOJIOMHOTO YTBEPIKAEHHSA K YTBEPIKAeHHIO,
3asianHOMYy GOPMYJIOif JIOTHKHY NPeAUKATOB, CojepKameil Bce
KBAHTOpPHI BIepeAHd, HeoGXOAUMO 3aMEHHUTL BCe KBAHTOPHI
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HA TPOTHBOIIONIOMKHEIE U B3AThH OTPHIAHHMe OT IIpeAHKara,
CTOSAIIEr0 IO BHAKOM KBaHTOPOB.

Tak, ytBepxuenue, uto b # lim f(x), nact dopmyna:
x—>X,

Ve>036>0Vx eE(O<‘x—x0|<5:>|f(x)—b|<a)=;-

=3¢>0V5>013x eE(O<|x—x0|<5:>lf(x)—bl<a)s

=35>0V6>03x e B(0 <|x - x| < 6&]f(x) - 8] 2 £).

OcoGu1ii MHTEpEC IPEACTABIAET TOCTPOEHUE YTBEPXIe-
HHA, OTPUIAIONIET0 CIPABEJJUBOCTE HEKOTOPOHM TeOpeMEI:

Vx eE(P(x) - Q(x)) . 9T0 GyneT yrBep)KIeHHe:

Vx € E(P(x) - Q(x)) =3x eE (P(x) - Q(x)) =dx eE (P(x)& @) .
CunenoraresibHo, YTOGHI JOKa3aTh, UTO TeopeMa
Vx(P(x) —> Q(x)) HEBEPHA, JOCTATOYHO YKAa3aTh TAKOH aJie-

meHT X € E, pna Koroporo P(x) —~ UCTHHA, a Q(x) — JIOXKb,

TO €CTh IPHBECTH KOHmMpnpumep.
3. Ilpamas, o6paTHaf M NPOTUBOMOMOKHAS TEOPEMEI.
PacemorpuM ueThIipe TEOpEMBI:

Vx eE (P(x) - Q(x)) , )
Vx e E(Q(x) - P(x)), (2)
Vx e E (B(x) - Q(x)), 3)
Vx ekE (6(x) - F(x)) . (4)

IIapa TeopeM, y KOTOPBIX YCHOBHE OfHOI ABISCTCA 3aK-
JI0YEeHHEM BTOPOIl, 4 YCIOBHE BTODPOIl ABJISAETCA 3AKIIOUEHHU-
€M TIepBOii, HA3KIBAIOTCA 63AUMHO O0pamHbimMu IPyT APYTY.

Tax, Teopemsi (1) u (2) , a Taxxe (3) u (4) — BsanMHO
obparusie Teopemsl. IIpu 9TOM, eciM ofHY U3 HUX HA3bIBa-
IOT npaMoO# TeopeMoil, TO BTOpas HasbIBaercs OOpaTHOI.

Ilapa TeopeM, vy KOTOPBIX YCIIOBHE M 3aKJIIOUCHHE OHOI
ABJSIOTCA OTPHULAHMEM COOTBETCTBEHHO YCJOBHA W 3aKJIOUe-
HHUA ApPyroii, HA3BIBAIOTCH B3AUMHO NPOMUBONOAONCHBIMU.
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Tak, TeopeMbl (1) 1 (3), a Taxke Teopemsr (2) u (4)
SBAAIOTCA B3AUMHO IIPOTHBOIOJIOMKHLIME TeOopEMaMH.

Hamnpumep, ana teopeMbl «Eciu B 4eThHIPEXYTOJNbHHKE
JMArOHANY DABHEI, TO YeTHBIPEXYTOJBHHUK ABIACTCA IPAMOY-
ronpHEKOM» (1) ofpartHoii Arnserca teopeMa «Ecam uerh-
PEeXyroibHUEK ABISETCS NPAMOYTIOJBHHKOM, TO €ro Auaro-
Hanu pasHbl» (2). Iusa Teopems! (1) IpOTHBOMOJIOMHOI AB-
ndeTcsi TeopeMa «EchE B YeTHIPpEXYroOJIbHUKE NUATOHANHE He
PABHEI, TO UETHIPEXYTOJbHUK He ABIAETCA NPAMOYTOJBHU-
KoM» (3), a aua TeopeMsl (2) IPOTUBOIIONOMKHOI ABIAETCA
TeopeMa «Eciu 4eTHIPpEXYTrONbHUK He ABAACTCH NPAMOYToiib-
HUKOM, TO €ro AHATrOHANu He paBHbI» (4).

B paccmorpensoM npumepe Teopemsl (1) u (4) aBnsior-
¢fl OMHOBDEMEHHO JIOXKHBIMH, a TeopeMb! (2) u (3) oguospe-
MeHHO ucTunEbIMU. KoHTprpuMepoM K Teopeme (1) asnsaer-
ca papHoOOYHAA Tparenud.

fcno, uro npamas u obparHas TeopeMmsl, Boo0MIe roBo-
pd, He PABHOCUJAbHBI, TO €CTb OJHA M3 HHUX MOXKeT GBITH
NCTHHHOI, a aApyras Joxuoii, ONHAKO JIETKO IHOKAa3aTh, UTO
Teopems! (1) u (4), a Taxxxe Teopemsl (2) u (3) Bcerjga pasHo-
cunsubl. lelicTBUuTeNbHO,

Vx ¢E (P(x) - Q(x)) =VxeckE (_ﬁ(x) v Q(x)) =
=Vx ¢ E (Q(x)v F(x)) = vx  E (@(x) > F(s)).
Apanoruudo AOKa3BIBAETCS DABHOCHIBHOCTD
Vx e¢E (Q(x) ~> P(x)) =Vx ek (F(x) ~> 6(x)) .
W3 3TUX paBHOCHUJIBHOCTEH CJENyeT, UTO, €CHH JOKA34a-
Ha TeopeMa (1), To JoxasaHa um TeopeMa (4), a ecny jOKasa-
Ha TeopeMa (2), To AOKasaxa u TeopeMa (3).

4. HeoGxopumnle M xocTaTouHLIe YCJIOBMA.
PaccmoTpumM Teopemy

Vx e E (P(x) > Q(x)). (1)
Kax ormeuasoch, MHOMKECTBO MCTHHHOCTH IpeJUKATA
P(x) - Q(x) ectb MHOXecTBo Clp UIQ . Ho Torma MuaoxecT-

BOM JIOKHOCTH 5TOI0 Npepuxata Gynger C(CIP UIQ)=
=Ip ﬂCIQ . Ilocnegnee MuOXecTBO OymeT HMyCTHIM JHLIL B
cxyuae, korga Ip c Ig.
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Wrax, npeguxar P(x) - Q(x) ABJIACTCA UCTUHHBIM AN
peex x € E B TOM 1 TOJNBKO B TOM CjIydae, Korjga MHOMECTBO

MCTHHHOCTH IIpeJUKaTa P(x) COZEPIKUTCA B MHOM(eCTBE HC-

T THHHOCTH IIPEAUKATA Q(x) . Ipu

E Cl,

3TOM TOBODPAT, YTO IpPEAHKAT

1 IQ Q(x) JIOTUYECKH CIEAYET U3 Ipe-
P R

IHKaTa P(x), ¥ IpeguxaT Q(x)

Ha3hIBalOT Heo0XOXUMEIM ycJo-

ll u 7 BHEM JJid IpeauKara P(x), a

npeauKaT P(x) — JXOCTATOUHBIM YCIOBHEM AN Q(x) . Tak, B
reopeme «Ecim x — YHCIO HaTypanbHOE, TO OHO ILEJNOE» IIpe-

AUKAT Q(x): «X — YHCIO Neioe» JIOTHYECKH CIeJyeT U3 Ipe-

EAKATA P(x): «X — YHCJO HATYPAIbHOE», a IPEAUKAT «X —

9UCAO0 HaTypaJibHOE» SIBIAETCA JOCTATOUHBIM YCAOBHEM AN
OPERUKATA «X — YHUCIO HEejioes,

YacTo BCTpEUAETCH CUTYAlUfd, IIPU KOTOPOM HCTUHHEIE
B3aMMHO o0paTHLIe TEOpPeMEl

Vz e E (P(x) - Q(x)) §))

Vx e¢E (Q(x) - P(x)) . (2)

9r0, OUEBHAHO, BO3MOXKHO Ipu yciosum, yro Ip =Ig,

B TaxoMm cayuae us Teopembi (1) cmepyer, uTO ycAaoBme
P(x) ABNAETCA JOCTATOUHBIM IJI Q(x), a u3 Teopemnl (2)
caemyer, 4To YCJIOBHE P(x) ABNAETCA HeoOXOUMBIM AN Q(x) .
Taxum obpasom, ecim uctunHH Teopemset (1) u (2), To

yenosue P(x) sBaserca u HeoGXONUMEIM, M AOCTATOYHBIM
mia Q(x). AHanormuHO B 9TOM Clyuae yCIOBHE Q(x) aBma-

ercs HeoGXOAUMBIM ¥ NOCTATOUHLIM /s P(x) .

Huorpa smecTo JioruyecKkoil cBA3KKM «HeoGXomumo H fHO-
CTATOYHO» YIIOTPEGHAIOT JOrNIECKYIO CBABKY «TOTA H TOJb-
KO Torma».
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Tak kak 3gech MCTUHHBI BhICKaspiBanus (1) m (2), To
HMCTHHHO BBLICKA3LIBAHUE

Vx e E (P(x) > Q(%))& Vx < E (Q(x) > P(x)) = Vx e E (P(x) & Q(x))

Paccmorpum mpumepsl.

IIpumep 1. Teopema «Ecanm umcno ¢ penurcs ma 12, to
OHO ReNuTCA Ha 3» ucruHHa, [losToMy 3ZKeCh REeITMMOCTH
yucna f ua 12 aBnseTcs KOCTATOUHLIM YCIOBHEM RIS MENH-
moctr uucna £ Ha 3, a memmmocts uncna { Ha 3 sBRAeTCH
HeoBXOZMMEIM YCIOBMEM RJIs meiammocTd uuciaa £ ma 12. B
To sKe BpeMmsa obparHas Teopema «Ecam umcno ¢ memmrcs Ha
3, To ouo meanrtcd Ha 12» me Bepua. IlostomMy meammocTsb
gpena £ Ha 8 He ABIAETCA JOCTATOUHLIM YCJIOBHEM JeJIHMO-
ctu uncaa { ma 12, a menmmocts umena f ma 12 "e sBasa-
eTcsi HeoGXOZMMEIM yCIOBHeM fenuMocTu umucsaa £ ma 3.

Ilprmep 2. Teopembr «B onuCaHHOM YETHIPEXYTOJIBHUKE
CYMMBI IJHH HPOTHBOIOJOKHBIX CTOPOH PABHBEI MEMKIXY CO-
6oii» u «Ecau B 4eTHIPEXYTONBHHUKE CYMMBI JJIHH IPOTHBO-
IMOJIOKHBIX CTOPOH PABHBLI MEXKRY C000ii, TO B 3TOT UETHIPEXY-
FOJBLHUK MOYKHO BHMCATb OKPYKHOCTH» B3AHMHO OGpPaTHEI.
OGe oM MCTHHHEI, H, CJAEKOBATENBHO, 3M€Ch MOKHO YIOTDE-
GUTH JIOTMUYECKYIO CBA3KY «HEOOXORMMO M HOCTATOUHO»:

«Ansa Toro, uTob6bl B UETHIPEXYTOABHUK MOXKHO GBLIO
BOHCATH OKPYIKHOCTH, HEOOXOAUMO M XOCTATOYHO, YTOOEI
CYMMBI IJIUH €ro IPOTUBOMOJOMKHEIX CTOPOH OBLAM pPaBHEBI
Mexxy coboii».

5. loxka3aTesnCTBO METOXOM OT IMPOTHBHOIO,

JOKa3aTenbCTBO METOLOM OT HPOTHUBHOI'O OOLIYHO IPOBO-
OUTCA IO CAEXYIOIIeil cxeMe: HPEAI0JATAETCS, UTO TeopeMa

Vx e E (P(x) > @(x)) (1)
He BEpHA, TO €CTh CYIIECTBYET TAKOH OOBEKT X, UTO YCJIOBHE
P(x) HCTHHHO, & 3aKJIIOYEHUE Q(x) — goxkno. Eciu n3 stux
NPEINONOKEHHAA IYTEM JOTHYECKUX PACCYyKACHUHA IPUXORAT
K OpOTUBOPEUMBOMY VTBEPIKACHMIO, TO HENAIOT BBIBOX O TOM,
4TO MCXOXHOE [IPERIIOJIOXKEHNE He BEpHO, B BepHA Teopema (1).
IMokasxeM, 4To TaKoH IOXXOJ AaeT KOKA3aTENbBCTBO MC-
THUHHOCTH Teopemsl (1).
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JleiicTBUTENbHO, NPEAMOJONKEHHE O TOM, UTO Teopema
(1) He CIpaBejIyBa, 03HAYAET HCTUHHOCTH OPMYNIB

Vx ek (P(x) - Q(x)) .

IporuBopeunBoe YTBEPIKACHUE, KOTOPOE HOAYYaeTcs U3

JOIYI[EHHOT'0 MPERMONOMKEHNA, €CTh KOHBIOHKITUSA C&C,
rge C — Hekoropoe BhICKagniBaHue. Takum ofpasom, cxema
noxaaa'renbc'rsa OT NPOTHBHOI0 CBOAHTCHA K JOKA3aTEJIbLCTBY
HCTUHHOCTH (OPMYJIIbI

Vx e E (P(x) > Q(x)) > C&C.
Jlerko Bupers, uTo sra ¢dopmyna pasHocuabHa Gop-

myne (1).
HeiicTBurensuo,

Vx e E (P(x) > Q(x)) - C&C = Vx < E (P(x) > Q(x)) v C& T =
=VxcE (P(x) - Q(x)).

§ 13. 3ameuanne 06 aKCHMOMATHYCCKOM HCUMCJIeHHH
NpesHKATOB

Ananornuno TomMy, Kak OblIa MOCTPOEHA AKCHOMATH-
4YecKas TeOpUA BHICKA3LIBAHUI, MOKeT ObITH MOCTPOEHA H
akcHomMaTHdecKasl Teopmd npexukarToB. Ilpum stom Heob6xo-
JAUMO OTMETHTH CJIEAYIOIee:

1. Onpegenenne GopMyabl UCUUCTIEHUA TPEIUKATOB CO-
BIIaJaeT ¢ onpegedeHnemM GOpPMYJb JOTHKU OPEeXUKATOB,
KOTOpoe BBOAMJIOCH HAMH paHee.

2. Brifop cmCTeMBI aKCHOM HCUMCICHHSA HPEXUKATOB,
KaK ¥ B cjiyuae HCUMCAEHUSA BbICKA3blBaHHUI, MOXKET OCYyIUe-
CTBNATHCH mo-pasHoMy. OpHOH M3 TAKMX CHCTEM AKCHOM
MoXeT OBITH CHCTEMA, B KOTOPYIO BKJIOUEHE! OXUMHHALLATH
AKCHOM MCYHCIEHNS BBICKA3LIBAHMIl, NCIIOJL30BAHHEIE HAMH,
¥ B€ MOIMONHHUTEILHLIE aKCHOMBIL:

Vx(F(x) - F(y));
F(t) — 3x F(x),

rae ¢ He COXEPIKHT HepeMeHHol x.
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3. K mpaBniaM BLIBOZA, KOTOpbIe NCIOJL30BANHACH B HC-
YuCIeHUN BLICKA3LIBaHMH, Ro0aBIAIOTCHA eille ABa IpaBuia:
a) IIpaBuno BRemeHus KBaHTopa OOIHOCTH

F > G(x)
F o> vx G(x) ;
6) IIpasAno BBEJCHHS KBaHTOpa CyIIeCTBOBaHHA

G(x) > F
EIxG(x) -> F

ecaun F we saBucutr ot X.

4. TlonsiTue BHIBORA ¥ HOoKasyemoit (GopMyJBI onpeness-
IOTCS AHANOTUYHO 5TUM MOHATHUAM B MCUNUCIEHUM BLICKA3HI-
BaHUH.

5. Kax m Bo BCAKOH aKcMOMAaTHYECKOH Teopum, pac-
CMAaTPHUBAIOTCA MpoOIeMEI:

a) paspemmMOCTH,

6) HempOTHBOPEYHBOCTH,

B) DOJHOTHI,

T') HE3aBUCHUMOCTH.



I'JIABA IV

MATEMATHYECKHE TEOPUH

B anrefpe BLICKA3HIBAHUN M HCYHCIEHUN BBLICKA3bIBA-
Huil MCIOJbL30BaHKE TAOMHUIT HMCTHHHOCTH JABaJIO AOCTATOU-
Ho 5@ deKTHBHbIHA cnocold pemieHUs BOOpoca O TOM, ABISET-
ca au paaHasg GopMyJa TaBTOJOrHeH.

Curyanus OpUHIUNHAJILHO MEHSAETCA NPH MEPexXofe K
JOTHKe MpexuKaToB. 3necs Her sdderTnBHOrO cnocoba, mo-
3BONAIONIETO IJAA KAXJ0H GOPMYJAbl PENINTH BONPOC O TOM,
ABJsETCA JU oHA o0iesnaunmoii. B ¢BA3U ¢ 5TUM B MaTeMa-
THIECKHX TEOPUAX, KOTOPHIe HCIOJAL3YIOT NOHATHE HpeIH-
KaTa ! CBs3aHHble ¢ HUM NOHATHA KBAHTOPHLIX OHmepaituii,
HeoOXOAMMEIM CTAHOBUTCH AKCHOMATHUYECKH#I MeTO.

NMerorcss ¥ gpyrue XOBOAEL B IMOJL3Y aKCHOMATHYECKO-
0 MeTORA, ¥ OHU COCTOAT B CIAEAYIONIEM: aKCHOMATHIECKUI
MeTox 6asuMpyeTcs Ha HPOCTHIX OTHOMEHUAX MEXKZY CHMBO-
JIaMH ¥ BRIPAXKEHHUAMH TOYHBEIX (HOPMAJbLHBLIX A3LIKOB M MC-
IOJML3YET AOCTATOYHO HPOCThIe apundmMeTHUeCKHME METOREI.
O1o 06CTOATENBCTBO 06eCeYNBAET HANEIKHOCTHL aKCHOMA-
THYECKOTO METOHA.

B 5T0il rmaBe pacCMaTpMBAaeTCs CYIIHOCTH AKCHMOMATH-
4eCKOro MeToza ! Te IpobieMbl, KOTOphle BOIHHUKAKT NOPH
ero uCHoJb30BAHHH.

Hox axcuomamuueckoil meopueil, TOCTPOEHHOIN Ha OCHO-
Be TaHHOH CHCTEMEI AKCHOM, IIOHUMAETCH COBOKYIHOCTE BCEX
TeopeM, TOKA3ILIBAEMBIX HCXOAS M3 3TON CHCTEeMBI AaKCHOM.

AxcuomaruyecKue TEOPHHU AEAATCH HA (QOPMAAbHbIE U
Hedopmanvrvle.

Hegopmanvhbie arcuomamuieckue meopuy HAIOTHEHBI
TEOPETUKO-MHOMECTBEHHEIM COREPKAHUEM, HOHATHE BEHIBO-
OTUMOCTH B HHX ROBOJbHO PACIALIBUATO U B 3HAYUTEILHON
CTElNeHN ONHPAETCA HA 3APABHIA CMBICJ.

DopmaneHas arxcuomamuyieckas meopus CAATAeTCA OI-
PemeneHnOi, ecAN BBINOJHEHLI CAEKYIOIIHE YCIOBHA:

1. Bajgan A3LIK TeOopHH.

2. Onpeneneno mouatTue PopMyJabl B 3Toi TEOPHUH.
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3. Bruifeneno HEKOTOpPOE MHOMECTBO (opMyJs, Ha3bIBae-
MBIX AKCHOMAaMH.

4. Onpezneniedsl HpaBmia BHIBOAA B 3TOH TEOPHH.

Cpenu MaTeMATHYECKUX TEOPHil BLIAEAAIOT Meopuu nep-
6020 nopadxa. OHE OTANYAKOTCHA OT TeOpUil BBHICIIUX IIOPSAZ-
KOB T€M, Y4TO He ROIIYCKAIT B CBOEM H3JIOXEHMH HpeIuKa-
Thl, KOTOpble UMEIOT B KaueCTBe BOSMOJKHBIX 3HaueHHil CBo-
X apryMeHToB Apyrue npegukats u dyaxnumn. Kpome roro,
OHHM HE JONYCKAIOT KBAHTOPHBEIE OHEPANUH N0 HNPeXUKATaM
nan QYyHKIUAM,

Teopuii DepBoro HOPAZKA TOCTATOUHO RJA BLIPAMKEHHIT
GONBIIIMHCTBA M3BECTHBIX MATEMATHYECKUX TEOPHil.

B mameM Kypce mMareMaTH4YeCKOHd JOTMKHM MbLI OUDaHH-
YUMCH TOJBKO MATEMATHYECKUMH TEOPUAMU MEPBOT0 MOPSJ-
Ka, KOTOPbI€ HAJLIBAIOT WHOTJA JJNeMEHMAPHbIMU MeOPUAMU.,

§ 1. dA3pik nepBOro MOpAZKa

Onpenenenne 1. Angpaeumom A Ha3bIBaeTCsL BCAKOE HE-
OycToe KOHEUHOE MHOMKECTBO cumBoioB., CuMBoasl andasu-
TA HA3LIBAITCA OGYKBAMH.

Onpegenerue 2. Caosom B anbaBure A HaszpIBaeTCHd BCHA-
Kafd KOHEeUYHAs MOCTeL0BATENbHOCTH OyKB andaBura A. IMy-
cTad IOCJELOBATENILHOCTL OYKB HA3BIBAETCSH MYCTHIM CJIO-
BOM Hu obosHaudaercd depes A.

Bynem roBopuTs, 4TO ABa KOHKPETHBIX CIOBa @,a,.. @,
n bb,.. b, andasura A pasrbt m nucars a,a,... a, = b.b,... b,
ectu n=Fk u ay =by, ag =by, ..., a, =b, . IHpu sarom uncao
n Ha3LIBAIOT GAUHOIL ITOTO CJIOBA.

IIyeres T HexoTropas rteopusa. OGosHauuM depes A(T)
andasur sroit Teopuu. MuoxecTBO E(T) cjioB andaBuTa
A(T) HA3BIBAIOT MHONHCECMEOM suipaxcenuil teopum T'.

Hapy <A(T), E(T)>, cocroamyio us andasura A(T) u

MHOXKECTBA BbIpaKeHui E(T) reopuu T HABLIBAIOT A3bLKOM

meopuu T.

SIspIkK DepBoro MOPAZKA OOCAYKHBAIOT TEOPHUM IEPBOIO
nopsigra. B andasur Beskoil Teopun T mepporo mMopsgKa BXO-
AAT IO CYILECTBY T€ Ke CHMBOJBI, KOTOpble OLIIM BBEREHEI
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pasnee. ITO CHMMBOJBI JOTHYeCKHX omepamuit &, VvV, —, —;

CHMBOJIBl KBAaHTOPHBIX omepammii V, J; BCmoMorarejbHblE
CHMBOJIBI — CKOOKH, 3alfATble; CUETHOE MHOMKECTBO II-MECT-

HBIX MPETHKATHLIX OYKB A}’(n, jiz 1) s TRe BEepXHUII MHAEKC

yKa3BIBAET Ha YUC]IO MECT, & HMMKHUH — HoMep mpefuKaTHOM
GyKBBI; KOHedHOe (BO3MOXKHO, M HYCTOE) MAH CUYETHOE

MHOMECTBO (DYHKIIMOHAJLHLIX GYKB fj"(n, jz 1), Ine Bepx-

HEH MHZEKC YKasHIBaeT Ha YMCI0 NEPEMEHHBIX, BXOAAIIUX B
¢yurnuio, a HkHUIT — HoMep dyHKIUoHANBbHON OYKBEHI;
KOHeYHOE (BO3MOIKHO MYCTOE) UK CYETHOe MHOMXECTBO Ipej-

Mernpix Koncranr a;(i >1).

B uvacTHOCTH, DOX QYHKIHMOHANLHON OYKBOH MOMKeT HO-
HUMATHLCS IeNOYKa JOTHYECKHX omepaiuii.

MiuoeCTBO IPEeZUKATHBIX OYKB BMeCTE ¢ MHOKECTBOM
GyHKONOHAMBLHEIX GYKB M KOHCTAHT HA3BIBAETCH CUZHAMY-
poli A3blKka JaHHON TEOPHH M ABAsSETCH ero cmnenmbuaeckoit
4acThIo.

Takum obpasoM, B Teopun T nepBOro HOPAZKA MOTYT
OTCYTCTBOBATL HEKOTOPHIE MM JayKe BCe QYHKIHOHANLHLIE
6yKBBI M MpegMeTHLIE KOHCTAHTHI, a4 TaKXKe HEKOTOpbIe, HO
He BCe HpeXuKATHEIE OYKBEI,

Pasnpunasie Teopuy HEepBOTO HNOPAAKA MOTYT OTIUYATEH-
cd Ipyr oT Apyra mo cocraBy GyKB B andasure.

§ 2. Tepmbr u opMyIn:

Hansueiintee onmcanue reopun T Tpebyer mpekne Bee-
ro MHAYKTUBHBIX onpepenenuit tepma u dopmynst, Tepmor

u Gopmyabl — 3TO [BA KJIACCA CJIOB MHOMECTBA E(T)

Onpenenenre Tepma. 1. IIpeagmernas nepemMenHas u
OpeAMeTHAA KOHCTAHTA CYTh TEPMBL.

2. Ecau ry, 1y, ooy T, — T€PMBI m A — CHUMBON R-MeCTHOH

omepanuu, TO Ai"(rl,rz,...,r,,) TepM.

3. Hprakux ApyrHX TepMOB, KpOMe ONpEeLeleHHBIX B
O.1un. 2, BT Her.

Coranacao ecTeCTBeHHOI HHTEPIPETANMH, TEPM ~ 3TO UMsL
HekoToporo mpexmera. KpoMe mepeMeHHBIX M HpegMeTHBHIX
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KOHCTAHT, TepMaMU HBAAKTCH IeMOYKH, 00pasoBaHHbIE U3
HepeMeHHBIX U OpPeXMEeTHBIX KOHCTAHT MOCPEACTEBOM CHMBO-
JioB omepanuii, T. K. B ToApa3yMeBaeMoil MHTEPIPETAUY OH
HMCTOJIKOBBEIBAETCA KAaK 3HAYEHHE HEKOTOpOoil GyHKILHu.
Omnpenenenve dopmynsi. 1. Ecain A — cuMBOA n-MecTHo-
ro OTHOIIeHUA (UPERUKAT UM DYHKIUS ), & Iy Fyy ey T, —

TEpMEL, TO A(rl,rz,...,r,,) — ¢popmyana, B yacraocry, ecnu A —

npexmkaTHas 6ykBa Al', TO A,-"(rl,rz,...,rn) Ha3bLIBAETCHA
aneMenTapHoit GopMmyJsoii.,

2. Ecau A v B dopmynet, To A& B, AvB, A—>B, A -
dopmyasl.

3. Ecin A — dopmyina, a y — OpegMeTHAd TNEPEeMEHHAH, |
KoTopas BXOAUT B A cBoGOAHO MIN HE COXEpPKHUTCA B A, TO
sulpaskenns VYA , 3yA — gpopmyast. ITpu srom A nassiBaer-
ca 007acTbI0 RefiCTBHMA KBaHTODA.

4. Hukakux xpyrax ¢opMyn, KpoMe ONpEAEIEHHEIX B
o. 1 - 3, mer.

§ 3. Jioruueckue M CmeHmHaNIbHEIe AKCHOMEL.
IIpasuna seIBOAA

Axcrombl Teopuu nepBoro nopaxka I pasbuBarorca Ha
IBa KJjacca: J02UYecKue aKCUoMbL U cneyuaibhble (HeIOru-
YeCKHe MU cOOCTBeHHEBIE aKCHOMEIL).

Jlormueckne axcuombi. KakoBel Onl HuM OBLIM (GOPMYJIBL
A, B u C reopuu T, caegyiomme GopMyasl ABAAIOTCA JOTH-
YeCKMMH aKcuoMamu Teopum T :

1) A> (B - A);

2) (A-—)(B-—)C))-—)((A-—)B)—)(A—)C));

3) (E-—)Z)—)((E-—)A)—) B);

4) VxA(x;) > A(t), rre A(x;) ects gopmyna Teopun T

u t ects Tepm Teopuu T, cBoGomubld B A(xi). OrmeTuM, 4TO
{ MOXKET COBIAJATh C X,, M TOTZA MbI HPHXOZUM K aKCHOME

Vx,-A(x,-) - A(x,-);
5) Vx;(A—> B)—> (A Vx;B), ecam x, He BXORMT CBo-
Goguo B dopmyny A.
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3ameuanne. Panee B raase Il 661710 mocTpoeHO Kaaccu-
yecKoOe HCUYHCJICHHE BLICKasBIBaHuil, copepxxaiqee 11 axcm-
oM. OnHako MoXkeT GbITh MOCTPOEHO MCUUCIEHHNE BHICKA3BI-
paEnii ¢ MEHBLIIMM YHCIOM aKcuoMm (B YaCTHOCTH, C JIOTH-
geckuMu axcmomamu 1) — 3).

Cneuuansasle akcuoMel. OHn He MoryT GBITH chopMmy-
JUpOBaHBEI B 06IUEM CIydae, TaK KAK MEHAKOTCA OT TEOpHH
K TEOpHH.

Teopusi mepBoro MopAAKa, HE Cojepikamjad coOCTBEH-
HEIX AKCHOM, OYEeBHUIHO, IPEACTaBIsgeT cofoil UMCTO JIOTH-
yeckyio Teopuio. OHAa HOCHT HasBaHXe HCUYMCICHUS LTpesH-
KATOB HepBOTr0 IMOPAZKA.

Bo mHormx TeopuAx, KOTOpPbIe MOTYT ObITh aKCHOMATH-
3UpOBaHLl KAK TEOPWH [IEPBOr0 HOPAXKA, HCHOMB3YeTcs Mo-
HATHe paBeHcTBa. OHO BBOZHUTCA myTeM mobaBieHUA NBYXMe-
CTHOT'O OPETUKATa « X =Y » K B CBSASH C 3TUM A06aBIAOTCH

ABe crenpmanbHble aKcuomsbl: 1) Vx (x = x) 3 2) Ecan x, y, 2, —

pasAudYHble IpeIMeTHbIC IepeMEeHHEIe B F(z) - ¢dopmysra, TO

VxVy (x =y F(x)= F(y)) .

IIpasuna sniBoma. Kax u B mcumcieHun BbLICKA3bLIBA-
HUH, 6yIeM DOJL30BATLCH HOHATHAMH BBIBOA M3 COBOKYI-
Hoctu opmya (Boickassiraupit) H, BeicKasbIBaHUs, BXOZHI-
mue B H, 6yaeM HAsSHIBATH AOOYIUSHUAMKA (MJIM MOCBLIKA-
mu). Ecyim nmocaegnuM BEICKasBIBaHMEM B BEIBoge us H cro-
T BhICKasbIBanme A, To OyaeM roBOpPHUTh, YTO NPEeRI0KEHUE

A BeiBopuMo w3 H u sammceiBats: H|-A. B uacraom ciy-
yae, ecnin H = (&, To mumyt L A.
B uncsio IpaBHI BEIBOZA TEOPHH HEPBOTO MOPALKA BKJIIO-

4alOTCHA ABAa IpaBmial
1. NipaBmino sarmrouenus (mau modus ponens):

4,4 > B
kB
2. IIpaBuo CBASLIBAHMS KBAHTOPOM BCEOOIHOCTH (MU
npaBuao 06o6ieHus):

ka4
Lva,A”
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§ 4. IlpuMeps! MareMaTHYECKMX TEOPMil
u3 aareGprsi, aHajgu3a, reoMeTpuu

1. Teopusa YaCTUYHOr0 YHOPAXOGCHUS.
Ilyers Teopuss T coZep>KUT OZHYy IIpefMKATHYIO OyKBy

A12 ¥ He CoAepRUT QHYHKIMOHANLHBIX OYKB B IpexMeTHBIX

KoHcTauT. BmecTo dopmyn Ai?(xl,xz) U Alz(xl,xz) 006bIuHO
OUIIYT X; < X9 U X £ Xg.
Hycrs T comepskuT ABe CHEHMANbHBIE aKCHOMBI:

a) Vxy(x; £ %)) ~ uppedaexTusnoCcTS;

6) Vx;VxoVxg ((xl < xz)& (x2 < x3) - (x1 < x3)) ~ TpaH-

3UTHBHOCTDb.

Beaxas Mmozens 9Toi TeOpUN HASBIBAETCA YACTMUYHO Yno-
padouennoil cmpyrxmypoil.

2. Teopusa rpymnm.

Hycrs Teopust T comepXuT OZHY IPeaUKATHYI0 OYKBY
A12 , OIHY GYHKUUOHANLHYIO OYKBY f12 U OAHY IIpegMETHYIO
KoHcTanty a,. Honbsysice npunareiMu B anrebpe oGosHaue-
HUAMH, OyAeM ITHCATH:

t = S§ BMeCTO Alz(t, s) ,

t + § BMECTO flz(t, s),

0 Bmecro a,.
CnenuanpHbiMu aKcuoMamu Teopur T' 3mech SBAAIOTCH

dopmynl:

a) VxIVx2Vx3(x1 + (g + xs)) = ((xl +x9) + x3) ~ accouu-
ATUBHOCTS;

6) Vx;(0+x; = x1) — cBoitcrBo mys;

B) Vxlﬂxz(xl +x9 = 0) — cyuiecTBOBaHHe o6paTHOrO BI6e-
MeHTa;

) V(% = x;) — pedmexcusnocrs paBeHcTBa;

) Vxl‘v’xz((xl =x3) > (%3 = xl)) - CHMMEeTPHUIHOCTD pa-

BEHCTBA;
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9 VxVayVaxg ((xl = x9) > ((x2 = x3) - (xy = xs))) -

TPAH3UTHBHOCTH DPaBEHUTBA;

*K) ‘v’x1Vx2‘v’x3((x2 = x3) - ((xl +x9 =X + x3)&(x2 +x =

= xg + xl)) ~ MORCTAHOBROYHOCTH PABEHCTBA.
Beakaa Mmozens 5Toil Teopuu HasbIBaerca zpynnoii. Ecan
B rpymne ucrmHma dopmyna Vi Vxg(x; +xg =29 +x;), To

TPYNIlA HA3LIBAETCA abenegoll WU KOMMYMAMUEHOIL.

HpumepamMu TI'pynno ABAAIOTCHS

1) MHOXKECTBO BCEX B3amMHO OZHO3HAUHBIX OTOOpamKe-
Huii MHOXKecTBa M Ha cefa, pacCMATPHUBAeMO€ BMeCTe C
onepanueii Cynepnosumuu orobpa’keHnii;

2) MHOKeCTBO Z BCEX IENbIX YHCEN, pacCMaTpPUBaEMOe
BMECTe C onepamueil CNOKeHus HeJbIX YHcen;

3) mMHOMKecTBO V2 BCEX BEKTOPOB IIIOCKOCTH, paccMar-
pHBaeMoe BMeCTe C OIlepamieil CJIOKEeHNA BEKTOPOR IO Ipa-
BHAY TPEeYroabHHKA WM apajjieorpaMma;

4) mpocrpancTeo R Bcex BEKTODPOB N-MEPHOT'O HIPOCTPAH-

CTBA C Oomepaiueil CIOKEHUA BeKTOPOB, ONIPEReNsieMOi Kak
IIOKOOPAUHATHOE CJOXKEHHE;

5) C[a,b] — IPOCTPAHCTBO HEHPEPHIBHEBIX HA [a, b] dyuk-

Fnﬁ f ¢ HopMoik “f“ = max f(x)| u oGBI9HOI omepauueii cio-
asx<b
WEHUA,

Teopusa vacTHYHOTO YIOPAAOUYEHNA U TEOPHUA TPynn
FIBJIHIOTCH 3G (eKTUBHO aKCHOMATHU3NPOBAHHBIMU, TO €CTh
MMeeTca BO3MOYKHOCTL ANIA m000#M mamuodl dopmyant ad-
(GexTHNBHO BHIACHHTL, IPUHARJEIKHUT JU OHA K YUCHY JOTU-
YEeCKUX aKCHOM,

3. Addunnana reomerpus.

HepBUuHEIMEH TEPMHHAMMU 3TOM TEOPUH ABIAAIOTCH: MHO-
KeCTBo P (eMeHTHI KOTOpPOro, HA3LIBaeéMbleé TOYKAMH, Oy-
AYT 0603HAYATLCA MPONMNCHBIMK JIATHHCKHMH GyxkBamm P,
Q, ...), MmaoxecTBO £ (3MEMEHTHI KOTOPOTO, HA3LIBAeMEbIe IIPA-
MBIMHK, GyRyT 0GO3HAUATHCA CTPOUYHBIMU JIATHHCKUMH GYyK-
BamMu {, m, ..) 4 MHOYKECTBO J, HA3LIBAEMOE OTHOUICHHUEM
HMHIAACHTHOCTH,
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CrnenpansubiMy aKcroMamu teopun T 3mech ABIAIOTCS
dhopmyibl:
a) JSPx L(< P,l>e J) ynpraerca «P Jnexur Ha {»,

unn « £ cogep:kut P», nan « / upoxoxur uepes P», unnm «P
u { MHOUAEHTHLI» .

6) dua m06bIX XBYX pasinuHEIX ToueK P U @ cylecTBy-
€T B TOUHOCTH OjfHa IpsaMan, npoxogamana uepes P u Q.

(Bynem o6Go3HauaTh TaKylo Ipamyio depes P+ Q).

B) Jlns moGoit Touknu P u mioGoit upamoit £ cymecrsyer
B TOYHOCTH OXHA IPsAMaa m, Npoxoxdaman depes P u mapan-
JensHaA upsamoi ¢ (r.e. mubo m = /£ , auBo He cyleCTBYET
TOUeK, JeKaIMX Ha 00euxX upaMeIx £ mw m).

r) Ecin A, B, C, D, E, n F — miecTs pasANuYHBEIX TOUEK,
opuieM A + B mnapaminensa C+ D, C+ D mnapamiaeiabnHa
E+F, A+C napamnensua B+D m C+ E uapanmeiabHa
D+E, 0 A+ E napannensnam B+ F.

) CymecTsyeT TpH pPasJAdYHBIX TOUKH, He JeKallfle Ha
OnHOHN TpsiMOil.

4. TeomeTpua (TeopHusi DPAaBEeHCTBA OTPE3KOB).

Hepsuutsie TepMUHEBI: MHOKECTBO S — MHOMKECTBO Beex
OTPE3KOB, U «=» — OTHOIIeHNE DABEHCTBA, TAK UTO BhIpaKe-
HHe ¢« X = I » UHTAETCA TAK: «OTPE3OK X DaBeH OTPe3Ky y».

Cuenmpansuble aKCHOMBI:

a) Vx eS(x=x);
6) VxVyvz «x = z)& (y = z) - (x = y)) .
5. AKCHOMATHYECKAA TEOPHA HATYPAAbLHEIX UHCEN, II0-

CTpoeHHasd HTaNLAHCKEM MaTemaTuroM Jxk.Ileano.
HepBonavasinHEle MOHATHA: HENyCcTOoe MHOKecTBo N,

OTHOILEHWE CIeJOBAHMA « ' » M BbleJcHHLIH smeMent 1.
Crenuaisuble aKCHOMEI:

a) Vx eN(x' #1);

6) Vavy eN(x=y > x' = y');

B) Vavy eN(x' =y’ > x = y);

r) Ilyers M c N. Torna (1 eM)& (Vx e M > x' e M) >
—>M=N.
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§ 5. MorazaTeaseTBo B TeopHHU

Jlorazameabemeo B MINPOKOM CMBICJE 3TOI0 CI0Ba €CTH
cnocob 000cHOBaHHMA HMCTUHHOCTH HEKOTOPOTO CYMIACHHH.
Crenetn yO0exMTEeNbHOCTH AOKA3ATENbCTBA pPemalomuM o00-
pasoM 3aBHCHT OT CPeJCTB, HCHOJIL3yeMbIX XISl 060CHOBa-
HUA HCTUHHOCTH,

Tak, B TOUHLIX HayKaxX BeIpaOoTaHtl olpexesieHHbIE The-
00BaHMA K SKCIEPHMeHTy, HpH KOTOPHX (hakT, IMOJyYeH-
HEIfl B pe3yibTaTe 9KCIIEPHMEHTa, MOMKET CUMTAThCH HOKa-
sapubIM. B mMaremaTnke, ns KOTOPOH XapakTepPeH aKcHO-
MaTHdecKuil MeTo[, B3IV HA AOKa3aTeNLCTBO OIpexess-
eTcs B3TJIANOM Ha aKcHOMaTHUIecKylo Teopmio. CloBso «Teo-
pusi» IIOHMMAETCH 34eCh B ONPefeeHHOM CIIeNUaNtsHOM CMbIC-
Je. TepMuH «TeopHsA» NPUMEHAIOT II0 OTHOIICHHIO K ABYM
MHOXKECTBAM BLICKASHIBaHHMIi, OZHO M3 KOTODHIX €CTh COG-
CTBeHHOE TOAMHOMKECTBO Apyroro. Boasmioe (o6nemiuromniee)
MHOXKECTBO BbICKA3LIBAHMI ONpenensaeT NPegMeTHYI0 061acThL
Teopuy, 3JIEMEHTSHI JKe MeHbIero (0XBaTsIBAIOLIero) MHOXKe-
CTBa BBICKA3LIBAHUH — 3TO BHICKA3LIBAHMA TEOPHH, KOTO-
phle CUNTAIOTCA B Hell MCTHHHLIMHA HJIH KOKasyeMbeIMK (VIH
Teopemamn). OHE OINpenenAOTCHA Kak BLICKASLIBAHMSA, BbI-
BOAKMMEIE YHCTO JIOTHUECKHM IIyTeM H3 HEKOTOPHIX 3apaHee
BLIGDAHHLIX M (QUKCHPOBAHHBLIX BHICKa3nIBaHmii, HasbIBae-
MBIX aKCHOMaMH,

B akcmoMaTHUecKOll TeOpHMH IMOHATHIO MCTHHHOCTH HET
MecTa — MOHATHE HNCTHHHOTO BHICKASLIBAHUSA HMEET CMBICH
JIAIIbL B CBA3H C BOSMOMKHBIMH IPHIOMKEHHUSIMH TEOPHH.

Onpenenenne 1 (noxasarenncrsa). [Jorxasamenvcmeom
HA3LIBAIOT KOHEUHYIO IOCIeN0BATEALHOCTD 8,5 S,y wy S, BBIC-
KasuIBaHMil paccMaTpUBaeMOHd TEOpHH, KaXKa0€ M3 KOTODHIX
anGo ABJIsEeTcH aKCHOMO, Mn60 BBIBOAUTCH M3 OXHOIO WJIH
Goslee TpeNBIAYIINX BLICKA3LIBAHMII TOH MOCHAEL0BATEIBHO~
CTH 1[0 JIOTHYECKHM IpPaBHJIaM BLIBOJA.

Onpepenensie 2 (reopemsr). Teopemoil nuam doxasyemein
8bICKA3bI6AHUEM HASBIBAEGTCS BLICKasbiBauwe, ABJIAIONICECST
Iocjae MM BLICKA3LIBAHMEM HEKOTOpPOro N0KasaTelbeTBa.

fAcuo, uro mobad akKcuoMa sABISeTCH TeOpPeMOii, Nmpu-
YeM ee AOKa3aTeJbCTBO COCTOMT K3 OZHOrO Iara.

Bruisog soickasepisaiusa C M3 IIycToro MHOMKeCTBa IOCHI-
JIOK eCTh, OUeBMAHO, AOKa3aTeJlbLCTBO BhicKasplBaHusa C.
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§ 6. NoxasyeMoCTh YACTHBIX CIyYaeB TaBTOIOTH’

Teopema. Ecau dopmyara A meopuu nepsozo nopadxa T
ecmb uacmtutilt cayiaili masémonozuu, mo A ecme meopema
& T u moxcem Guime évi8edena ¢ ynompebaenuem cxem aozu-
yeckux axcuom (1), (2) u (3) u npasuna sawxawuenus.

JMorazareascrso. Ilyers dopmyna A noaydena U3 HEKO-
TOPOi TaBTONOTHH B € MOMOIBIO MOXCTAHOBOK, B X5 X,y ooy
x, - rabop mnepeMenHbIX, BXoasaumux 8 B. Kak mussectHO, B
9TOM cJydae CYHIeCTBYeT BHIBOA B M3 COBOKyHHOCTH

H = {xl,xz,...,x,,} . CremaeM B 3TOM BBEIBOJE BCIOAY IOACTA-

HOBKH II0 CJIEAYIOMHM HDaBHIAM:

1) eciv Kakaa-oulyAL epeMeHHas X, BXOZHT B B, Tto Ha
MeCTa BCeX ee BXOKJAEHHH B KAKAYIO GopMyany BEIBOJA TOK-
crasaseM Ty dopmyay Teopun T, KOTOpas HOACTABAANACH B
B Ha mecTa BXOXKAeHUS TO# ke OYKBBI IpH MOCTPOeHHH A.

2) ecim HEKOTOpas [ePeMeHHas X, He BXOAUT B B, To na
MecCTa BCeX ee BXOXKAeHu# B MGOPMYJLI BHIBOAA IMOXCTABISAET
IIPOU3BONBLHYIO (OAHY B TY e AN NauHoil 6yKBrl) dopmyry
Teopun T. .

Honyuennas TakuM 00pasoM IOCHENOBATENLHOCTSL Gop-
Mmyx v 6yaer seiBogoMm dopmynan: A B teopuu T. Hpm arux
paccy:KeHUAX UCHONL30BAINCE TONLKO akcuoMmst (1), (2), (3)
W NPAaBHIJIO 3aKJIOYEHM .

§ 7. Teopema gemyrumu

Kax msBecTHO, B HCUMCIEeHNM BBICKAa3LIBaHMil crpasen-
JuBa
H,C-A
H-C—-> A
O1a TeopeMa Ges COOTBETCTBYIOIINX HM3MEHEHUI He cupa- |

BeIJINBA AJS IPOM3BOJBLHEIX TEOpPHil mepBoro mopazakxa T.
Hatnpumep, B M1060# TeopuM IIepBOr0 NOPAXKA Beerga

Teopema meRyKD HH:

Al-VxA , HO He Beceraa aoxasyema gopmyaa A —> VxA . Ieii-
CTBUTEJIBHO, PACCMOTPHM 06IacTh, COHEPIKAIyI0 MO Kpai-
Heil Mepe ABa saemenra M = {a, b,...} .

Hyers T — ncuucnenne npegukaTos, u nycts dopmyna

A ectb All(x). Hpounrepupernpyem All KaKnuM-Hu0yab
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¢BOICTBOM, KOTODPLIM 00JIafaeT TOALKO ajgeMeHT a. Torpa

A%(x) BHIMOJIHIMA Ha MHGIKECTBE, KOTOPOe COXCPIKHUT d, IpH

aroM dopmyna ‘v’xA(x) He BbIMOJHKMMA Ha MHOXKecTtBe M.

Opuaxko TeopeMa HeAYKIWH B TEOPHUH IIEPBOr0 MOPAAKA
HMeeT MeCTO, HO B HECKOJbKO ocaabiennoi dopme. Ilpex-
ne, uyeM QOPMYJIMDPOBATH TeOpPeMY JeLYVKIHHN IJA Teopui
epBOro NMOpAAKa, YTOUHNM MOHATHE BHIBOAA U3 COBOKYNHO-
cTit GOPMYJI B 9TOM cIIydae B JOKAKEeM ONHO BCIIOMOTraTelIsH0e
npejyioKeHne.

Pacemorpum cosokyunocrs ¢dopmyn H, A m BrIBOX H3
aToit cosoxynuoctn B,, B,, .., B . Byaem rosoputs, 4TO
dopmyna B, saBucuT OT POpMysabl A B 3TOM BBIBOJE B JBYX
caydasax:

1) dopmyna B, ectb A, u OHA BKJIOYEHA B BBHIBOJ KAK
dopmyna, coxepaxamiaicsa B copokynuoctn H, A;

2) ¢opwyna B, nonyyeHna 1o MpasmjIaM 3aKJIIOUEHHS M
CcBASHIBAaHUA KBautTopoM K3 GopmMys, npepuiecTBYIOHINX eil
B BBLIBOJIE, U3 KOTOPLIX O KpaiiHeit Mepe oxia 3aBUCHUT OT A.

Hanpumep, u3 cosokymmoctn dopmyn {VxA - C, A}

MOKHO NOJYYHTL BHIBOA
A VxA, VxA-»C,C, VxC,
Kaxpaa ¢opmMysla KOTOPOrO 3aBHCHT 0T A.

Jlemma. Ecau 6 év8ode B, B,, ..., B,_,, B u3 coeoxynHoc-
mu H, A ¢opmyna B ne saeucum om A, mo H|-B,

JloKa3aTelBCTRBO JIEMMbE IPOBELEM METOXOM MaTeMaTH-
YecKO# HHAYKITHHU.

1. Hpu n =1 yrsepiaenne cupaBefauso. J[efcTBATENLHO,
ecau B ects Buisog us H, A u He 3aBucur ot A, o ymbo B ¢ H,
6o B — poxaayemas dopmyina, u B oboux caydaax H)| I—B .

2. MpeAnoOKUM Telepb, 4YTO yTBEp:KAeHHe clipaBej-
JUBO JIs JIO00r0 BHIBOJA NAMHLI B < n U JOKAKEM ero AJis
BBIBOZA AanHEL n. Ecan npu atom B ¢ H nian B — porasye-
Mas dopmyna, To HEB. Ecan xe B monydeHa us KaKnHX-To
(omuoit nan aByx) dbopmys, mpesUIeCTBYIOUINX el B BLIBO/E,
TO OHA He 3aBHCHT 0T GOpMyanl A, TaK KaK 10 MHAYKTHBHO-
MYy NPeRIOoJOKeHHI0 He 3aBHCAT OT A Bce GopmyJnl, npex-
mecteyoue eif B Boisoge. Cregosarensuo, H-B.
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Teopema genyknuu. ITyecmo H, Al-B,u npu amom nycmoe
cyujecmeyem marxoil évt6od B uz H, A, 8 kKomopom HU npu
KaKoM npumeHeHUU npasuana C6a3bi6aHUsl KEAHMOPOM K
doprmyram, sasucauum 6 smom eviéode om A, He c8a3bL6A-
emca K6AHMOPOM HUKAKAA c80000HaA nepemenHasn, 6xX005-
waa 6 A. Tozda H-A - B,

Hoxazarenserso. Ilycrs B, B,, ..., B, |, B ecTb BbIBOX
mw H, A yaosaersopsamomuii yeaosuio reopemsl. I[okasa-
TeILCTBO TMPOBEJEM MEeTOAOM MATEeMaTHUeCKOH MHAYKIIUH,

1. Ilpu r =1 yrBep:xkgenne cupasenmuso. JeiicTBHTeE-
HO, ecan B ects BEmiBO us H, A, TO

a) im6o BeH,

6) mu6o B — pmokasyemast popmyia,

B) 6o B ects A.

B ciyuasx a) u 6) rax kax Hi-B, n gopmyna B — (A — B)
JioKasyeMa, To Mo NpaBIITy 3aKTiouenus noaysaem H-A - B.

B cayuae B) Gopmyna A > B ects dopmyna A-> A, TO
€CThL JIOKa3yeMa, M MO3TOMY BbIBOAHMa u3 H.

2. Ilpenmono:KUM TeNneph, YTO yTBep:KAEHHUE CIPABexR-
JUBO AJsA M060ro BEIBOAA AANHEL kB < n B JOKaKeM ero cipa-
BeJJIMBOCTS AJIsl BLIBOZA AJHHEI n. Tak Kak B,, B,, ..., B
B ects BeiBox n3 H, A, TO BO3MOMKHEI IATH CIydYaes:

a) BeH,

6) B — noxasyemas dopmyna,

B) B ects A,

r) B nonyuaercss M3 NpexulecTBYOIINX el B BBHIBOJAE
tdopmyn B, un Bl. (i < j < n) no mpasuny 3aKmiodeHusd,

z) B nonxydaercs u3 ¢popmynsl B,, npeamecTsymomei e
B BBIBOZE (i < n) IO HPaBHJIy CBA3LIBAHMS KBAaHTOPOM.

Jnsa mepBBIX TPex CiyuaeB JOKA3aTENLCTBO yTBEPIKAE-
HUS MOJHOCTHIO COBMAjaeT ¢ XOKAa3aTeaLCTBOM, IPOBExeH-

n-1?

HeIM s n =1. Pacemorpum uerseprhiii cayuaii. Tak kax
apecs Gopmyna B nonydaercs us aByx dopmyrn B, u B‘. npu

i<j<n, To Bj AOJKHA UMeTh BUA B; — B, npuueM crpa-
BeAJINBLL YTBEPIKACHHUS

H-A- B (1)
H|-A - (B; - B). 2
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Hcnonssys akcuomy 2), moaydum

H-(4 - (B;— B)) > (4> B)->(4->B). @3
W3 dopmyan (3), (2), (1) mo IpaBuay CHOMKHOTO 3aKII0OYe-

aud nonygaem H-A - B.
PacemorpuMm, HaxkoHen, mArsiii cayuait. Ilyets B BbIBO-

fe us H, A ects Qopmyna B; (i < n) Takafa, 4ro B ects
Vx,B; . o npeanonoxennio Hi-A —> B; u 1ubo B, He saBn-

cut oT A, 6o x, He ABAsAETCA CBOOOZHOH NepemeHHO# (op-
Myasl A,

Ecau B, He 3aBHCHT 0T A, TO COIJIacHO JieMMe, HL—BI- , B
TOrAa, NMPUMEHSA TPABUJAO CBS3LIBAHHS KBAaHTODOM, MOJY-
yaeMm H}—VxlBi ,T.e. H-B. Hanee, ucrionbsysa akcuomy 1),
umeem H|-B -> (A - B) m, cnegosatensto, H-A - B.

Ecnu x, He saiBnsierca cobonHOH mepementoi GopMynn
A, TO HCTIOJBL3YeM aKecHoMYy 5): Vxl(A -> Bi) -> (A -> VxlBi) .
Tax xak H|- A — B;, To 10 OpaBRIy CBA3LIBAHUA KBAHTO-
poM nonygaem H| I-Vxl(A -~ B) ! TOrJa 110 MPaBHIY 3AKIIO-
uennsa umeem: H|-A - VxB; wma HL- A > B.

Caexcreue. Ecau H, Al-B u cywecmeyem evi800, 013
noAYNEeHUS KOMOPO2ZO He UCNONb308AN0Ch NPAGUNO CEA3bLEA~
HUS KEAHMOPOM K CE0000HbIM nepeMeHHbiM, 6X00AuUM 6

dopmyay A, mo H-A - B.
§ 8. HuTepnpeTanua A3BIKA TEOpHH

TTox murepuperanmeil s3niKa Teopum T MOHMMAIOT BCS-
KYIO CHCTEeMY, BKJIIOUAIOMYI0 B ceds:

1. Henycroe muoxectso M, HazniBaemoe 06JaCTHIO
MHTepIpeTannm.

2, Kakoe-mu60 coorBercTsmne, KOTOpOe KaKXOMY aJe-
MeHTY s3blKa Teopuu T CTaBUT B COOTBETCTBHE eXHUHCTBeH-
HE a71eMeHT MHOXKectBa M, T0 ecTs dyuruuio f ¢ obiac-

THIO ONpeneIeHns <A(T),E(T)) X MHOKECTBOM 3HAueHWIA,
copeparanmMesa B M.
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B yacrHOCTH, KaXKO0il mpexmKaTHOi OYyKBe AJ'-’ €

€<A(T), E(T)) CTaBHTCA B COOTBETCTBHE HEKOTODPOE N-MECT-
HOe OTHOmIeHue B M, Kaxmold QyHKnHoHambHOU OyKBe

fjn € (A(T), E(T)) CTAaBUTCH B COOTBETCTBHE HEKOTOpas n-me-

n
cruas onepamus B M, To ecth Gdyukuma M —> M p kax-
IOit IpeaMeTHOH MOCTOAHHOHR @, — HEKOTODEIH amement u3 M.

Hpr s3agaumoii HuTepHpeTanyUu MpeAMeTHLIE lIepeMeH-
Hble PAaCCMATPHBAKITCH KaK lepeMeHHule, Ipoberamomniune
obacts M, a cuMBOJIaM JIOTMYECKHX M KBAHTODHBIX Oliepa-
nmit npuxaercs uxX OGLIYHLIA CMEBICIH.

Jas Takoit muTepuperanuu Besakas ¢opmyaa 6e3 eBo-
0OAHLIX INepeMeHHbLIX, T. €. 3aMKHyTas dopmyJa, MpeacTas-
Jser co00il BrIcKa3bIBAHKME, KOTOPOE UCTHHHO WM JIOKHO, a
Bearasa Gopmyaa co CBOGOLHLIMHI IMEePEMEHHLIMH BBLIpaXKaer
HEKOTOPOe OrHomeHHMe Ha o0JacTH HHTepHperanuu. ITO
OTHOIIEHVEe MOMKeT ObLIThL MCTHHHO IS ONHMX 3HAYeHH u3
00JIACTH HHTepPUPeTAUN M JIOKHO AJS APYIHUX.

Hanpumep, eciti 834Th B KauecTBe OGJIACTH MHTEPIPETAIN
MHOKECTBO LENEIX MOJOKHTENLHBIX YVCeI U HHTEPIPEeTUPOBATE
Alz(xl,xz) KaK OTHOIIeHHe X3 < X3, TO Alz(xl,xz) HCTHHHO
JUIA BCeX YHOPSAQUEHHBIX ap (a, b) TNOJIOKATEILHLIX YHCENX
TaKux, 4To a < b, a ¢dopmynaa ‘v’szlz(xl,xz)npencTaBnaeT co-
0oif oTHOLIEHUE «[JId KAMIOr0 HEJIOr0 MOMOKHTEILHOrO X
xy < X9 », KOTOPOE MCTHHHO TOJBKO I OfHOro uucia 1.

W, nakouen, dopmyna Elleszlz(xl,xz) YTBEpPKAaeT
CYIIIECTBOBAHNE HAMMEHLIIEro MOJOMKHTEIbHOr0 UYKCIa B B~
eTcs MCTHHHOM Ha MHOMKECTBE HEeJIBIX MOJIOMKHUTENILHLIX YHce.

§ 9. McTuaHOCTHEIE 3HAUYEHMA (QopMyl
B mHTepnperauuu. Mogexs Teopuu

Hycrs nana "Hexoropas unTepruperanusa ¢ obaacreio M,
a G — MHOMKECTBO BCeX CUETHLIX NOCHefoBaTeNabHoCTell aie-
menTtoB 3 M. OnpexenuM IOHATHE BHIIOIHUMOCTH Gopmy-
JbI A Ha TocnefoBaTeNLHOCTH S = (bl,bz,...,bn,...) eG.

dyurnusa S* OAHO nepeMeH O, OIIpeesieHHasa Ha MHO-
JKeCTBe BCeX TEepPMOB €0 3HauenusmMu B M, oupenensiercs
MHIYKTHUBHO CIeAYIOIINM 00pa3oM:
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1. Ecnm Tepm ¢ ecTs npenmersHas nepeMeHHasl X,, TO
*
*
2. Ecan repM ¢ ecTh mpeaMeTHasi KOHCTAHTA, TO S (t)
COBIIaJlaeT ¢ MHTeplperapueii aroif KoHcTauTe B M.

3. Ecan f]-n ecTs QyHKnHoHaNLHAA GYKBa, HHTEDIPETH-

pyemas ouepanueir g 8 M u t, t,, .., {, TepMbI, TO
S*(fjn(tlg t2""’tn)) = g(S*(tl),...,S*(tn)) .

TaxuMm 06Gpa3oM, S* — aro Qysxpua, ounpexensgemas
MOCJIEROBATEILHOCTLIO S M OTOOpaKaIoNasd MHOIKECTBO BCeX
TepMOB B M.

IIpocTo roBopsi, KJis M0G0 MOCHAEJOBATEILHOCTH S =
= (bl,bz,...,bn,...) n gnsa godoro t S*(t) €CTb 3JIeMeHT MHO-
secTBa M, KOTODBHIH IOJydaeTcsl B Pe3yjbTaTe MOACTAHOB-
KH OpU KaXKIOM i diieMeHTa bi Ha MecTa Bcex onmneunﬁ_
NepeMeHHO# X, B TepM { U 3aTeM BLINIOJHEHHWS BCEX omepa-
UMl maTepnpeTanny, COOTBETCTBYIOMINA QYHKIIHOHAILHBIM
oyxkBam Tepma i.

Hanpuwmep, ¢ ecTs fzz(x?,, flz(xl,al)), 06JIaCTBI0O MHTED-

TIPETALHH CIYIKUAT MHOMKECTBO HENbIX Yuce, f22 HHTepIpe-

THUpPYeTCs KAaK O0bLIYHOe YMHOMKeHUe, f12 —~ Kax CJIOXKeHHe, a

a, xak umecnc 5. Torpa muas BCAKGH IIOCIeN0BATEILHCCTH

S = (bl,bz,...,bn,...) LeJIBIX YHces S*(t) npexcTaBiaseT co-

Goit menoe gucro bz x (by + 5) .

Onpegenum Teneps MOHATHE 6biNOJHEHHOU opmynvt,
chenys MHAYKTHBHOMY oOlpeneneHuio ¢GopMyJsIsl.

1. Ecnn A ects onemenrapnas dopmyna Af (t1,ts,...,8,)

u BJ'-' eCTh COOTBETCTBYIOIIee €il OTHOIIeHHe B HHTep-

nperapun, To GopMysIa A cUHTAaeTCHA BLIIOJHEHHOH Ha
nmocjezoBaTelbHOCTH S TOrga W TOJNLKO TOrga, Koraa

B}’(S*(tl),S*(tz),...,S*(t,,)) npuHaANexuT oraouenuno B .
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2. ®opmyna A BblNosHeHa Ha S TOrga U TOJIBLKO TOT[A,
Korga dopmyia A se BoionHeHna Ha S.

3. ®opmyna A —> B soimonHesa Ha S TOrga M TOJIBKO
Torga, Korma dopmyiaa A He sBuIlnoddeHa Ha S HIM Korja
dopmyna B soinonmena Ha S.

4., dopmyna Vx;A BbINOJHEHA HAa S TOrAA H TOJBKO
Torga, Korxa dopmysna A BoIoNHeHa Ha JIOGOH mociaexosa-
renpHoeTH 3 G, oTumyatomeiica or S He Gosee, UeM cpoel
i-ofl KOMIOHEHTOIA.

Orcrona AcCHO, 4TO GopMysna A BEINOAHEHA HA HOCIENO-

BATeJIbHOCTH S =(b1,b2,...,b,,,...) TOrgKa ¥ TOJLKO TOrja,
KOrja MOJACTAHOBKA IPH Ka)XAOM i CHMBOJA, IPEACTaBIAIO-
mero b, #Ha mecTa Bcex cBOOOAHBIX BXOKIEHHH X, B A npuso-
AUT K HCTMHHOMY B JAaHHOII HHTEDPIDETANNH IDEII0KEHHIO,

Onpepeaenne 1. @opmyna A Ha3pIBaeTcs UCMUHHOU (B
AAHHOH MHTEepUpeTANHN) TOCAA U TOJLKO TOrAa, KOrAa OHa
BLINOJIHEHA HMa BCAKOH unocsiexoBatenbHocTH U3 G.

Onpeaenenve 2, ®opmyiaa A HasbiBaeTcs JAO0NCHOU (B
JAHHOI HHTEPUpEeTAllH), eCJM OHA He BLIMOJHEHA HM HA
oxHMoH mocaexoBaTenbHocTH n3 G.

Mopeas Teopumu.

Mopensio Teopuy HA3LIBAETCH HHTEPIPETALMS A3BIKA
3TO# TEeOpHH.

IIpome rosops, nMes HEKOTOPYIO Teopuio T, Mul upm-
HACHIBAEM I1ePBOHAYAJILHBLIM MOHSITHAM 3TOH TEOPHH HEKO-
TOpSI HOBBLIA cMbIca. Ecjn HeKOTOpas COBOKYIHOCTE upen-
METOB M OTHOIIeHM: MeXAy HUMHK, BHIOpaHHLIX B KauecTBe
3HAYEHNI MePBOHAYAJILHBIX MOHATHI aKCHMOMATHYECKOil Te-
OpHH, T. €. B KaUeCTBe ee HMHTEePIPeTalnH, YXOBIETBODPSAET
BCEM AKCHOMAaM TeOpHM, TO OHA HA3LIBAeTCH MOJeNbi0 KAaH-
HOH aKCuOMAaTH4YeCKOH TeopHu,

Tak, paee Mbl OIpeJeNNaAn aaredpy Byasa B Hoaydnian
IBe ee Mogenu: airebpy JOruKu u anre6py muokecTs. Unu
B § 4 GBUIH paccMOTpEHEI PA3ANUYHLIE MOJEJIH TEOPHH PYIIIL.

§ 10. Hsomopdusm mHTeprperanuii.
KareropuuHocTs Teopun

Onpepeneane 1. Unrepnperamusn I, panuno# teopuu T
[epBOro MOpAAKA U30MOpYHA ApYyroi murepuperanuun I,
Teopun T, ecam CyIlecTByeT TaKOe B3aMMHO ONHO3HAYHOE
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oToGpakenvie g (HasniBaemoe uszomopgusmom) obmactu M
nurepuperanuu I, Ha ofmacts M, uHTepupeTanyu I,, ur

1 2
1. Ecin (A]") " (A]") HHTePIpeTauy IpequKaTHOR GyE

BBL A}’ coorsercTBeHHO B I, u I,, To KaroBul O HM GeLIn b

1
b, .., b, u3 M, (A]") (bl, bz,...,b,,) BBITIGJTHEHO TOT/IA ¥ TOJL

KO TOrAa, KOTAA BLIIOJHEHO (A}')z (g(bl), (g(bz), ey g(b,,))
2. Ecan (fj")1 u (fj")z ~ uETepnperanyy QYHKIMOHAILHC

Gyksbt f; coorsercrsenro B I, u I, To pist moGkX b, b, ...,

w M, (fj")l(bl,bz,...,b,,) - (fj")z(g(bl), g(ba).--..2(b,)) 3

3. ecau a} u a;? — WHTePHIpeTanvy NpegMEeTHOH HOCT

AHHOM cooTsercTBenno B I, u I, To a? = g(a}-).

flcno, uro ecnn nnTepuperamuu I, u I, nsomopdusl,
ux ofjgacTy UMeEIOT OAMHAKOBYIO MOIIHOCTb.

Onpenenenue 2. MaTtemaTuueckas tecpua T HasnIBac
CsL KamezopuyHoii, ecyivi Bce ee MoJeau m3oMop(pusbl,

Onpegenenne 3. Ilycts 4 — MOIHOCTH HEKOTOPOrO ME
&ectsa. Teopusa T nepBoro nopaxkKa Has3bslBaeTCH U-Kame.
puuroil, ecaun

1) Treopus T nmeeT XOTs ObI OJHY MOAeIb MOIIHOCTH

2) Beakue nse monenu Teopuu T, MMeOIHE MOIHOC
M, nzomopdHLI.

Hanpumep, Teopusa rpynn HeKaTeropuyHa, T.K. ¢
IecTBYIOT HendoMopdurle rpyunsl. OgHaKo MOMKHO I0l
PHTH, UTO TEOPHUA CPyNN KATEropyuHa B HEKOTOPHIX MO

HOCTAX, B YACTHOCTH, B MOHIHOCTH U =3.

Teomerpua EBrimpa ssisercd KaTeropuuHoOM Ma'
MaTudeckoil Teopueit. JlioOkie ee xBe MOxeIN MIOMOL
HBI. JleficTBUTENBHO, HETPYAHO MOKA3ATH, UTO JI06ad 1
Aenr reomerprm ErKauza maoMmopdua apudMeTnuecH
MOJenH.
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BosbMeM B ZaHHOI Mojeny OPAMYIO U Ha Hell GUKCUpPY-
eM Toury 0, 3aTeM Ha 2TOil NpPaAMOil BLIOMpaeM TOUKRY ¢, OT-
a4y or Touku 0. Orpesox 0/ npumeM 3a eguHULy. BI-
Oupas mMOJIOKHTEeSbHOE HalpaBJeHUE Ha IIPAMOIl, HONYUYNM
YUCJIOBYIO OCh. _

Jlse B3aMHO NePHEHAUKYJIADPHBIE YHUCAOBLIE HPSMBIE
(apamoyronbHas AeKapToBa cUCTEeMa KOOPAMHAT) MO3BOJA-
IOT KaXKJA0H TOUKe IUIOCKOCTH NMOCTAaBUTHL BO B3AUMHO OAHO-
3HAYHOE COOTBETCTEBUE KOOPAMHATBI HTOM TOUKM, & KaMOOMH
npsaMoi Ha MJIOCKOCTH — ypaBHeHme 910l npamoit. Touno
TaK)Ke [MOCTymaeM M B Apyroii mogenu reomeTpuy Esxnupa
Ha IJIOCKOCTH,

YceragHoBUTE M30MOPGHM3IM MEMNY PA3HLIMU MOJACIAAMU
reomerpun EBKnnga mo3BosAeT OAHO3HAYHOE BREEJeHUE aHa-
JATHYECKOI reOMeTpu.

§ 11. IIpoGaeMsl HEMPOTHEOPEIUBOCTH,
HOJHOTHI, Pa3spelinMOCTH TeopuM

1. IIpoGiemMa HemPOTHBOPEUHBOCTM,

Teopua T HasbIRaeTca npomuéopexusoil (UIU Hecos-
MecmHoil), ecli OHa COASPIKUT TaKoe BLICKA3bIBaHME S, 4TO
n S, 1 ero oTpuLaHue 'S aBunaioTcs Teopemamu., B npotus-
HOM ciy4ae Teopust T' maswmiBaeTca Henpomueopeuueoii. Ta-
KuM obGpasoM, teopusa T HasnlBaeTCA HeUPOTHBOPEUMBOI,
ecnu B Heli HeT TAKOro BhICKasbiBaHua S, uto 1 S, u S
ABIAIOTCA TeOpeMaMu.

Tak kak Teopus T OfHUM u3 NMPABUA BHIBOLA COAEDIKUAT
NpPaBUI0 3aKJIIYEHUA, TO B NMPOTUROPEUNBOIl Teopuu JI000e
Npe/iJioXKeHUe TaKOil TeOpum ABIAeTCA TeopeMoit. [eiicTBu-
TeNbHO, AJNA A060ro npemnoxenus A reopuu T' S — (S - A)
eCTh TeopeMa, T.K. 9TO BHICKA3BIBAHUE TABTOJOTHHA. YUUTHI-
Basd, 4TO 37eCh S 1 S — TeopeMs! u NONB3YACH ABaMKBI Opa-
BIJIOM 3aKJIOUCHUA, ITPUXOAUM K BBIBOAY, uTO A — TeopeMa.

I akcruoMaTHYeCKUX Teopuil BOnpoc o6 mx HempoTH-
BOPEYHUBOCTH BO MHOTHX CIyYafX yAaeTcs PEIuTh C [IO0MO-
mpI0 NoHaATHA MOgenu. B camom mene, ecin Teopus T mipo-
THBOPeYHBa, TO Kaskfasd ee MOJENHL COACP:KUT MPOTHBOpE-
yue, T.K. apa IPOTUBOpeUalliiX APYr APYry TeopeM Teo-
puu OepeBOAKUTCHA B ABa IPOTUBOPEYAINUX APYr APYry BEIC-
KasplBaHUA O MOJenu. 3HAYUT, TEOPUA HENPOTHBOPEUUBa,
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ecJIM [JIA Hee MOYKHO yKasaTh CBOOOZHYIO OT NMPOTUBOpeuuil
mopens. UMeHHO Tak HOKasbIBAJach HAMH HEIIPOTHBOpeuu-
BOCTb HMCUNCJEHUS BLICKa3bIBaHUM.

Ecnu piist Teopun T MOMKHO HaiiTU TAKyl0 HHTEDIpeTa-
w®I0, 4TO uHTepnperanueit T sBIAeTCS KOHEYHOE MHOMKE-
CTBO, TO BOIIPOC 00 OTCYTCTBHU HIPOTHMBOPeumii B MHTepHpe-
TanUi pelraercs MPAMBIM PacCMOTpeHHEeM KOHEYHOro MHO-
sxecrBa. Tak, OLHODJIeMeHTHOE MHOMKECTBO, COJep:Kamiee
efMHCTBEeHHBIA sJeMeHT {, BMeCTe ¢ OmpejesieHHON Ha HeM
omepauei /-{ =/{ ABIAETCA MOJENbIO TeOpUU I'PyNI, JH-
reHHOH HIpPOTUROpeuYuil, U, CHefOBaTEeNbLHO, TEOPUA IPYIIL
Hemporueopeunia. OMHAKO 4acTO JOKAa3aTEIbLCTBO HEMPOTH-
BOpEUHBOCTH MOjfciu TpeGyeT OyeHBL CIOKHBIX DPaccyxje-
guii. B uacTHOCTH, BTO OHIBAET B ciaydyae, Korga Teopus T
MMeeT TOJMLKO OecKOHEuYHble MOJesN.

Tak, BOOPOC O HempoTuBopeumBocTu reomerpun Jioba-
YeBCKOro MOYKHO CBECTH K BOIPOCY O HEMPOTHBOPEUYMBOCTH
reomerpu EBxauga, ecau uCHONbL3OBATH A MHTEDIpETa-
nuu reomerpuu Jiobauerckoro cpepctsa reomerpuu Eskiu-
ia, WiX K BOIPOCY O HEMPOTHMBOPEUMBOCTHA MHOMKECTBa Heii-
CTBUTEJILHBIX YMCeJN, €CIH MCHOJb30BaTh COOTRETCTBYIOIIYIO
HHTEepIpeTanumo.

Keratuz cKasaTh, 4TO HeNPOTHBOPEUYUBOCTL I'€OMETPHUH
EBxknusa 1 HenPOTHBODPEUUBOCTE TEOPUHM AeHCTBUTEJIBHBIX
YuBces 10 cUX HOP He AOKasaHa.

2. IIpoGnema nmoxHoTsl. B npesgmosnoxenun, 4YTO HENPO-
TUBOPEUNBOCTh HEKOTOPOH Teopum /[0KasaHa (MU CYUTAET-
CfI, 4TO MOXKeT ObIThL AOKa3aHa) MMeeT CMBICJ HOCTABUTH
npobyiemy MOJHOTH TEOPHUH.

Onpenenenne 1. Teopus T HaguiBaeTca abCoNIOMHO NOA-
Hoil, ecnu aua moboro BeickasbiBanua S 5Toll Teopuu unu S
umz S ecrs TeopeMa.

910 ompejesieHUEe YUUTLIBAST TO OOCTOATENHLCTBO, UTO
Jo0oe BoIcKaseiBaHue S Teopuu T Oyiayum mHTEPIDETHPO-
BaHHON B HEKOTOPOIl MOjeNy OKAa3nIBAeTCs MAU MCTUHHEIM,
nwnu nokesiM. Ho Torga miau S, mnin S AOMWKHO GBHITH Teo-
pemoit B Teopuu T.

Teopus, ABNAIAACT OFHOBPEeMeHHO HEIPOTUEOPEUNBOM
¥ IOJHOH, OyAeT MaKCUMAJLHON B OTHOIIEHNY HEIPOTHBODE-
YHBOCTH — B TOM CMBICJe, UTO A0OaBJeHHe K Takoll Teopuu B
KauecTBe aKCHOMBI JIO0Oro mnpefsoskeHusa, KOTOpoe MOMKHO
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chopMyaIupOBATh B DTOH TeOpuH, HO HE ABIAIOIIErOCH ee Te-
opeMoii, MPUROAUT K OPOTHEBOPEUYUBOIl TEOPUH.

OrmeTuM, 4TO AN MHOTHMX MaTeMaTHYECKUX TeOpHii Ha-
Jiuuyie OZHOBPEMEHHO OGOHX KauecTB (HEIPOTHBOPEYHBOCTH
¥ MOJIHOTHLI) HE MMeeT MecTa.

Onpenencune 2. Axcuomarideckas TeOpus Ha3biBaer-
¢ NOAHOIL 6 Y3KOM cMbicae, eciu poDamBlieHUEe K ee aKCHO-
MaM J060ro HeJOKasyeMoro B Heil YTRePKAeHUA ¢ cCOXpaHe-
HHUEM B Heii BCexX MPaBUJI BRIBOAA IPHBOAUT K HMPOTHBOpEUH-
BOit Teopuu. Beaxaa aGcooTHO monHas Teopus Oyner IoJi-
Ha ¥ B y3KOM cMbIcje. JleficTBuTenbHO, MyCTh HEKOTOpad
abCoJIIOTHO MOJMIHAA TEOpUs He MOJHA B y3KOM cmbiciae. Tor-
Ia Haiigerca Takoe yreepkjenue U a10il TeOpuu, HefOKa3y-
eMoOe B Heil, 4TO HOBadA TeOpud, MOCTPOeHHAA Ha OCHOBE Hpe-
KHHUX aKcuOM m yTeep)kaeHuA U B KauecCTBe HOBOH aKCHO-
MBI, Henporusopeuusa. Torma U npuBapneXuT HOBOH Teo-
puu. Kpome TOrOo, B cBA3KU ¢ abCONMIOTHOH MOJHOTOH HMCXOX-
HOH TeopHu# 1 HeJJOKa3yeMOCTbIO B Heil yTeepskaeHua U Oyger
noxasyeMo yreepxkaenue U . Taxum o6pasom, B HOBO Teo-
pun oxasanmcs foxaszyemeimu U u U, r.e. monyyunu npo-
THBOpEune.

3. IIpo6arema pa3pemImMOCTH.

ITpobnema paspemuMOCTHd SARIAETCA ANTOPUTMUUECKOMN
poGieMoil, B KOTOPOH ANA 3aJaHHOrO MHOKecTBa A Tpely-
€rcA TNOCTPOUTH AJIOPHUTM, paspeniaioiinii A OTHOCHTEILHO

Apyroro MHOXKeCTBa B, BRIOUaomero A(A c B) , T.€. TaKoi

anroput™ U, KOTODHIi HPUMEHHM KO BCAKOMY DJIEMEHTy U3
B, mpuuem U(x)=1,eciu x c A m U(x)=0,ecmm x e B\ A.
IIpocTeiimum npumMepoM OpolbieMbl PaspeniuMOCTH SB-
JaAeTcA npobieMa paspemiuMOCTH ajareOphl JOTHKH, B KOTO-
poii OHa COCTOMT B OTBHICKAHUM AJI'OPUTMa, MO3BOJISIOIIErO
Ui Kaskao# GopMyssl anreGpel JOTUKM YCTAHOBUTH, ABJSA-
eTcs Jiv OHa MJIM TOXKIeCTBeHHO UCTHHHOMN, UM TOX/EeCTReH-
HO JIO}KHOI, M BHITOJNHUMON. Ba)kHbIM KJIACCOM aJIrOPUT-
MuYecKuX npobiiem ABIseTCA mpobiieMa PaspeninMOCTH AJNA
dopMaTBHLIX TEOPUi, TO €CTh NpobieMa pPaspenitMOCTH A
MHOXKECTBa BCeX NOKasyeMbIX (BBIBOAMMEIX) B Teopuu ¢op-
MyJ (MHOKECTRO A) OTHOCUTENEHO MHOMKECTBa BeeX BopMyn
teopun (MHOXecTeO B). Brimie oma Oplila paccMOTpeHa s
aKcCHOMaTHYeCKONl TEOpUM MCUUCIeHHUA BHICKA3BIBAHMM.
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§ 12. HenmpoTHROPEIHBOCTH MCIACICHAA NMPSAUKATOR
(Teopun Ge3d cHeNMAJBHBIX AKCHOM) '

Teopema. Bearxoe ucuwucnenue npedurxamoe nepeozo no-
padka T nenpomueéopexuso.

Jokaszarentcreo. na npouseonsHOll GopMynast A o6osHa-
yum uepes H (A) BRIpaXKeHIe, KOTOPOe NoJy4yaeTea us Gopmy-
JBI A nyTeM crefyIomiero ee npeobpasosamus: B dopmyne A
OIIyCKAIOTCS BCE KBAHTOPLI M TEPMBI BMECTE ¢ COOTBETCTBYIO-
muMi cxo0xkamMu u 3anaTeiMu. Tak, Hanpumep, opmyna

VxAlz(x, y)—-> A}(z) B pesyJsTarTe TakKoro mpeodpaszoBaHuUfA

npumer Bup AZ —» Al, T.e. H(Vfo‘(x, y) > A%(Z)) ecTs
A? - A}, a bopmyna H (EltAg(x, y,t) > A;}(z)) ects A3 > A}

w r.. Sleno, uro H(4) = H(A) u H(A - B)= H(A) - H(B).
Jlerko BuzETh, UTO ANA QOPMYIL HCIHUCICHUA NPEAUKATOB A

dopmyna H (A) ecTb GopMysia MCUKUCICHU BHICKA3BIBAHUIH, a
JUIST BCAKOM AKCHOMBI A, IOJyUYeHHOR n0 KaKoi-Hnbyae u3 cxeM

¢ nomogsio akcuom 1) — 5), H (A) SIBASIETCS TABTOJIOTrHeil. D10
OueBHAHO JnA arcuoM 1) — 3). ns axkcuomsel VxA(x) - A(t)
dopmyna Hi (VxA(x) - A(t)) ecTh A —> A, T.e. TABTOJIOIHA, &
ANA aKCHOMEIL Vx(A - B(x)) - (A - VxB(x)) dopmyna
H(vx{4 - B(x)) -> (4 > VxB(x))), ects (4 - B) > (4 - B),

TO eCTh TaKKe TaBTOJOI'HA.
Kax u38eCTHO, B HCUMCJIEHNH BHICKASLIBAHU IPABUJIO 3aK-

JIIOYEHNs, pUMeHeHHOe K TaBToJIoTHAM A, A -» B mpusogut

K ratonormu B. Taxum ofpasom, ecnu H(A) u H(A - B)
sBIsoTes TaBTONorMAMY, To H(B) — raBroorns.

W, naxomem, ecnu H(A) TABTOJOTHS, TO M H(VxA) -
TaBTOJIOTHSA, TAK KAaK Pe3yJbTaThl IpUMEHeHUS OIeParuu
H x Au VxA copmnagaror.
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CremoBaTenbHO, eciau A ecTh TeopeMa B HCUUCICHUU

npenuraros, to H(A) — rTasrtosorus.
pex

W3 cxkasaHHOrO caejyeT, 4TO ecju Obl B HMCUUCICHHU
OPeAUKATOB cymiecTsoBana (opmyna B rarkas, 4TO B 2TOM
Teopuu Owinu Gbl gmoKasyembl B n B, ro BBIpaIKEHUA H(B)
u H (E) 6oy OB TABTOJIOIMAME B MCYUCIECHUU BBICKA3LI-
Bauuii, TO eCTh JoKa3yeMbiMu POpMyIamMu, YTO HEBO3MOMKHO.
3HauuT, UCUMCJCHUE IMPEJUKATOB HEeHpOTHBOPEYUBO.

3ameuanne. Onepauus H parHOCHMIBHaA HMHTepHpeTa-
MK VCUHCJEHHA NPeAMKATOB B O0JacTu, cocToAmieil u3
ofHoOro sneMeHTa. Bce TeopeMBl UCUHMCHEHHA NPESUKATOB
UCTUHHBI B TAKOil MHTepHpeTamuH.

§ 13. Teopua HATYPANLHBIX YHCEN

B nocrpoernu Teopuu HATYpaJbHBIX 4Ymcesl OOBIYHO pac-
cMaTpUBaeTCs ABa IMOAXOAA: TepBLIi U3 HUX OCHOBAH Ha pac-
CMOTPEHHH HATYPAJLHBIX YHCe)I KaK MOIIHOCTEH KOHEYHBIX MHO-
JKeCTB, a BO BTOPOM MCHOJL3YETCHA AKCHOMATHYECKUIT MeTOX.

AEKcuoMaTH4eCKOe MOCTPOeHNe apu(MeTHKH HaTypasb-
HBIX uHcesl OOBLIYHO CBASLIBAIOT ¢ umeHem IleaHo, XOTA aK-
cuoMaTHUYeCKas XapaKTepHUCTHKAa HATYpaaibHOrO paxa He-
muOro pamee (B 1888 r.) 6oina gana JlefeKuHAOM.

HAsoie Hauboyee ynorpedMMOro BapuaHTa aKCHOMATH-
Ki HATYPaJbHBIX YHCEN COJAEPKUT KOHCTaHTy 0, YnucroBbie
HepeMeHHLIe, CUMBOJI PaBeHCTRBa, (DYHKIMOHAAbHEBIE CHMBO-
ael +, + , | (;IpuGaBieHue €AMHMIBI) U JOTHUYECKIE CRASKMU.

TepMbI cTpoaTcA U3 KOHCTAaHTH 0 M rTepeMeHHEBIX ¢ IOMO-
b0 GYHKIUOHANBHBIX CHMBOJIOB. B uacTHocTu, HaTypais-
Hele uncnaa usobpaxkarorea Tepmamu Buga 0, 0, 07, ...

OnemenTapusiMu (GopMyNamMu 3AeCh ABIAIOTCA paBeH-
CTBa TEPMOB, OCTANILHBIE (JOPMYJBI CTPOATCA M3 dIEeMEHTAp-
HBIX C NOMOIIbLIO JIOrHYECKuX CcBABOK &, v, —», —, V, 3.
DopMyaBl B aKCHOMaTHUYECKOH TeOpHU HATYPANLHBIX 4Yucen
HasuBawT apudpmernueckumu (GopMysaMHu.

Tagum 0OpaszoMm, 5Ta TEOPHUA IEPBOro IMOPAIKA UMeeT
OjlHy IpefuKaTHYI OyKBY Alz , EIUHCTBEHHYIO NPEAMETHYIO
KounctalTty 0 u Tpu QYHKIHOHANLHBIX GYKBHI ﬂl, f12, f22.
Ho nonb3yAck NMPUBLIYHBIMH B apudMeTHKe OGO3HaUeHUA-
Mu, GyzeM nucars:
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t =8 BMeCTo A12(t, 5),
t' BMecTO fll(t),
t+8§ BMeCTO flz(t,s),

t-8 BMeECTO f22(t,s).

CrnenuaibHbIe AKCHOMEI, .

Cucrembr axcuom IleaHo BMecTe ¢ HEeKOTOPBHIMH TIOJNO-
IKeHUAMH TEOPMH MHOMKECTB BHOJIHE MOCTATOYHO HE TOABKO
JUIA NIOCTPOEHUS TEOPUM HATYPAJBHBIX 4YHCes, HO U Teopuu
paloOHaNLHEBIX, JeHCTRBUTENbHEIX U KOMIJIEKCHBIX YHCeN.
Onuako B axcuomax Ileano copepikaTca MHTYUTWBHEIE I10-
HATUSA, TaKkue, Kak HaupuMep, «CBOMCTBO», HUTO JHUIIAeT
cucteMy crpororo dopmaibHOro moaxoxa. B ceasm ¢ stuM
OyseM paccMaTpHUBATEH TEOPUIO HATYPAJLHBIX YHCE, KOTO-
pad OCHOBaHA Ha cucTeMe akcuoM Ileano, HO HecKoJIbKo Gosee
KOHKPETUIUPOBaHa., OTa TeOPUH COHEPIKUT CHREAYIONUE Cle-
HUANbHBIE AKCHOMEIL:

x1=x2—->(x1=x3—->x2=x3);

x5

Xy = X9 > X

’
0¢(x1);
2 = x5 > 01 = 2

Xy +0=x1;

'
x1+x'2=(x1+x2) H
x:0=0;

X} xh =2y Xg + Xy

A(0) > (Vx(A(x) - A(x')) - VxA(x)) ,

coooqa‘cn.hwml-n

e A(x)— npou3soabHan (opMyJsia TeOpHU HATYPaNEHBIX

qnce.

Ormerum, 9T0 aKcuoMmbl 1-8 ABNATCA KOHKPETHBIMHU
dopmynamu, a arcuoma 9 ABIAETCA CXEMOHl aKCHOM, IO-
PoxAammeil GecKoHedHOe MHOMECTBO aKCHOM. Ee o0ObIuHO
Ha3bIBAIOT NPUHIKUIOM MaTeMAaTHYECKON MHAYKIWH.
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Axcuomel 1-2 ofecneunBaloT HeKOTOpbie HeODXOAMMEIe
CBOMCTBA PaBeHCTRBa (B HMCXO[HON cucTeMe axcuoM Ileano-
Hesexunpga 3TH cBOICTBa paBeHCTBa HPEAIOJarajuch HHTY-
HTHUBHO OUYEBHUIHLIMHU),

Axcuomer 5-8 npexcrasaaior coboii peKypcuBHbBIE pPa-
BEHCTRa, CHAyXKaI(ue ONpeNeJeHuAMH onepamuil ciaoxeHus
B ymMEOKEHuA (B umcxonuoi cucreMme axcuom Ileano-Ilene-
KuHIa Hofo0OHBIE aKCHOMBI He (GOpPMyJaupOBANNCH, T.K. J0-
MyCKaJoCh HHTYUTURHOE MCIOJIb3OBaHMe TEOPHUM MHOXKECTB,
B KOTOpOI cymiecTBOBaHHUe omepanuii + u -, yAOBJIETBOPAIO-
mMux axcuoMam 5-8, BBIBOAMMO).

W3 axcuoMbl 9 MOYKHO HONYYUTS U CAeAyIOniee MIPaBuio
nuayknun: Ecan A(O) n Vx(A(x)—»A(x’)) , TO VxA(x).

Cpencrea chOpMyINPORAHHOH TEOPUM HATyPaNibHbIX UH-
ceJl OKasbIBAIOTCA JOCTATOYHBIMM [IJisl BBEIBOJA TeOpeM, ycra-
HOBJIEHHBIX B CTAaHAapTHBHIX Kypcax 5SJAeMEHTapHOH TeopuH
uncesn. B HacTOsMee BpeMa HeN3BECTHO HHU OJHOU cOopepIka-
TeJLHOM TEOPETHMKO-YUCJOBOH TeopeMbl, KOTOpasa He Oblia
OblI BHIBOAVMA B AKCHOMATHYECKO# TeOpuM HATYPAJLHBIX
quces.

§ 14. Teopema I'énena o senoaHOTE

ITox Teopemoii I'énenis 0 HemONMHOTE MOHUMAETCA OGBIYHO
o0mee HazraHme AByX TeopeMm I'épens.

IIepBaa Teopema I'énena (o Hemonuore). B arboil
Henpomueopeyusoil gopmanvroli cucmeme, codepicawell
MUHUMYM apudmemuru, a, credosamenvHo, U 8 Meodpuu
HamypaavHbvlx wucen, Haildemesa gopmarivHo Hepaspeuwumoe
cymcdenue, m.e. maxas 3amxHymas gopmyara A, umo nu A,
Hu A He A81AI0MCA 8bl6OOUMBIMU 8 cucmeMe.

Bropaa teopema I'énena (o memonuoTe) yTeep:KiaeT,
YTO IpH BHIIOAHEHUH €CTECTBEHHLIX [OMOJHUTEJRHBIX yC-
J0oBHi B KauecTBe A MOXXHO B3fTh YTBEPKAEHUES 0 HEMPOTH-
BOPEUHUBOCTH PACCMATPUBAEMON CHCTEMEI.

IlepBas Teopema I'énens ozmauaeT, 4TO Kaxaa ObI cuc-
TeMa aKCHOM Aia apudMeTHKu Hu Oblia BeiOpaHa, BeCerna
HalileTcd TaKoe BBICKA3BIBAHWE O HATYPaJbHBIX YHCIAX,
BRIpaKEeHHOE Ha si3bIKe 3TOH GopMaabHOM Teopum, KOTOpPOE
B KaHHOU TeOpHMHM He MOXKET OLITH HM JOKa3zaHO, HH OMIpO-
BeprHyTO.



FJIABA V

AJITOPUTMBIL

§ 1. TlouaTHe AJNropuTMa M €r¢ XapaKTePHBIC YSPTHL

IlousiTue anropuTMa OPUHAAJIEIKHUT K UHUCIY OCHOBHBIX
nouaruii Maremaruxku. OO mpomwyio 0onbHmION MYyTh pasBu-
Tusa. Eme B nmepuoj 3apoKAeHuss MaTeMaTHKH B Hell cTajau
BOBHUKATL Pa3JMUYHLIE BBIYMCHUTENbHBIE IIPOLECCHI HUUCTO
MeXaHN4YeCKOr0 XapaKTepa, ¢ HOMOIbI0 KOTOPHIX HCKOMEIE
BEJIMYMHEI IEJIOT0 KJIacca 3aa4 BBIUMCIAIIYCH HOCIEL0BaTEeILHO
U3 JaHHBIX MCXOAHBIX BeJIMYMH MO ONpefeJeHHbIM OpaRrIaM.
Co BpemMeHeM TakHe MPOIECCHl B MaTeMaTHKe HOJyYmiid Ha-
3BaHMe anropuTMmoB. IlpuMepamMu alTOPUTMOB ABJIAIOTCH:

1. IIpasuna BeImONHeHuA apubmerHdecKux geiicTruil
Hajl 4ucjIaMu.

2. IlpaBuno oTbickaHusa Hanbosbmiero o6ulero geauTend
(asnroput™m Erxnuna).

3. IlpaBuno mariIedeHUS KBAAPATHOrO KOPHS.

4. IlpaBuno OTHICKaHuA PeHieHUuI KBajpaTHOrO ypaBHe-
HUA.

5. IIpasBnio OTBICKAHUS MPOM3BOLHOM MHOTOYWJIEHa N-oif
CTeleHH’.

6. IIpapusio MHTerpUPOBAHUA PafUOHANbHON BYHKIKU,

B Kam1oM 13 npuBe[eHHLIX TIPUMEPOB IPUXOAUTCA NMETh
Ieno ¢ KJIaccOM OJHOTHMIHBIX 3aj4ad¥, WJH, KaKk TOROPAT, C
Maccoeoil npobaemoil. 3amauu TaKOTO KJjacca OTINYAIOTCHA
IPpyr OT Apyra 3HaUYeHUAMM BXOAAINUX B HUX IapaMeTpPoB.
Tak, B 3afiade OTHICKAHMA PEMICHUA KBAJPaTHOrO ypaBHEHUSA
ax® +bx +c¢ =0 yuyacTByer Tpu HmapameTpa a, b u ¢; MeHAA
X, HOJryuaeM pasiuvHbIe 3aMa4¥l OJHOI'0 KJacca.

B cBsasu co cKasaHHBIM MOMKHO HaTh CISAyIONUIee onpene-
JeHNe NOHATUA aJNropuTMa.

Anzopummom HasbiBaeTcs oOmmil efpOOOPABHEIA, TOU-
HO OompefleneHHBIH cnocod pemieHusA nioboi samaum us3 jgaH-
HOU MaccoBol npobyieMbl.

Taxoe oupejesyieHne HeJb3A CYUTATh cTporuM. leiicTeu-
TeJIbHO, B HEM BCTPEUAIQTCA. CJIOBA, TOYHBIN CMBICI KOTOPHIX
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He ycTaHoBJeH. B uacTHOCTH, 5T0 KacaeTcs CIOBa «CIOC06».
B cBaA3u ¢ 9THM 5TO He CTPOroe OIpeAeIeHUue ajJropuTMa Ha-
3BIBAIOT MHTYUTHBHBIM.

OrmeTum XapakTepHble UepTHl ITOHATHS ANTOPHUTMA.

1. JuckperHOCTS ajaropurMa. AJropuTM — 3TO Hpolece
NOCJIefOBATEJBHOTO IMOCTPOSHUA BEJIUMYMH TaKuM 00pasom,
YTO B HayaJbHBIA MOMEHT 3ajaeTCd HCXOAHAA KOHEYHaA
CHCTEMA BEJIMYMH, & B KaXIBLl cleyouudii MOMeHT CHCTe-
Ma BeIUYuH MOJIyYaeTcH 110 Ompe/eIeHHOMY 3aKOHY u3 Ccuc-
TeMBbl BEeJIMUUH, UMEBHINXCA B NPEALIAYU{NIl MOMEHT.

2. JerepMuHHpoBaHHOCTH ajrepurMa. CucreMa Benm-
YNH, NIOJNy4aeMbIX B KaKOH#-TO He HAYANLHELIN MOMEHT, OJJHO-
3HAYHO OHPeHEeNAeTcHd CUCTEeMOIl BeJIWYWH, MMOJYUeHHBIX B
IpeqUiecTRYIONNEe MOMEHTHI BPeMeHH.

3. OeMeHTAPHOCTh HIAIOB AJTrOpHTMA. S3aKOH IMOJyde-
HUA mocleayiomei cucTeMbl BeJIMUYNH U3 MPefIIeCTRYIONei
JOJi3KeH OLIThL NPOCTBIM.

4, MaccoBocTts anroputma. HauanbHas cucteMa Beju-
uYyuH MOXKeT BeIOMpAaTHCA M3 HEKOTOPOrO MOTEHUHANLHO Oec-
KOHEYHOI'0 MHOXKECTBa. ,

5. PesyasraTuBHOCTh aJropurma. IlocnemoBaTenbHBIH
IpoNece MOCTPOSHUS BeJUYUH AOJKEH ObITh KOHEUHBIM U
IaBaTh Pe3yJbTAT, TO €CTh pPelieHue 3aiadu. |

AnropuTMel, B KOTOPLIX OCHOBHYIO POJIb HTPAIOT MaTe-
MaTHUYeCKUe NeliCTBuA, Ha3BIBAIOTCA YUCICHHBIMH aJIrOpUT-
mamu. OT YUCHEHHBIX AJIMOPUTMOR OTHENAIOT JIOrHYEeCKue
anropuTMel urp. B KauecTBe mpumepa, AarIero Jorudec-
KUl ajiropuTM, PAaCCMOTPUM CIEAYIOUIYIO UIDY.

HWmeercs 15 upegmeros. B urpe y4acTeylOT ABOe: HA4u-
Haomuil 1 npoturHuK. Ka'kabii urpoxk mo odepexu Oeper
OMUH, ABAa MJIX TPU upeameTa. BeIUrpeIBaeT TOT, KTO Oeper
nociearuii npeamer. Karoil crparerun B urpe AOJKeH NPH-
JepKuBaTbCA HAUYMHAIOMMHA, 4YTOGHI BHIMCPAThH?

BreiurpeimHaa crpaTerunsi HAYUHAOMIETO0 MOMKeT OBITH
omucaHa B dopme ciepyroniesl TabaumbI:

Howmep xoza | Xox HaunHawmero | Xox NpOTHBHAKA
1 3 n
2 4-n m
3 4-m p
4 4-p 0
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HeiicTRuTENBHO, B HTOTE TaKOIl cTpaTerny HauyHAIOOIHH
BosbMer 3+ (4 - n)+(4—m)+(4~ p)=15~(n+m + p) npex-
METOB, a NPOTHRHUK BOBBMET 7+ M + P NpeJMeTOB, T.e. B
cyMMée OHM B03bMYT 15 nmpesmeToB, ¥ nociegHMil nNpegMeT
fyzeT B3AT HAUYMHAIOIMM.

Ci0BO «allrOp¥TM» NPOMUCXOAUT OT MMEHH Y30eKCKo-
ro marematuka XIII seka A0y AGpanna Myxammen ubH
Myca an Xopesmu al Memxycu. OHO mpeTepnesio 3BOJIO-
nuio;: an Xopeamu — an I'opeamu — anropuTm.

§ 2. Paspemumsie H NepeumcIMMbIe MHOMKECTBA

ITyers mMeeTcs HeKOTOPHIN andasut. OboszpauuM uepes
S MHO}KeCTBO BCeX CJIOB B AaHHOM ajid)aBuTe, a depes M —
MOAMHOMKECTBO MHOMKecTBa S.

Onpepenenne 1. MuoxkecTeo M HaszbiBaeTca paspewiu-
MblLM, €CNN AJHA HET0 CYHECTBYET AJIrOPHMTM, pelralonmui
npolbiemMy BXOMXKAESHUR CJIOBa X B M.

Onpenenenne 2. Muoxectso M HasbiBaeTca agdexmus-
HO nepeuuciumvli, eCa¥ CYUIeCTRYET aJropfTM, IIO3BOJIAIO-
Ly HepedunCIuTh BCE 3IEMEeHThI 3TOl'0 MHOMeCTBa (BO3MOMK-
HO ¢ NOBTOPEHUSMIM).

Teopema 1. Ecau muomecmea M u L agpexmueno ne-
pexucaumsl, mo IQPEKMUBHO nepeiuciumsl MHONCEcmaa
MUL u MNL.

Hoxrasatenserso. Ilycts MHOMecTBa M u L 3dpdpeKTHB-
HO nepeumcnumbl, Torga Ana KamxJoro us HUX CYIIECTBYeT
CEOH anropyMTM, NO3BOJAIONINIY HEePeYncINTh BCE 3JIEMEHTHI
JAHHOTO MHOMKECTBa. AJropuT™ Ais 3(¢GeKTUBHOrO nepe-
uucienua MHoMecteE MUL u ML nonyuaeTrca nyreMm
OfHOBPEMEHHOr0 NPHMEHEHHS AJTOPUTMOB s 3(p¢eKTHB-
HOTO nepeurciieHusT MHOXecTE M u L.

Teopema 2 (Ilocra). Muomecmeo M paspewumo mozoa
u moavio mozda, K0z20a 0HO camo u ez0 donoanenue shgex-
MUBHO NepevuciuMbl.

Joxrazateanctso. Ilyers MuokecTBo M u ero JomnojHEHHE
CM 5hdeKTURHO NepeduCInMbl, TO €CThH CYLECTRYIOT aJIropuT-
MBI A 1 B, ¢ nOMOIIBIO KOTOPBIX MOXMKHO IIEPEdUCIINTS JJIeMeH-
THl 9THX MHOKeCTB. Ho Torjga nmpu mepeuMCICHUM 3JIEMEHTOB
MHo:kects M u CM B ux cnucke BerpernTtes sneMeHT X. Cieno-
BaTesbHO, cyIecTeyeT anroputM C, HO3BOIAAKIUI y3HATH,
NPAHALNICHKNAT SJIEMEHT X MHOXXKeCTBY M Wi He NpUHaIJIeXKUT.
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ITycte MHOxecTBO M paspemumo. Toraa cymectByer
aJNropuTM, penramInuil npobaemy sxoxacuua X 8 M. Ilonwsy-
fICh 3TVM aJITOPUTMOM, COCTABUM CIHCOK 3JI€MEHTOB, BXO-
aamux 8 M, u cnucok saemenToB, Bxopdaiux B CM. Cueno-
BaTeJLHO, MBI IOJIy4uM jBa aaropurma A un B, nmossonsio-
mUxX IepeuucnuTs MHoKectBa M u CM. Ilpumepamu ag-
eKTHUBHO TNEepeYUCHUMBIX MHOKECTB SABJIAIOTCH:

1) muokectBo M = {1,4,9,...,n2,...} KBA/PaTOB HATy-
palBHBIX YHCe,

2) MHOXeCTBO YHOPAAOYEHHBIX Nap HATYPAJNBHBIX YM-
ceJl.

JeiicTBuTenbHO, MHOMXeCTBO M = {nz} nepeyucanuMo,

T.K. AJA NOJIyYEeHUS €ro 3JIeMEeHTOB HYXXHO NOCHIefoBaTeNlhb-
HO GpaTh HaTypajbHEIe YMCJA M BO3BOAUTL MX B KBajapar.
Bonee Toro, sTo MHOMECTBO ABIAETCA TAKMKe M pasdpemnin-
MBIM: AJIA NPOBEPKM TOro, NPUHAAJIEIKUT JI1 HeKOTOpoe Ha-
TypalbHOE YMCJI0 X MHOXeCTBY M, HY»XHO PasdJOoXMTh UKC-
JIO Ha IPOCTHIE MHOMHUTENIU, ¥ 3TO AACT BO3MOMKHOCTEH yCTAa-
HOBUTH, ABJIAETCH JIN OHO TOYHBIM KBaJPaTOM.

MuosxecTBO ynopsafoueHHBIX Nap HATYPAJbLHBIX YMCeJI
MoskeT GEITHL 9G(PeKTUBHO NEepPeducyieHO ¢ NOMOIIBI0 TaK
Ha3hIBAEMOro AUArOHaJILHOro Mertopa. lleiicTBUTENBHO, BEHI-
NKIIEeM BCe YIOPAJOYEHHBbie INaphl HATYPAJBHEIX YKHCEJ B
CleAyolmeM BHUAe:

0,0, (0,1, (0,2, (0,3), (0,4), -
L0 @) 1,27 137 @4, .
2,0, @D @27 (23, @4), ..
3,07 3.1 (3,2), (3,3), (3,4), .

TlepeuncaeHue OCYIECTBIAETCS NOCHeA0BATEILHEBIM IIPO-
XOMKJIeHUEeM N0 AUAroHaJsAM, HauWHas € BEePXHEro JeBoro
yrna. Haganpuelfi COMCOK 3TUX NAD 3anvuIeTcs Tak:

(0,0), (1,0), (0,1), (2,0), (1,1), (0,2), (3,0), (2,1), (1,2),
(0,3), (4,0), ...

Teopema 3. Cyujecmeyem nepewucaumoe, Ho Hepaspe-
ULuMOe MHONCECMB0 HAMYPAALHBLX Yucel.
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Jlia MOKasaTesbCTBa TeOpeMbl, KaK 3TO cJIeAyeT U3 Te-
opemer IlocTa, MOCTATOYHO MPUBECTM UPUMep TAKOrO MHO-
JKeCTBa HATYPAIBHBEIX yucesn U, Koropoe camo 6wino GBI Ie-
peUNCIUMEIM, & ero nononuenue CU nepeunicsiuMbim He 651710,

Ilycte M, M,, M,, .. — abddexrusHoe nepeuucieHue
Bcex NEepeYUCIUMBIX MHOKECTB HATYPAJNBHBIX YHCEJN, T.e.
TaKoe IlepevucieHue, 4To o JwboMy n € N MOMHO BOCCTa-
HOBUTE CAMO MHOMECTBO M, .

PaccmoTpuM Tenmepps anroputMm A, KoTtophiil mociemoBa-
TeJLHO TIepevuciseT Bce 3MeMeHTh! MHO)kecTBa U. Ha urare
c HOMepoM (m,n) STOT ANTOPUTM BLIYMCIAET DIEMEHT C HO-
MepoM m MHOMecTBa M, M eClu STOT SJIeMEHT COBIIAJIAeT C

n, TO OH OTHOCHUT ero B MHoxecTBo U, T.e. n eU < n e M,,.

Orcropa acHo, uTo MuHOKecTtso CU otiuuaercs ot jdi06o-
IO NepevurcJuMOro MHOMKECTBa XOTH Gbl OMHUM SJIeMEeHTOM,

r.K. CU COCTOUT U3 BCEX TAKMX 9JIEMEHTOB N, uto n ¢ M, .

IToatomy CU He saBnsercd nmepeuucauMeiM, CiefosaresisHo,
goramacHo Teopeme Ilocra U we paspeluumo.

Jokasannaa teopeMa (daxTuyecKn BKJIWOYaeT B ceGa B
HeABHOM Bufe Teopemy I'émessa o HemomHore dopmanbHOi
ppudmMeTvKH, NpuUBefeHHY0 panee Ges MOKA3ATENLCTBA.

§ 3. YrouneHne mOHITHSA AJTOPUTMA

B ncropunt MaTeMaTUKU HAKOIIWIIOCh MHOT'O CIy4aeB JJIu-
TEJIBLHBIX X YacTo 0e3pesysIbTATHBIX TTOMCKOB TE€X WM UHBIX
anroputmoB. IIpu 9TOM eCTeCTBEHHO BOSHHUKAJIO COMHEHHE B
CYIeCTBOBAHUY AaJITOPUTMA.

OpHuM U3 IPKUX NPUMepOB TAKOr0 CIy4Yas ABJIAEeTCH Mc-
Topusa peureHus necaroii npoGiemnr II. 'unsbepra.

B 1900 roay na BTOpOoM MeXXAYHAPOAHOM MareMaTrudec-
KoM KoHrpecce B Ilapumike memenkuii marematur JlaBupn
Tuanbepr ormacun cuucox 23 TpyaHbIx Npobiem, Ha Ba-
HOCTH pelleHUs KOTOPHIX OH O0Gpalijay BHUMMAaHME MaTeMaTH-
veckoil obijecrBennoctu. Cpenu Hux Obuia ¥ Cleayolias
10-aa npo6mema TumnBepra: TpeGyerca smipaborarh airo-
PUTM, NO3BOJMIOIUEA Aja joGoro muodbaHTOBA YpaBHEHUS
BEIACHUTE, UMEeT JI OHO IeJIOUUCIIEHHOEe pelleHue.

Pacemorpum BceBosMoikHBIe AuOGaHTOBHE ypaBHEHHUH,

T.e. ypasueuuda suna P =0, rae P asnsgercsa MHOIQ4JIEHOM
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¢ HeJoOYHCIeHHBIMM Koodduiuuenramu. Taxumm 6yayr, Ha-
npuMep, ypaBHEHUSA

x2+y2—2xz=0,

10x% + 722 +5 =0,
H3 KOTOPHIX IIepBOe ¢ TPeMS HEM3BECTHBIMH, a BTOpOe C Ofi-
HHUM HeuzBeCTHRIM. B ofuieM ciyuae pacCMaTpHBAIOT ypaB-
HEeHUS ¢ JIOGBIM YKCIOM HeWs3BeCTHBIX. TaKkue ypasHeHUs
MOT'YT UMeTh HeJIOUUCIeHHEbIe PeIIeHU A, & MOr'YyT U He UMeTh.

Tak, ypaBHeHHe 22+ y2 —2xz=0 umeer GecKoHeuHOE

MHOXECTBO HeJOUYHCJIEHHBLIX pemenuii, a ypasHeHHe
10x® + 7x2 + 5 = 0 Takux peuIeHUH He UMeer.

Jaa yacrHoro cayuas auodaHTOBa YPABHEHUA C OHHUM
He’3BECTHBIM JAaBHO U3BeCTCH aJITOPUTM, IIO(!BOJIﬁ]OH.U/Iﬁ
HaliTHU BCe ero LeJJOYNCHIeHHbIe PereHusd. yCTaHOBJIEHO, 9TO
eCiIM ypaBHEHHE

Po(x) = apx™ + ayx" 4. ta,_yx +a, =0

C HeJIOUMCHACHHBEIMY KO2(hduMenTaMy MMeeT nelblil KOpeHs,
TO OH 00A3aTeJbHO ABISIETCA AejuTeNeM a,. B cBa3u ¢ aTUM
MOXXHO HPeJIOKUTE TAKOH aJropuTM:

1) Haifitu Bce Aenurenu uucna a,: d,, d,, .., d_.

n

2) Beruucaurs Pn(x) AJIA KAMIOoro Us aesuTelieil Yuc-
na a,.
3) Ecan npu HexoropoM i u3 coBokymmoctu 1,2,...,k

P,,(di)=0, To d, — KopeHs ypasHenuda. Eciu mpu Bcex

i=12,...,k P,,(d,-)aé 0, To ypaBHeHMe He MMEET TeNIOYMC-
JIeHHBIX pelreHui.

IToucku pemenus pecsaroil npobiaemst M'aasbepra npuBIeK-
JIM BHUMaH{e MHOI'UX MaTeMaTUKOB U JJIHJIINCEH OKOJIO 70 JIeT.
Toasxo B 1968 roxy momoxsiMm maremarukom IO, Marnsacesu-
yeM GBIJIO ZIOK23aHO, YTO HET AJINOPUTMA, AAQIOMIEr0 pelIeHUe
IOCTABJIEHHOI 3aJaum.

WHaTyuTnBHOE OlipefiesieHre alropurMa XOoTS M He CTPO-
roe, HO HACTOJILKO fACHOE, UTO He JaeT OCHOBAHWH niaa co-
MHeHUil B TexX CIydasx, KOrga peun ujeTr O HaiileHHoOM ajro-
pUTMe pelleHusa KOHKpeTHOH 3amad.
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ITono)xeHie CYIIECTBEHHO MEHACTCH, KOIAA BO3HMKAET
ajropuTMUYecKas npobiiema, peuieHue KOTOpoM He Haline-
HO0, U TpebyeTcsa yCTAaROBUTH, KMEET JIX OHA pelleHHe.

JeiicTBUTENBHO, B 3TOM CJy4ae HYXKHO Jubo MoKasaThk
cyllIecTBOBaHME aJIropuTMa, Jubo JOKasaTh ero OTCYTCTBUE.

B nepBoM ciayuae AOCTAaTOYHO AATH ONKUCaHMe (paKkTH-
YeCKOro npouecca, peniawllero sajgady. B stoM ciyuae no-
CTaTO4YHO M HHTYUTHBHOTO MOHATHUS aJIFOPUTMAa, YTOOKl Y/0-
CTOBEPHTHCS B TOM, YTO ONMCAHHBIM ITPOLECC €CTH alTOPHTM.

Bo BTOpOM ciydae HYMKHO JOKa3aTh HeCyIeCTBOB2HUE
AJTOPUTMA, 2 JUIA 3TOTO HYKHO TOYHO 3HATH, UTO TAKOe aJIro-
put™M. Mexny Tem mis obiiero HOHATHA aJrOPUTMA TOYHOTO
olnpereseHnUsa N0 TpualaThix rogoB XX Beka He ObLIO, M IICITO-
My BHIPaGOTK2 TAKOro onpemesieHUs CTajia OJHON M3 BAXKHBIX
387124 coBpeMeHHOl MaTeMaTukH. 1Ipu ¢opmynIupoBKe 5TOTO
onpefeeHydsT NPUILIOCh NPEOJONIeTs MHOTHME TPY/HOCTH.

Bo-1tepBBIX, TAKOE OIpeneIeHue JOMMKHO GIIO IPaBUILHO
OTPAKATH CYIHOCTE MHTYUTHBHOIO OIIpefie/IeHusT aJropurMa.

Bo-BTOPBIX, OHO MOJYKHO GBLIJTO GBHITL COBEPIIeHHBIM C
TOYKM 3peHudA GOopMANbLHOI TOYHOCTH.

W naxoHel, pas/iMYHble KUCCIIEAOBATENUN 3TOH NpPoOIEeMBI
MCXOZUJIV M3 PASHBIX TeXHUYECKUX M JIOIMYEeCKUX cooGparxe-
HMI, ¥ BCJIGACTBHE 3TOro OsLI0 BHIPAGOTAHO HECKONLKO oIipe-
Jenenuit anropurma. OHAKO CO BpeMeHeM BBIACHUJIOCH, UTO
BCE 3TU OUpefieJieHUsA PABHOCHIBHBI, T.e. OHPENelaIOT OAHO U
TO Ke NOHATHE. ITO ¥ eCTh COBPEMEHHOE NOHATHE aJropuTMa.

B noaxonax K onpefiefIeHUI0 NOHATUA SATOPHTMA MOXK-
HO BBIIQJIATH MPU OCHOBHbLX HANPABJIeHUA.

ITepeoe HanpasaeHue cBA3AHO C YTOUHEHHUEM NOHATUA
sbhdekTUBHO BRIYMCIAUMON (GYyHKIUU. ITUM 3aHHUMAIUCH
A, Yepu, K. I'egens, C. Kmaeu. B peayasrate GBI Bhie/IeH
KJIACC TAK HABLIBAEMEIX YaCTHUHO-PEKYPCUBHEIX PYyHKIUA,
HMeIUX CTPoroe MareMaTUYecKoe onpepeacHue. AHaIu3
HJeil, IpuBeJIIUX K 3TOMYy KJjaccy QyHKIui, AajJ MM BO3-
MOMHOCTE BBICK&8aTh I'MIOTE3y O TOM, 4TO Kiacc addex-
TUBHO BBIUMCIUMBIX (YHKIUHA COBIazaer C KJIaccoM dYac-
THYHO PeKYPCUBHEIX (DYHKIUH.

Bmopoe nanpasaenue cBa3aHO C MAIIVHHON MaTeMaTH-
roii. Bmech CYIIHOCTH HMOHATHUS AJrOPUTMA PACKPHIBAETCH
nyTeM PpacCMOTpPeHUs MPOIECCOB, OCYI[eCTBJIAeMBIX B Ma-
muHe. Bunepsile 310 GBLIO cAedaHo ThiOpUHIOM, KOTOPHIX
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MIPeAJIOIKUIL CaMyI0 O0IIyI0 M BMeCcTe C TeM CaMYIO HPOCTYIO
KOHIENUHAI BHYNCIUTEIbHOI MamuHbl, Ee onucanme Obiio
pauo Teropunrom B 1937 roxy. Ilpu arom Teiopunr ucxoausn
aums U3 obmieit uxeu pabGoTh MAIIMHBI Kax paboThl BIYuC-
NuTeNd, ONEePUPYIOLIero B COOTBETCTBUM C HEKOTOPHIM CTPO-
TUM IpefnncaHueM,

Tpemve Hanpasienue CBAIAHO C IOHATHEM HOPMANBLEBIX
aJIOPpUTMOB, BBEJIEHHBIM K pa3pabOTaHHBIM POCCUHCKUM Ma-
TemaTukoM A. A. MapKoBeIM.

§ 4. Beiumcaumsie dyHromu,
YacTuuHo peKypCMBHBIE
u odmeperypcuBHbIe dyHRIMN

Jna ajaropurMmuecKux HpoGiieM TUNMYHBIM ABJIAETCH
TO 0GCTOATEJBCTBO, UTO TpeGyeTcd HANTH AJITOPUTM JiId
pellleHua 3af4a4¥, B YCJIOBMA KOTOPOH BXOAAT SHAYCHUSA
HEKOTOPOH KOHEeYHON CHUCTeMBI IIeJIOUMCJIeHHBIX IHapaMeT-
POB X, X, «ey X,, & HCKOMBIM PE3yJILTATOM TAKXKe ABJIAETCH
nenoe uuciao y. CiefoBarespHO, CTOMT BOIPOC O CYINECTBO-
BaHUU AJIrOPUTMA JAJd BEIUMCICHUSA 3HAYEHUE YUCIOBOM
dyHKIIUY ¥y, saBUCAIed OT MEJOUYUCHICHHBIX 3HAYeHWH ap-
TYMEHTOB X, X,5 wees X,

Onpenenenue 1. @ynxuus g = f(xy, x2,...,%,) Haabisa-

eTcHa 3PeKkMUBHO BbLLUCAUMOLL, €CIIU CYITIeCTBYeT aJrOPHUTM,
TNO3BOITIONIVH BBIYUCIUTE €€ 3HAYCHUT,

Tak Kaxk B 3TOM OHIpeAeJeHMH aJIrOPUMTM MOHUMAETCH B
MHTYUTMBHOM CMEICiIe, TO M HoHATHe 3(deKTUBHO BBIYKC-
auMoil GyHKUMY ABIAeTCA UHTYUTHBHLIM,

Opuako mepexon or aaropurMa K 3¢@GeKTHBHO BLIYKC- -
aumoil GyHKIMU Aaer onpejesieHHERIe Ipeumymectsa. [leno
B TOM, 4TO Te TpeboBaHUA, KOTOPEIE NPEABABITIOTCA K aJl-
TOPUTMY B €ro XapakTepHBIX YepTax, BBINOJHIIOTCI AJIA
COBOKYITHOCTU BCeX BBIYMCIUMMEIX QyHKuuil, KoTtopas HO-
CUT HAas3BaHUE COBOKYIHOCTH PeKYPCHUBHBIX (QyHKIU.

T'émens BHEpBHIE ONMCAJ KJIACC BCeX PEeKYPCUBHLIX QyH-
KMl KaK KJacC BCeX YUCHOBBHIX QyHKIUil, onpenenseMbix
B HeKoTopoi#l opmansuoii cucreme. Yepu 8 1936 roxy npu-
mieJl K TOMY Ke Kjaccy QyHKMUWH, UCXOAA U3 APYIrUX Ipen-
TMOCBUIOK. 37eCh IOCTpoeHue KJIAacCa BBIYMCIUMEIX QPyHKIMH
CTPOMTCH CJIeAYIOmUM oOpasom.
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BrI0upatoTca npocmeiiuiue QyHKyuu

ﬂ(x) = x+1 (omeparop casura),
O(x) =0 (omepaTop aHHYJIUPOBAHU),

I (21, 22,001 %) = 2,1 <m <1 (omeparop mpoexTupo-

BAHUA).

fdcuo, uTo BCe TpU npocteiinivue GYHKIMUA BCIOAY OIpe-
EelleEbl 1 MHTYMTUBHO BHIYHCIUMEL,

Janee BBoAATCH omepanvu Han GyHKIIUAMU.

1. Cymepnoauunsa GyHKIUA.

Paccmorpum dyHKIAK fl(xl,xg,...,xn), fz(xl,xz,...,xn),
s fm(xl,xz,...,xn) U GyHKIUIO0 ¢(x1,x2,...,xm); byuxmouio
y/(xl, X2s.ens xn) , OLIPefeIsIeMyI0 PABEHCTBOM

t//(xl,xg,...,xn) =

= (p(fl(xl,xz,...,xn), fg(xl,xz,...,xn),...,fm(xl,xz,...,xn)) .
Byaem rosoputh, uTo GyHKIUA ¥ noiaydeHa u3 GyHK-
nvit ¢ u fi, f5, «» fm cynepnosuyueil.
Eciau mni KaguM-1u6o o6pasoM ymeeM BEIMUCIATH (PyH-
KA fi, fo, s fn M @, TO GyHKIUA ¥ MoKeT GHITH BEHI-
quCleHa TAK: NPUAATUM NePeMeHHBIM X, X, «., X, HEKOTO-

poie sHaueHUd @, A,y «., 4,. Bbraucissa sce fi(al,az,...,an) ,
Haiigem b; = fi(al,ag,...,an) . Beraucenas reneps gv(bl,bz,...,bm)

Haiinem ¢ = y(ay,az,...,a,).

HAcuo, uro ecau Bce pYHKIUU fp fz, ooy fm H ¢ BCOay
omnpesiesieEsl, TO GYHKIUA ¥ BCIOAY ompejeneHa, PyHrnus
¥ Oymer He BCIOAY OIpenesieHHOM, ecam XOTsa ObI ofHa U3

byuxnuit f, f,, .., f, He BCIOAY olipenesera, I €CIU MOX-
HO HaliTH TaKue 3HAYCHUT APTyMEHTOB 4, G, .., &, UTO

bl-=f,-(a1,a2,...,a,,), HO gv(bl,bz,...,bm) He OIpexeseHO
(-1).
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Taxum ob6pasoM, ecniu GyHruuy f, f,, ., f,» ¢ HHTYH-
THBHO BBIYMCIKMEI, TO OyZeT MHTYUTHUBHO BLIMHCINMA U HyH-

Kpusa Y.
OTMernM, 4TO BO3MOMHEI CXydal, Korza He Bce (yHK-
uun £, fy . f,, 3GBUCAT OT BCEX Nl APIYMEHTOB X, X, vy X,

B arux caydadax AJd IMOJNIyYeHHUHA CYNEepIIO3HMIIUE UCIIOoJIb3Yy-

10TCA (PMKTHBHBIE aPTYMEHTH U QyHKIuu I (xl,xz,...,xn) .
Hanpumep, Gyuxuus w(x,y,2) = ¢(f1(x), fa (% y5 2, x) Ho-
ay4yaeTcd cyneprno3vnueil us QyHKInii go(xl,xz,xg,x4), u
Fi(xy.2)=fi(x), B(xy.2)=h(*y2), F(xy2)=13(x,y,2),
F4(x, Y, z) = I;%(x, Y, z) .

2. CxemMa NpUMHTHBHOM PEKYPCHHU.
IIycts mMmeeTCca ABe QGYHKIOUM (p(xz,xg,...,xn) u

(%1, %2,...,%p, ¥p41) (r >1). PaccMorpum HoByO dynEK-
nU0, KOTOpas yAOBJIETBOPAET CJIEAYIONUM DABEHCTBAM:

f(O, x2,x3,...,xn) = ¢(x2,x3,...,xn),

1
f(y +1,x2,x3,...,xn) = y/(y,f(y,x2,...,xn),x2,...,xn). 1)

OtmeruM, uTo GYHKIMUA ¢ 3aBUCUT OT N —1 aprymen-
ToB, GyHKIOUA ¥ — oT n +1 aprymeHnros, a pyHrnua f — ot
n apryMeHTOB.

Ecnu ¢yurmus f(xl,xz,...,x,,) nosyuaercd us yuk-
nuil ¢ u ¥ c nomoukio paseHcTs (1), To rosopar, 4ro Gyuk-
uua [ nosydena u3 GyHKOUWA @ U ¥ o cxeme NpumMumues-
Holl pexypcuu.

Eciu QyBKOMM ¢ M ¥ WHTYUTHBHO BBIYUCIMMBI, TO
GymeT MHTYMTUBHO Bbiuucauma ¥ dyuxmua [. Heiicrsu-
TEJNBHO, NYCTb 4, @,y «., @, — HAOOP 3HAUEHMI APryMeHTOB
X5 Xy ey X,. TOrAa mOCHEMOBATENEHO HAXOXUM

f(O,az,a3,...,a,,)= o(as,a3,...,a,) = by,
f(1,a3.a3,...,a,) = ¥(0,b9, a3, a3,...,a,) = by,

f(2,a5,a3,...,a,) = y/(l,bl,az,ag,...,an) =by u 7.1,



ANFOPUTMb! 149

OueBUJHO, 4TO eCiau QYHKIIUU @ ¥ ¥ BCIOAY olpezee-
HEI, TO OyfieT Beiogy onpefenena u dyuruus f.

Paccmorpum npumepnl mosydenusa GyHkuuil no cxeme
HPUMHTUBHON peKypcHH.

Hpumep 1. Iycrs bynxmusa f(y, x) 3a72Ha PABEHCTBaMH:

f(O, x) =x, }

f(y +1, x) = f(y, x) +1
Bnecs pynxmua o(x)=x, a y(xy.2)=y+1.
BrraucauM guauenue GyHKIIHHT f(y, x) npuy=5, x=2.

T.x. £(0,2) = ¢(2) = 2, 10 us Broporo pasencrsa mocirezoBa-
TeJILHO UMeeM:

f(1.2)=v(0,2,2)=2+1=3
f(22) = y(1,3,2)=3+1=4
f(3,2)=p(2,4,2)=4+1=5
f(4,2)=v(3,52)=5+1=6

f(5,2) = (462; 6+1=7

Herpyaso morasars, ITO f(y, x) =y + x ., NelicrBurens-
HO, f(y + 2, x) = f(y, x) + 2. Ilonaras 8 oTOM paBeHcTBe y =0,
nonyuum f(2 x) = f(0,x)+ z wm f(2 x) =x+2z.

Hpumep 2. Ilycts byERmUA f(y, x) 3a/aHa PaBeHCTBAMM:

£(0,x) =0, }
f(y+1,x)=f(y,x)+x

3aeck gv(x) =0, y(x,y, z) =y+2.
BrlamcauM snadenve QyHKIuu f(y, x) npuy=2, x=2.
Tak xax f(O, x) = (o(x) =0, To f(0,2) =0, a sHavyeHua f(1,2)

u f(2,2) maxoaum mocrexoBaTeNbHO:

f(1.2)=y(1,0,2)=0+2= 2}
f(2,2) = y(2,2,2)=2+2=4
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Jlerko mokKasaTh, YTO B DTOM HpuMepe f(y,x)= xX-y.
JeiicTBUTENBHO, f(y + 2, x) = f(y, x) +2z-x . Ilonaras B stom

paserncrse y = (0, moayuum f(z, x) = f(O, x) +2-x uim f(z, x) =
=z-x.

3. Onmepauna muaumusauuu (4 -oneparop).

IIycre sagama HeKoropas (QyHKIMI f(x,y). 3aduxcu-
pyeM sHaueHue X M BBIICHUM, IPH KaKOM ¥ f(x, y) =0,

Bousee cio:xHON 3azadeil IBIACTCA OTLICKAHUE JJIT SAH-
HO#l DyHKIUU f(x, y) ¥ (QUKCUPDOBAHHOIO X HAUMeHbULe20
3 TexX 3HaYeHull Yy, NpHd KOTOPHIX QyHKIUA f(x, y) =0, Tar
KaK pe3yJIbTaT pelieHus 3aJa4i 3aBHCHUT OT X, TO HauMeHb-
ee 3HaYeHWe Y, NPU KOoTopoM (QyHKIUSA f(x, y)= 0 ecthb
dyexnua x. IIpuaaro o6osHauyeHuUe

o(x) = uylf(xy) = 0].

(YuTaeTcsa: «HauMeHbIlee I TAKOE, UTO f(x, y)= 0».)
AnanoruuHo onpegensercd QYHKOUA MHOrMX HepeMeH-
HBIX:

¢(x1,x2,...,xn) = ,Uy[f(xb X9s.es3Xpy y) = 0]

Ilepexox or byHKEDUU f(xl,xz,...,x,,,y)rc byugnum

¢(x1,x2,...,xn) IOPUHATO HA3BIBATh NpuMeHeHuem H-one-
pamopa.

Jlia BelauciaeHnsa QYEKOUN ¢ MOYKHO HPeAJIOKUTE CJIe-
AVIOIOUHA aJIrOPHUTM:

1. Briaucanm f(xl,xz,...,xn,o). Ecau 310 sHauenue [
PaBHO HyJN, TO momaraem @(xj,%xg,...,%,)=0. Ecan
f(xl,xz,...,xn,O) # 0, To nepexoguM K ciaesyiomeMy Iiary.

2. Beraucaum f(xl, x2,...,xn,1). Ecau f(xl,xz,...,xn,l) =0,

'O HoJIaraeM (p(xl,xz,...,xn) =1. Ecnu xe f(xl,xz,...,xn,l) #0,
TO mepexXofuM K ciaeAyomeMmy iuary. ¥ r.x.
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Ecau oKaskeTCA, UYTO MAJA BCex Y GYHRIuUS
F{%15%25.+» %4,4) 2 0, T0 dyuKIHIO O(X1, X2,...,X,) B oTOM Cay-
gae CUUTAOT HeompenesenHoit. Ho BoaMoMKHO, UTO CymecTByeT

TAKOE Y,, UTO f(xl,xz,...,xn,y0)= 0 ¥, SHAYUT, €CTh M HAHU-
MeHbIIiee , OPY KOTOPOM f(X), X3, ..., X,, y) = 0 ; ¥ B TO 3xe Bpe-
M MOXKET CIYy4YnThCH, YTO OPU HEKOTOPOM z(O <z< yo) 3Haye-

pue HyHKIUY f(xl, Xg,..., Xy, 2) He onpepeneso. OUeBnIHO, UTO
B 3TOM CTyYae HPOIECC BEIUMCICHNS HANMEHBIIero §, Py KOTo-
povt f(%1, Xgm..s Xp,y) =0 He foitzer o Y, VI 3necs QyHKIMIO

¢(x1, Xoy.uos xn) CUMTAIOT HeOMpPenesIeHHOI,

Ilpumep. Paccmorpum dpyuHKmUIO f(x, y) =x-Y, KO-

TOpad MOKeT OLITH HOJIyYeHa ¢ HOMOIILI0 olepaTopa MUHH-
MuU3amMUY

flx,y) = puz(y + 2= x) = ,uz[Ig(x, Y, 2)+ Ig’(x, y,2) = Ié(x, Y, z)]

Briuncaum, Hanpumep, f(7, 2) , TO €CTh 3HaUeHUe DYHEIUH
mpu y =2, x="7. lna storo nojoxum y =2 u Gyaem opu-
FaBaTh X IOCIe/0BaTeILHO 3HAUCHU:

2=0, 2+0=2=T7,

z=1, 2+1=3=#T,

z2=2, 2+2=4=%17,

2=8, 2+3=5=T7,

z=4, 2+4=6=T,

z2=5 2+5=T7=T.

Taxum oGpasom, f(7, 2) =5,

Onpenenenne 2. Oyurmus f(xl,xz,...,xn) Ha3bIBACTCH

Y

YACMuUYHO PeKYpPCUBHOL, eClI OHA MOKeT GBITH IIOJNy4YeHa B
KOHEUHOe YHCJO IIaros s mpocredimux GyHROuUi npu io-
MOILY omepanuil CylepHnosuuy, cxeM IPUMUTHUBHON Peryp-
cum m M -omeparopa.
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Onpenenenue 3. Pyurknusa f(xl,xz,...,x,,) Ha3bIBAETCHA

obuseperypcusnoll, eCIu OHA YACTHYHO PEKYPCHBHA M BCIO-
Ay onpegpeideHa.

Hpumepamu ob6iepeKypCHBHBIX GDYHKIME ABIAOTCA
byHKOM:

1) i(x), 2) Ox), 3) I(x),

Of(px)=y+x, 5) fg.x)=xy, 6) f(p.x)=x+n.

Teauc A. Yépua. Kamdan unmyumueno eviiucauman
QYHKYUA ABAAEMCA HACTMULHO PEKYPCUBHOL,

3rorT Tesuc HeJb3fd JOKa3arh, T.K. OH CBA3BIBAeT He-
cTporoe MareMaTHU4dYeCKOoe NMOHATHe UHTYUTUBHO BbIYUCJIH-
MO#A (PYHKIMM CO CTPOTUM MaTeMaTH4eCcKHM NOHATUEM Ya-
CTMYHO PEeKYPCUBHOU (DyHKIuU,

Ho sToT Tesuc MoKer GBITH ONPOEEPrHYT, €CJHU MOCTPO-
UTh npuMep PYHKIUU MHTYUTUBHO BHIYUCIUMOU, HO HE
ABJsOMeicH YaCTHYHO PEeKYPCUBHOM.

§ 5. Mamuasr Teropunra

Eecnu gna pellieHus HEKOTOPOU Maccoroi MpobJiieMbl U3-
BECTEH aJIrOPHUTM, TO AJA ero peajuzanuyu Heo6XOAUMO
JAIOIb YETKOe BHITIOJHEeHUe NMpeAnUCaHuil 5TOTO aJIOpUTMA.
AproMaTuaM, HEOOXOAUMEIN NpU pealu3zalHU ajJropurMa
€CTeCTBeHHO HPUBOAUT K MBICIH O Nepejiave (PYHKIIUH UYeJIO-
BeKa, peajuU3yioLIero aJropuTMm, mMamuxe, Wnxeio rakoi
MAITMHB NPeAJIOKUAN B TPUAUATHIE roAnl aMepUKaHCKU
marematur 9. Ilocr u anrauiickuii marematur A. Thiopuur,

PacemoTpuM OAMH U3 BaPHAHTOB YRKA3aHHOM MaIIVHEI,
KOTOpas HOCHUT HasBaHUe MawuHsl Tvlopuneza.

Yerpoiicrso mamuHe ThIOPUHTa BEIIOYACT B cebs:

1. Bremnuit andasur, TO ecTh KOHEYHOEe MHOXKECTBO
CHMBOJIOE A = {ao,al,az,...,an} . B srom andaBure B BUAE
c¢a0Ba Koaupyercs ra uHdopmamus, KoTopad ojaercsa B
mamuHy. ManiyHa nepepabartbiaer uH(pOpMamuio, HoAaH-
HYIO B BUje CJOBa, B HOBOE CJOBO.

2. Brayrpennuii aadasuT MAIMMUHLI, COCTOAINUNA U3 CUM-
BOJOB §g, Gy» Ggs ++s Qs My I, Ho CUMBOABL Ggs Gy Gy s G,
BBIPQKAIOT KOHEUHOE YHCJIO COCTOAHWIX MamuHbL. g maio-
6oif MamIMHBI YHCIO COCTOAHME (uKcHposano. J{Ba cocrognus
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yMeroT 0cofoe HasHaYeHUWe: ¢, — HadYaJlbHOe COCTOAHME Ma-
MuHBL, ¢, — 3aKJIOYHUTEJbHOE COCTOsSHME (CTON-COCTORHIle).
CHMBOJIBI T, J, H — 3TO0 CHMBOJIBI C/BHra (BNpaBo, BJEBO, HA
Mecre).

3. Beckoneunas B o0e CTOpPOHBI JeHTA (BHEIIHAA na-
marh manueel) . Ona paséura Ha KJIeTKH. B Kamayio Kier-
Ky Moser OBITH samucaHa TOJbKO oxna Gyksa. Ilyeryio
kierky Oynem ofosrauaTe CUMBOJIOM 4.

4, VYupasaaionias roaoexa. OHa mepeAsuraercs BROJb
JICHTbl U MQXKeT OCTAHABJUBATHCHA HANPOTHB KaKoi-a1ubo
KJeTKHY, T.e. BOCIPUHUMATH CUMBOJA. B 0JHOM TaKTe paGoThi
MaNIMHBLI YIIPABIAIOLIAA T'OJOBKA MOXKET CABUTATHCA TOJBKO
Ha OJHY KJIeTKY (BIIDABO, BJICBO) WJIH OCTABATHCHA HA MecCTe,

Kasxnoe csejlende, XxpaHgineecd Ha JeHTe, u3obpakaer-
¢ KoHeYHbIM HabopoM cumBoJ0B (OYKB) BHellIHero andaBu-
Ta, OTAUYHOro OoT a,. K mauany paboThi MalIdHbI HA JCHTY

nogaercs Ha-
YaJbHOE CBe-

eHUe Ha-
| 2% ]a]a]a|afa] (
YajabHafl HUH-
q, dbopmanusa).
B sTrom enyuae
Puc. 1 yupapasaro-

nmag rofoBKa,
KaK NpPaBMJIOC, HAXOAUTCH y KpailHero JieBOoro 3Haka ¢ yKa-
3aHUeM HAYAJILHOrO CocTosinua ¢, (puc. 1) (Hauanbuas KOH-
durypaunus). Pabora manivusl cKJafplBaeTcs U3 TAKTOB, 1O
XOAY KOTOPHIX MPOUCXOXUT NpeobpasoBaHue HauadbHOH HH-
dopmamuu B npomesxyrounbie MHbOpMAaIUU.

B rayecTBe HayaNbHOI HHGOPMAIUU HA JEHTY MOXKHO
nmogaTth JI00YI0 KOHEUHYIO cUCTeMy 3HaKOB BHemHero ajda-
BuUTa (Ji060€e CI0BO B aTOM aj(dapuTe), pacCTaABICHHYIO TPOM3-
BONbHBIM 06pasom no aueiikam. Ho B 3aBucuMocTU OT TOTO,
Kakag Owlja Hojana HadaJdbHaf HH(MOpMAaNUfA, BO3MOMKHBI
ABa ciaydad:

1. Hocie KOHeuHOro yHeaa TAKTOB MAIIWHA OCTAHABIN-
Baercsl (IlepeXOJUT B CTOH-COCTOAHHE ¢,), U NIpU DTOM Ha
JeHTe OKasbiBaeTcd usoOpaskenHoll ungopmamus B. B ra-
KOM cJydae roBopfAT, YTO MAIIMHA IIPUMEHVMA K Hadalb-
Holi muGopmanun A U HepepabarsisaerT €e B DPe3yJIbTHPYIO-
myio unbopmamu B.
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2. Mamuna HUKOT/2 He OCTAHABAMBAaeTcA (He HepexoauT
B cTON-cocTofgnue). B rakom caydae ropopfr, yTo MalluHA He
NpUMeHMMA K HavaJlbHOM mHbMOpManuu A.

B kaxxgom Takrte paGorsl MaillMHBI OHA AeHCTBYeT 110
bYEENUOHANBHOI CXeMe, KOTOpasg HMMeeT BHX:

1
a;9; = 8,145,
H

3pmech a, @, — OYKBBI BHelHero andasura; ¢, ¢
COCTOAHUA MAIUMHEL; I, J, H — CHMBOJBL CABHIA.

B 3aBUCHMOCTH OT TOr0, Kaxas GyKBa Ha JieHTe 0003pe-
BaeTCA yHpaBaAiOllell rojoBkoi (B Halleil 3amucu &) U B
KaKoM cocToaHUHU (B Halllell 3anucH qj) HaXOAUTCHA MalluHa,
B JAHHOM TaKTe BhIpabaThIBaeTcA KOMAaHAa, COCTOSAIIAs U3
Tpex JIEeMEeHTOB:

1) BykBa BHemiHero ajipaBuTa, HA KOTOPYIO 3aMeHsIeTCA
oGospeBaemaa OyxBa (a,).

n

2) Azipec BHellIHeli naMATH AJIf CIeLYIOMET0 TAKTA z .

3) Cnepyromee cocroaHue MamMubl (g, ).

CoBOKYNIHOCTE Bcex KomaHp ofpasyer npozpammy ma-
wunwvt Towopunza. llporpamma mpeacraBisieTcss B BUJe ABY-
MepHOIH Tabauubl ¥ uaseiBaerca ThiopuHroeBoit GyHKIUO-
HAJBHOH cxeMOi.

Ipumep raxoit cxemnbl m3obpaskeH Ha puc. 2 (Mamuna
Toiopunra 1).

2, a, a,
% a2 A qg a1 nq G Aq
% QG H 92 GHq ot B
% apn g a;ngy azHq
LY a;Hqs agn gy @21 94
Puc. 2

fAcuo, uro pabora mamunsl ThiopHHra HOJHOCTBIO OI-
penensiercs ee nporpammoii., HpIMu esroBaMu, ABe MalIMHEL
Toiopunra ¢ ofmell QYyHKIUMOHANLHOM cXeMOM Hepasiauun-
MBI, ¥ pasnauunbie MamwHbl ThiopuHra UMeIOT pPasJIUuHbIe
HpPOrpaMMEl.
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Jlaa upocToThl usobpaskenus pasaugnbix KoHGUrypanuii
mamuubsl TeiopuHra 6yieM B nanbHeilnieM 3aNHUCHLIBATHL HH-
¢dopManuio B BHAe CJICBR, He usobpaxad JEHTHI U ee pas-
GUBKH HA KJeTKU, & BMecTOo uU3cOpaskeHus yHNpaBJasioieii
rOJICBKM M COCTOSHUS MaIlUHBI 3alIUCBHIBATH TOJBKO COCTO-
fIHUe MAaIITUHEI.

PaccmoTpum, Kak paboraer mammna TeiopuHTa, 3amaH-
naf pyHKmuoHaJbHOX cxemoit 1.

IIpumep 1. IlycTs HagasbHad KOHQUrypanus uMeeT BUAL

ag as as ag.
Ui
Tak Kax ynpaBJdromnieil roJaoBKoit o6ospeBaerca 6yKBa
a2, & MAMHA HAXOJUTCA B COCTOSIHMH ¢,, TO MAIIWMHA BbI-
pabaTeiBaeT KOMaHAY dgA gy, U B pe3yjabraTe nojydaem
BTODYIO KoRpUrypanuio
ay as as Aayp.
N

OueBugHO, clenyioiiue KoHGUTIypand HUMEIOT BUAS

ag a2 G2 ap - Tperba Kouburypausd,
q

ag az Gz az Qg — yerseprasg Kouburypamnmusd,
q3

Qy a4z a3 @3 Gy — npgras KoHpUrypamus.
90

Tak Kak npu naToil Koudurypanuu MamuHa HAXOXHT-
€A B COCTOSHMHU (g, TC CIOBO g Gg Qg fABIAETCA Pe3yibTa-
TOM.

Hpumep 2. Ilycrs HavanbHad KoHGUTypanud UMeeT BUA:

Gy 41 a1 G2 a2 qg
q

Wleronssya GyHKIIMOHAJNBHYIO CXemy 1, MBI npuzeM K
crenyiomuM KoHGMUrypanuaMm:

Gy a1 4y a2 a3 49 — propas KoHbuUrypamus,
/)1
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2Q a1 @ a4z 43 ap — rperba KoHGuUrypanus,

ay a1 @ a3 @9 ag — yerBepras KoHdurypaimnd,
92

ay ay a4 a4 a2 @y — uaraa Konburypamus,
g2

ay a1 @ az A4z Gy - mecras KoHbUrypamusd.
q

Kax BuzHO u3 BTGpOH M umiecroil Komdurypamuii, npo-
nmecc paGoThl MAIIMHbLL HAYAJ OBTOPATHLCS, U, CIe0BaTeNb-
HO, DeayJjbTaTa He Oyaer.

Peammszanus aaropurMa B mawmune Treiopunra.

Ha papge npumepor nokaskeM, KaKk CTPOATCA THIOPUHTO-
BBl MAIIMHBI, peaju3ylolrie HEeKOTOphble HpoCThle apudme-
THYECKUE aJTOPUTMEIL,

IIpumep 1. Peaausayus 6 mawune Tviopunza anzopum-
Mma nepexoda om n k n+1 @ Oecamuunoil cucmeme CHUCACHUA.

IlycTs fana JecATUYHAA 3aUUCh HATYPAJBHOTO YHcia 1
U TpebyeTcs YKasaTh JecATUUHYIO 3amuch 4umciaa n+l, T.e.
BBIYHCIUTHh (DYHKI[UIO f(n) =n+1.

fcuo, uTo 3mech BHelnHUIl andaBUT MAMIMHBI JOJMMKEH
comepskaTth Bce nuppet 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 u cumBon
aycToil KIeTKu a, Yucio n OyzeM 3anmuchiBaTh B AeCATUYU-
HOH cucTeMe Ha JeHTe, npuueM udpsl GyAyT moMerrarbes
1o OAHOH B KaKAoll KierKe Nmoiapdfn Ges NpolycKOB.

Y0661 PEIIUTH NOCTABICHHYIO 3a5auy, MAIIUHA HOJIMK-
HAa B LIepBOM TaKTe paGoThl CTEpeTh HOCIeAHION mUudpy Yuc-
Ja n, 3aMeHHTb ee nudpoit Ha eqUHULY Goabieil u mepelitTu
B CTOM-COCTOSHUE, eclau IocjeqHAas nudpa 6plIa MeHbIIe
nudps 9.

Eecsu xe nocnenuaa mudpa yucaa n Ov1aa 9, To ManEa
IoJKHA, cTepes nudpy 9, sanucarb B 0¢BOGOIUBIIYIOCH KJIET-
Ky uudpy 0 ¥ mpousBecTH CABUI BIEBO K CoCellHeMy GoJee
BLICOKOMY paspAjay, OCTABasch B TOM JKe HAYAJNbHOM COCTOS-
HUU. 3/lech BO BTOPOM TarTe paGoThl MAIIMHA NOJKHA HMpPU-
6aBUTH egMHUNY K mUdpe 6osee BBICOKOI'0 paspdana.

OuesnzHo, YTO B CIyYae CABHMIa BJIeBO, yIpaBjdBIias ro-
JIOBKA MAIUMHBI MOYKET BBHIUTHU HA IYCTYIO KJIETKY B CiIy4ae,
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xorga uudps Gonee BricOKOro paspaza Her. Ilpm stom ma-
MIXHa BNUCHIBaeT B MYCTYIO KIeTKY nubpy 1. A

M3 crasanHoro caeayer, 4To NPU peanusanuy aJropuT-
Ma BEIUMCIeHNa QyHKIUN f(n) =n+1 Mamuua moxer Ipe-
6BIBaTh JUUIL B ABYX COCTOAHUAX ¢, U (.

Taxum obpasom, mauruHa ThIOpUHra, peajusyioinas
aJITOPHTM IIepexXona OT n K n+1 B JecaTHUYHOU cucTeMe CuuMce-
JeHud Oyzer MMeTh BUJ:

01 2 3 4 5 6 7 8 |9
93| 1n qo|1n gol2H ggi3n gy | 41 qo|BH go|6H gy [TH g |BH gy |91 gp0A g4

a,

Puc. 3
Ha puc. 4 u 5 BEIMcaHbl cooTBeTCTBYIOIIVe KOHbUTrY-
pauviz gag 7 =183 u n=399:

ag 399 a

0 a

ag 390 a

ap 183 ag °%q °

! ap 300 ap
Qg 184 ay N

o ap 400 ap
9o

Puc. 4 Puc.5

IIpumep 2. Anzopumm croNceHUA HAMYPAJbHBLX HUCel.

Ilyers Ha JieHTy NoAaeTcs ABA YHUCJA, 3afaHHBIX HA0O-
paMH mnajouex; Hanpumep, 2 m 3. Hyxuo caoxurs atu
qHuca.

Bynem o6o3nauaThb CUMBOJ CJIOXKeHUA 3Besfouroii, Ta-
KM 06pasoM, Ha JieHTe MaIlMHbL OyZAeT 3anucaHo CHOBO

aol [*]laq- ¢))

Tpebyerca npeAaoKuTh QYHKIUOHAIBHYIO CXeMY, KO-
Topas 6ynydu nmpuMeHeHHOU K cJyioBy (1), maBana Gl B pe-
3yJbrare cymMMy uyuceil 2 U 3, TO eCTh CJOBO

aol |1 11aq. (2)
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Onuniem nponece paborsl MallMHBL AJ1A DeleHUsA 3aja-
uu, Ilyers B HauansHslil MoMeHT 0603peBaerca camas Jiesas
najgoyka. Ee HYXXHO CIBHUHYTH BIIPAaBO0, MUHYS BCe NAJTOYKU
U 3Be3[I0YKY A0 TeX Iop, MoKa He 6yAer AOCTUTHYTA IlepBAR
nycras KjaeTkKa. B aTy nycTyio KJIeTKY BHHCLIBACTCA IIepBas
NaJoYKa. 3aTeM HYKHO BEDHYTHCA 3a BTOPOH HaMOuYKoH M
ee IIePeHCCTH BIPABO TAK JKe, KaK DTO AeJaloch ¢ IepBoi
nanouykoii. Ilocne aroil npolieIypel HY}#HO BEPHYTHCH K 3Be3-
IOUKe, cTepeTh ee M OCTaHOBUTHcA., M300pasum BCe TAKTH
paboThl MamUHbBL B BUJE COOTBETCTBYIOIUX KOHMUrypamuiis

aol |#]11ag aol*| | | lag ao*| || ag

N qds3 ) q2

aol*| [ lag aol*| [ | lag ao *| |11 lag
22)

92 a3 q3
aol*| | lag aol*| |1 lag ag *||{]]ag
qs a3 ) q3
aol*| | lag aol*| | | lag ap*| 1| la

4) 14) 24) 0
q2 q3 q3
aol*| | lag apl*| || lap ao*| ||| lap

15) 25)
g2 91 UR]
aol*| | lag agap *| | | lag ag*| || 1]ag
99 92 a3
agl*| | ag w7 ag *|1|lag o7 ag*|111ag
g2 ) q2 ) q3
agl*| [ 1ag ag *| |1 1ag ag* 11 ]ag
qs q2 q3
aol*| || ag ag *| || lag ag |11 1ag
q3 q2 U]
aol*|1lag ag *||11ag aoao”IHao
20)
q3 g2 90
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9ToT nponecc NO3BOJAET 3aNIUCATH AJITOPUTM B BUZE ABY-
mepHoi Tabaunpsl, usobpakeHHol Ha puc. 6. '

a, * |
aQ GoH 9o Go N g2
g2 | 43 *ngy | ngs
93 apnq *Ag3 | Ags
Puc. 6.

Taxum o6pasom, 37ech MCIIOJbL30BAH BHEIIHUM andaBuT

(ao,*, |> ¥ COCTOSIHHA MAIUMHBL (g, 915 2, 3.

Hpumep 3. Anzopumm Esrxauda.

Anropurm EBkausa pemaer sagauu Buia: 4Js ABYX JaH-
HBIX HATYpaJbHBIX YuceJ Haltu ux obmuit Haubonbmmwni
e iuTeNb.

Kax ussectHo, anropurm EBxiauja csogurcsa K HMoCTpOe-
HUIO YOBIBAOIEH NOC/AeNOBATEIbHOCTH 4Yuces, U3 KOTOPBIX
Hepsoe ABJsgercd GoNbIIUMM U3 ABYX MAHHBIX YHCEN, BTODOE —
MeHBIIUM, TPeThe MOJYyYaeTCd KaK OCTATOK OT AeJeHusd nep-
BOr'0 Ha BTOPOE, YeTBepToe — KAK OCTATOK OT JeJIeHUA BTO-
poro Ha Tperhbe U TAaK Aajiee, IOKA He OyAeT COBepIIeHO Je-
Jenue Gea ocrarka. Jleaurenb B 9T0M HOCHeAHEM JeJeHUU U
6yzer pesyabTaTOM pelleHMSA 3anauw,

Ham tpebyerca 3azars aaropurM Esxnupa B Buge mpo-
rpammbl MamiuHbl Teiopuura. 9Ta nporpamma jodxHa obec-
HeuuTh IIOIIePEMEHHOe UepefoBaHUe IIUKJIO0B CPaBHEHUA U
OUKIOB BBIYUTAHUA YHCeEJ.

Byaem ucnoap3oBaTbh BHEeIIHU andaBuUT, COCTOAMMUIL
U3 yeThipex OYKB: <a0, l,a, ,6’) 3gecy a, — cumBoA mMycTOi
KJIeTKH, | — majouka, ¢ u f — GyKBBI, urpaiooiue poJb
BpeMeHHBIX Najouek. Ilycrs, AnA KOHKpeTHOCTH, Tpebyer-
ca paittu HOJl uucen 4 u 6 npu navanpuoit KoHuUrypamuu

a1 ao.

qn
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Cuauajyia ManTHHA NOJMKHA CPAaBHUTH UKUCJA, M300paKeHHbIe
Ha jgeHte. C 9TOH WeNbIo OHa JOMKHA 3aMEHATH HAJIGYKH,
unsobpaskaioliye epBoe Yuciao, GyKBaMM & , a MaJIOYKH,
usobpaaloniue Bropoe uucio, — 6yxsamu f. Ilpu srom

KOH@Urypamui, COOTBETCTBYIOI[He NMEPBBIM 4YETHIPEM TaK-
TaM paGoThl MallMHBL, OYAyT UMeTb BHX:

. aol 11T ags 5 aolllall!11] ao,
) 1 ) q2

aolllal |11 ag, aplllaBlI1]] ap.
g2 U1

Ilocae dTHX uYeTHIPEX TAKTOB YIpaBJAAKOINag T'OJOBKa
MOJJKHA ABUTaThCA BJIEBO B IIOMCKAX elle He OTMeUEeHHOM
Oaurkaiinieil MaJOUYKU EePBOro Yucaa, KoTopas A0JKHa 6BITh
3aMEeHeHa Ha ¢, a 3aTeM HAUVHAeTcsd JBVIKEHUe YIPaBJgIO-
meil roJIOBKHM BIOPAaBO B MOKCKax Oauikaiimiell majloyku BTO-
poro umciya, KOTopasd HOJKHa GbiTh 3aMeHeHa Ha [ . Iocae

COOTBETCTBYIOIIETO YUCJAA TAKTOB paGoThl MalllMHBI Ha JIEH-
Te BOZHHUKHET KoHdurypanud

agacaaBBBp] ap.
1

Ha sTom sakaHunBaercd IUKJ CPaBHeHHUA HUCXOTHBIX YUCEJ
M HayuHaeTCs IIMKJ BLIYMTAHUSA, B pe3yjbTaTe KOTOPOTO
MeHbIlee YUCAC AOJIKHO OBITH CTEPTO HENTUKOM, IaJOYKH
BTOpOrc 4YucJja, NoMedeHHble OyKBoii [, 3aMeHAIOTCA Ha

ob6bIuHble TMAJIOYKH, M, CJHEZOBaTEIbHO, OoJblliee yucjao 6
6yzer pas6éuro Ha nBa uyucaa 4 u 2.

I9THM OoHepanuaAM COOTBETCTBYeT PAJ KOHGUrypamuii.
BoinuizeM HeKOTOpble U3 HUX, NPONYCKAd OUEBUIAHBIE KOH-

burypanun.

agaaaafBBpl|ay
Q1

agaaaaBBpBpl|ag
q3
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agagaaa BBl ag
a3

agapagagag fABP| ag
qd3

agagagagag|BBAI| ay
qd3

agagagagagl 11| ag
q3

agagagagaglll]||ag
g2
Ha srom saramuupaercsa nmepsbiii muka seruuTanng. Te-
neph MAIIKHA AOJYKHA CPABAUTH Yucia 4 u 2, ITukia cpasHe-
HUA 3THUX 4YuceJ OPUBOAUT K KOHpuUrypamuu:
ao I Ia apBp ag,
q4
a LHKJ BBIUMTAHUA — K KOHQUTypamuu:
aol 11| ao.
Uil
Tperuii TUKJ cpaBHEHUSI YHUCea 2 U 2 NPUBOJUT K KOH-
durypanuu
Qoo BB a9,
a3
a4 IUKJ BBIUMTAHMA — K 3aKJIOYNTEJBHON KOoRQUrypanuu
ag | | ao.
90
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B cBasu ¢ oM QpyHKIHMOHanbHai cxema Tropunara ume-
€T BUJ:

a, | a Y]
q, a, ngq; aHq anrnq Arq
q, ap A gy Brua @ngy Bngs
q, ap Hqo | 1ago Qo ngs | ngs
q, o Hqp | ney | Agy Qg A qq
Puc.7

OcHOBHASI I'HIIOTE3a TEOPUH AJrOPUTMOB.

Mamiuna TrIOpUHra Jaer OgVH U3 OyTeil yTOUHEHUSA HO-
HATUA aATOpPUTMa. B ¢BA3HM ¢ 3THM BO3HHKAIOT BOIPOCHI:
HaCKOJBKO OOUIUM ABJsgeTCS moHaTHe Mamuasl Trropuura?
MoxHO S CcYMTATh, UTO CIOCOD 3afAHUA AJNTOPUTMOB C
OOMOINbI0 MamuHB! TpIOpDUHIa ABJISETCA YHUBEPCANHHBEIM?
Mooxer s BCAKWIT airopuTMm 3azaBaThCsa TAKMM o0pasom?

Ha »Tu BOIpOoCH! COBpeMeHHAS TeOpUsA aJllOPUTMOB Ipex-
JlaraeT OTBET B BHJie CJEAYIOMEH I'MIOTE3HI:

Besaknit anropuTm moxeT OBITH 3aaH IOCPEACTBOM ThIO-
PUHrOBOH (YHKIVOHANBHON CXeMBI M peaju30BaH B COOT-
BercTByomei#i mammuae Twiopunra.

Ora runmoTesa HasniBaeTcda meaucom Tviopunza. Ee nennss
JIOKa3aTh, TaKk KaK OHa CBASLIBA€T HECTPOroe ompejejieHue
IOHATHUA AJropUTMa €O CTPOTHM ONpejiesleHHMEeM HOHATHS
mamuean Twsiopusra.

Ora rmnores3a MoKeT ObITb ONPOBEPrHYTA, €CIH YHAACTCA
OpUBECTH IIPUMeD aJropuTMa, KOTOPBIH He MOKET OLITHL pea-
JIN30BaH ¢ TOMOINBIO THIOPUHIOBOH (QYyHKIIHOHAJIBHON CXEeMBI.

Opnakxo BCe M3BECTHHIE JO CHX IIOD AJTODHUTMBLI MOIYT
OHITH 3alaHB MOCPEACTBOM THIODMHI'OBEIX (DYHKIIMOHANBHBIX
cxeM.

HanomHUM Tak’ke, 4TO Apyrue COocoOGLl YTOUHEHUS IIO-
HATHUA aJTOPHTMa (DOHATHE HOPMAJIBLHOI'O AJrOPHTMA
A, A. Maprosa, DOHATHE peKypPCUBHOro aaropurma (pexyp-
CHBHOIT ¢pyHKIME), BBeeHHOrO Uépuem, I'énenem u Kiaunu)
OKA3aNNCh PABHOCUJILHEIMH,

IToT haKT ABAAETCS BAKHLIM LOBOJOM B HOJB3y cOp-
MyJUPOBAaHHOH rHOOTE3HL.
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Kpome Toro, ciefyer ckasaTh, UTO BHYTPH caMoit Teo-
pUM AJTOPDMTMOB 3Ta IHIOTE3a He MPUMEHSETCH, TO €CTh
OpH JIOKA3aTeJbCTBE TEOPEM TEOPHHU AJIrOPUTMOB HHKAKHX
CCBLIJIOK Ha I'MNOTe3y He AejIaeTcs.

§ 6. Hopmansuasie aaropurMer Maprosa

Kax u panee, Oynem HasuiBaTh aagasumom A Beaxoe
HEeOyCcTOe KOHEeYHOe MHOKEeCTBO CHMBOJIOB, a CAMHM CHMBOJILL
andaBura OyfeM Ha3bIBATh OyKBAMH.

Cnosom B andaBure A Ha3bIBaeTcA BeAKasS KOHeuHAas
nocxegoBaTenbHOCTh OYKB andasura A. [Iycras mociaepnosa-
TeNBHOCTHh OYKB HASHBIBAETCA NYcmuvim caosom u obosHaua-

eTcs uepes ,ZZ A.

Ecau P o6o3HauaeT cj0BO Slejz...Sjk u Q ob6osxaua-

€T CJIOBO S,l S,z..'. S,m , T0 PQ obGosHauaer o6'besUHEHUE
S;...8;8;...8; . B uacrnocru, PA=AP=P. Kpome Toro,

(BR,)P; = P (P,P3).

Andasnt A HasbIiBaeTca pacuiuperuenm aadasura B, ecan
B c A. Ouesuzgno, 4To B 5TOM Cjlyuae BCIKOE CIOBO B asida-
Bute B aBasaerca ciosom B anxdaBuTe A.

Anzopummom B andasure A HasbiBaeTcsa 3pPeKTUBHO BHI-
quecaumas QyHKIUA, 00JaCTBIO OHPEAEJIEHUA KOTOPOU Ciy-
JKUT KaKoe-HMOYAb HOAMHOKECTBO MHOKECTBA BCeX CJIOB B
andasure A U 3HAYEHUAMH KOTOPOIl ABJIAIOTCA TAKIKE CJIOBA
B andasute A. Ilycrs P ecrs cI0BO B andasure A; roBopar,
uTo anropurm U npumenum ¥ ciaoBy P, ecan P cogep:rurca B
obnacru onpegenenusi U. Ecan andasur B apiserca pacIin-
Penuem amdasura A, TO BCAKHUIl aaropurm B ajagasure B
HasbIBaeTCsa aazopummom Had anpasumom A.

Boapmmuerso u3BecTHRIX aaropUMTMOB MOMKHO pasbuTh
Ha Hexoropsle mpocreitmiue maru. Caegys A. A. Mapxosy,
B XadeCcTBe dJeMeHTapHOI omepanuu, Ha 6ase KOTOPOi cTpo-
ATCH aJArOPUTMBI, BHIIEIUM nodcmaHo8Ky OFHOTO CJIOBA BMe-
¢T0 spyroro. Ecan P u @ — cioBa B angasure A, TO BHIpaXxe-

ma P> Q u P-—.Q OygeMm HasuiBaTh (GOpMYyJaMH IO~
CTanoBKW B antasure A. Ilpu srom IpexmosaraeTcs, 4To
CUMBOJIBI CTPEJIKA —>» M TOYKA - He ABJAAKTCI OyKBaMu
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angasura A, a Kaxgoe cJ0BO P 1 @ MoKeT OBITH U OyCTHIM
ciaoBom. Popmyna mopcTaHOBKM P —> @ Ha3BIBAaeTCA npoc-

moit, a ¢opMysa NOACTAaHOBKN P — -@ HA3EIBAETCSA 3AKJI0-
wumenbHoil.

IIyers P —> ( )Q obosnavaer ofHY U3 GOPMYJN mOACTA-

HOBKM P » @ uian P — -@ . Koneunwniii cmucox opmys moj-
CTaHOBKU B aJjdasure

B-()&
P> ()@

B ()&

Ha3LIBACTCA CXeMOU anzopumma W HOPONKAAET ciexyooimuii
axropuTt™M B angaBute A.

Ilpunaro rosopuTs, 4TO cioBo T BXxozur B ci0BO @,
ecJIM CyHIeCTBYIOT TakuWe (BO3MOXKHO mycrhie) ciosa W, V,
yto @=WTV.

Ilyers P — cnoBo B andasure A. 35eCh MOKET OBITL OZHO
U3 ABYX:

1. Hu onwo us cnoe R, P,,..., P, He BxoguT B cioso P
(oGoznauaerca: U:P D).

2. Cpegu cios Py, P,,..., P, cymecTBylT Takue, KOTO-
puie Bxonar B P. Ilyeres m — maumensmiee mesioe 4HCJIO Ta-
Koe, uro 1<m <r, u P_ Bxogur B P, u R ~ c10BO, KOTOpOE
HOJIyJaeTcs, eCJIu caMoe JeBoe BXOXfeHue ciosa P B cjioBo
P zamenuts crosoM @ . Tor gaxr, uro P u R HaxopaTcs B
OMMCAHHOM OTHOIIEHHH, KOPOTKO 3aIuIIeM B BUje

U:P-R, (@)
ecan ¢dopmyia mofxcTaHosku B, — (-)Qm — HpocTas, HJIM B
BHJE

U:P--R ®)
eciu dopmyna B, — (-)Qm —~ BaKJIIOUUTEJbHAd.

B cayuae (a) rosopar, aro asropurm U mpocTo mepeso-
xut caoBo P B cioso R; B cayuae (b) roBopsT, UTO aJaropuTm
U sarjouuTeIbHO OepeBOfUT cja0BO P B caoso R.
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Ilycry manee, U: P|= R osHawaetf, yTo cyIIlecTBYeT TakKas
gocnefoBareasHocTs Ry, Ry,..., R, cioB B andasure A, 9ro

P=Ry, R=R;,, U:Rjl-Rjy pna j=0,..,k-2 n mubo
U:Ry_1+ Ry, mubo U:Ry_4} - R, (B aroM mocieanem ciyuae
pvMecto U: PR mumyr U: P -R).

IMososxum Temephb U(P) = R TOrxa M TOJALKO TOrja, Kor-

ma mabo U:Pk-R, iu6o U:PER u U:RD.

AnropurM, ompejelieHHHIH TakuM 0o0pa3oM, HashIBaeT-
¢ HOPMAJbHLIM anzopummom UnuA arzopummom Maprosa.

Pabora anropurrMa U MoKeT OBITH ONMCAHA CIERYIOIMM 00-
pasom. Ilycrs maHo cioeo P B andasmre A, HaxopyM mepsyio B
cxeme ayroputMa U dopmysny moacramopku P, — (-)Qm , TA-
Kylo, uro P, Bxogur B P. Copepmaem HoiCTaHOBKY cjoBa @,
BMECTO CAMOTO JIeBOTO BXOKieHus cjosa P, B cnoso P. Ilyers
R, — pesynbrar Taxoit noacranosku. Eciu P, —> (-)Qm —~ 3aK-
JIouUuTeNbHAsA (OpPMyJia HOACTAHOBKH, TO paboTa ajropmur-
‘Ma SaKaHUMBAeTCHd, M ero 3HadeHWeM aBiasgerca R,. Ecau
dopmysna moacraHopru B, — (-)Qm — mpocTasi, TO mpuUMe-
HUM K R, TOT e HOMCK, KOTODBIA GLINT TOJLKO 4T0 MpHUMe-
med ¥ P u 1.5. Ecin Ha KOHeuHOM sTane OyzeT HONYYEHO
raxoe ciaoso R, aro U:R; O, To ecTs HM OZHO M3 CJOB B,
«s P, He BxoguT B R;, To paboTa anropuTMa 3aKaHYMBAET-
cd, 1 R, Gyzmer ero sHadeHUeM.

Ecin onucaHHLIA TpOIece HA KOHEYHOM 9Talle He 3aKaHYH-
Baercs, TO TOBOPAT, uTo anroput™ U me nmpuMeHUM K cioBy P.

Iipumep 1. Ilycte A ects andaBuT {b, c} . Pacemorpum

b A
c>cl’

cxemy

Onpepensaemeiit 9T0it cxemoit HopMansHEIA asropurm U
mepepabaTniBaeT BeAKoe cioBo P B andasute A, comepaa-
mee XOTs OBl OZHO BXO)KzeHWe OykBel b, B CJIOBO, KOTODOE
IGIIOJIytxae'rca BRIUepKUBaHKEM B P caMoro JieBoro BXoKpeHans

VKBEL b.



166 Kypc nexyuii no Mmamemamuyeckoil noauxe

JeiicrBuTenbHO, Besikad OyKBa ¢, HAXOAAMIAACA B CIIOBe
Jesee camoii JeBoit 6yxsnt b, mpocroil moxCTAHOBKOM € —> ¢
mepeBofuTcsa B OYKBY ¢, a caMas JieBad OyxBa b sakmaioum-
TeJLHONK HOJCTAHOBKOH HepeBOAMTCS B mycroe cjoso [

Hampuwmep, eciim P = ecbbe, To P - -Q, rne @ =cchbe.

IIyeroe croso U mepepabaThiBaer B caMo cebd.

U e mpuMeHUM K HEOYCTBHIM CJIOBAM, He COZEpIKAIIUM
Bxoxgenus Oykeel b . HeiicrBuTensHO, ecan ciaoBo P copmep-
MUT TOJBKO OYKBHI ¢, TO IPOCTOH MOACTAHOBKOR ¢ — ¢ OHO
Gyzer mepepabaThIBATHECH B ceﬁa‘ HO Torja Beerga P—» P, u
MEl He OPHXOAUM K BaKJIIOYUTENbHOH HOACTAaHOBKE, T.€.
nponecc OyneT NPOJOKATHCA GeCKOHETHO.

Hpumep 2. Iycrs A ecrs andasur {ag,dy,...,a,} . Pac-
CMOTPHM CXeMy
Vi(a; > A) (a; €4).
OTa cxema oIpezesiseT HOpMaAbHEIR anropurm U, mepe-

pabarsiBalomuit Besgkoe ¢JIOBO B ajihaBure A B mycroe cJO-
Bo. Hampumep,

U: aya5a103a0}- 01020103} azaiasl-asagl-asl-A,

u, Hakomen, U:A . Caeposarensro, U(ajazaiazap)=A.

§ 7. Hepaspemmmsie aJdropuTMHUYeCKHe IPoGieMbl
(oG3op)

Tlepexon OT MHTYWTHBHOr'O HMOHATHUA aJITOPHTMa K TOY-
HOMY IOHATWUIO MamuHsl ThiopMHra HO3BOJAET YTOYHWUTH K
BOOpOC 06 aJIrOPUTMUYECKOK paspelmuMOCTH JAHHOH mac-
coBoit mpobiemsl. Temepb 3TOT BOOpOC MOKHO chOpMYIHPO-
BATH TaK: cymecTByeT Ju Mamuna TrlopuHra, pemramimas
RaHHYIO MacCOBYIO HpoGJeMy HJIM K€ TaKkoi MaImuHLI He
cymecTByeT?

Ha sT0oT BOIpOC TEOPUS ANTOPUTMOB B pAfe CAYIAEB
AaeT OTpHUIATENBHBIA OTBeT. OfMH M3 HepBLIX PE3YJIbTATOB
TaKOro THHOa HOJy4YeH a@MEepHMKaHCKHUM MaTeMaTuKoM Yép-
yem B 1936 rozy. On racaercs mpobiembl paCIO3HaBaHMS
BRIBOAMMOCTH B MaTeMATHIEeCKO# JIOruke,
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1. HepaspemamocTs nmpo6aeMbl pacno3HABAHNA BEIBO-
JEMOCTH B MATEMATHIECKOH JIOrHKe.

Kax H3BeCTHO, aKCHOMATHYECKHI METOL B MaTeMaTHUKe
gaKJIOUaeTcs B TOM, UTO BCe NPeAJOXKeHUs (TeopeMnl) gaH-
HOI TEOpUH HOJY4YAIOTCA HOCPEACTBOM (POPMAIBbHO-I0rHUeC-
KOro BHIBOJZa M3 HECKOJBKUX HpeJJoKeHui (axcuom), npu-
HXMAEMBIX B JaHHOM Teopmu 0e3 ZOKa3aTeJLCTBA.

B MaTemaTrmaeckoit JIOTHKe ONUCHIBAETCA CHeLUaIbHBIK
#A3BIK GopMyJi, mO3BONAOINUHE JNI0Goe mpexsio’KeHWe MaTe-
MaTHUEeCKOH TEOpHH 3anucaTh B BHJAE BHOJIHE ONpeaejeHHOR
¢opMyJIEI, a IPONEecC JIOTHYECKOrOo BHIBOJA W3 HOCRIIKH A
ciaexcTBusI B Mo)keT OnIT, OmMCAaH B BHfe npomecca ¢op-
MAJIBHBIX mpeoOpasoBanuii MCXoMHOR GOPMYJIBI. ITO ZOCTH-
raetcsa OyTeM WCIOJNbL30BAHMS JIOIMYECKOr0 MCUNCHEHHS, B
KOTOPOM YKas3aHa CHCTeMa JOHYCTHMMRIX mpeoOpasoBaHmii,
u300paxKaImux sJIeMeHTapHbBle aKTH JOTHYECKOr0 YMO3aK-
JIOYCHNA, U3 KOTOPHIX CKJIAALIBaeTcs JI060ii, KaK YrozHO
CJIOKHBIA (hOPMASILHO-JIOTUYECKUH BLIBOA,

Bompoc 0 Jyormueckoil BLIBOZMMOCTH npejyoxeHus B
M3 IOCLIJIKM A B N30PAHHOM JIOPHIECKOM HMCUMCJICHAN ABJIA-
eTcs BOOPOCOM O CYINEeCTBOBAHUH AEAYKTUBHOH IemOYKH,
Benymieit or dopmyanm A K dopmyse B.

B cBasu ¢ aTUM BOSHMKAET npobiema pacno3HaeéaHus
ebieo0dumocmu: RIS NO6LIX nByX dopmya A u B B noruuec-
KOM MCHYHCJEHHUY y3HATbH, CYMIECTBYET JH AEAYKTHUBHAA He-
nouka, Begymasf or A ¥k B, uim mer.

Pemenne sToil mpobaeMbl HOEMMAETCSI B CMBICJIE BOOPO-
ca O CYHIECTBOBAHWM aJITOPUTMA, GAIOINEr0 OTBET IpH JIO-
6nix A u B. Pesynrrar Uépua hopmynupyercs CleLyIOUIUM
obpasom:

Teopema UYépua. IIpoGrema pacnosnasanus evle6odumo-
CMU aaz0pUMMUYECKU Hepaspeuluma.

2. HepaspemumocTs npofieMbl pacno3HABAHUS CaMO-
OPHMEeHUMOCTH.

Bsenem mpesBapuTesH0 DOHATHE Mudpa MamuUHEL ThIO-
punra. o cux mop MBI 3amMCHIBANM HPOrpaMMy MaIIWHBI
Teiopunra B BuUAe AByMepHOi Tabmunst m x n. Ognako ee
MOXXHO u300pasuTh B OZHOMEDHOM BapHaHTe, 3adHCLIBAS
nocjiefoBaTeNbHO OATEPKH CUMBOJIOB TaK, UTO HEpPBLIH CHUM-
BOJI IATEPKM yKasbIBaeT cToiben, TaBauiisl, BTOpOil — CTPOY-
Ky Tabanunpl, a TOCIEAYIOMe TPH ~ CHMBOJLL TOK TpORKH,
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KOoTOpas pacnoJiaraeTcif B Tabiulme Ha HepecedeHUH YKa-
BaHHLIX CTPOKU M cTOAOIA.

Tarx, Hampumep, BMECTO CXeMBbI, nsoﬁpamennon HA
puc. 7, Oyzer mosyueHa OBHOMepHASsI CTPOKA:

agt1p N g3| 1@ v graqi A 1 SgiB A 01809200 A 4... (1)

IMocrynast aHAJIOrHYHO, MOYKHO IPH PACCMOTPEHUN KOH-
durypanuii yciaoBuTsCAa 0 TOM, YTOOBI OYKBY COCTOSHHMA NUCATH
He mop oboapeBaemoit OyKBOiH, a HeNOCPEACTBEHHO JIEBEe €e.
Hanpumep, paHee BcTpedaiomylocs KoHQUrypamumo

[
%

6ysem samuchiBate B Buze ||| qq].

HAcno, uto Kamxzxyio OyxkBy crporu (1) MOoxHO HmepenMe-
HOBaTh. CpesaeM 570, cofiofast CleAyOIIAe YCIOBHA:

1) crpora (1) monxxHa OZHOBHAWHO pasbuBaThLCA HA QT-
JeNbHBIE KOJOBBIE I'DYIIEI;

2) KOnmOBLIE CMMBOJINI NOJKHBI OBITH TPEX BUAOB:

a) insg OyKB A, N, H;

6) ansa 6yks BHemHero andaBuTa;

B) Ana OyKB, n300pa’KaoIUX COCTOSHUSA MalllMHBLL,

B cBasu ¢ satum OyzeM DONB3OBATHECH caeAymolneit Tab-
June# KOAUpPOBAHMUI:

Andannr | Byksa Konosas rpynna IIpameuanng
Byxsmt A 101 Onun ByJs Mexay 1
aapecoB H 1001 1

n 10001 Tpu Hyaa mexay 1

Baemunii | a, 100001 4 nyna YeTHOE YHCJO HyJe,

andasur a, 10000001 6 nyneﬁ Gosnbimee ABYX
a, | 10..01 2(n+2) mynek

BryTpen- q, 1000001 5 myneit |meuerHOE YMCHO HY-
Hu# ax- q, 100000001 7 myne# |neii, Gonnmee Tpex
tasur cee | e e e e s e e .

q, |10..01 2(n+1)+1 myxneii

Eciu B crpoke (1) cumrars |, @, B cooTseTcTBeHHO
OyxsaMu a,, @,, @,, TO OPH TaKOi CHCTeMe KOAMPOBAHUS
cTpoxa (1) 3anmue'rca TaK:

100001100000110000110001100000000011000(1)0110000011000000001 2)
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ITopo6HYI0O CTPOUKY M3 €AMHNI, U HyJIeH, COCTABNEHHYIO HJIA
(yHKOUOHANBHOM CXeMBI MJM JJA OTAeNbHOH rondwrypa-
OUY Ha3HIBAIOT WUPPUM QYHKYUORAALHOU cxembl NI Wud-
pom konuzypayuu.

Ilyers Teneps Ha JeETe Mamuubl ThioprHra nsobpasken
ee ke co0cTBeHHLIR mudp, sanucaHHbIi B ajldaBuTe MamIn-
aul. Bo3MOXKHEI ABa CJydas:

1., Mamura mpumeHuma K csoemy mudpy, T.e. OHaA
nepepabaThiBaeT 3TOT MAdpP M DOCIe KOHEYHOro YMCia TaK-
TOB OCTAHABJWBaeTcH.

2, ManmuHa He OpUMeRMMa K cBoemy mmdpy, T.e. Ma-
MWHA HUKOTAA He IepeXOfUT B CTON-COCTOSHUE.

Taxum ob6pasom, caMH MamuHeE (ux mudprr) pasbusa-
J0TCA Ha JBa KJjacca: KJacC caMONDHMEeHHMMEIX M KJacC He-
CaMONIPHMEHNMEIX ThIOpUHTOBbIX MammuH. Ilosromy BO3HH--
KaeT ciefyiollas MaccoBas mpobiema: npobiema pacnosua-
eaemocmu camonpumenumocmu. Io aw0GoMy 3amanHOMY
mudpy ycTaHOBUTH, K KAKOMy KJaccy OTHOCHTCS MamluHAa,
samudpoBaHHAg MM: K KJaccy CAaMOOPUMEHHMLIX HJH He-
caMOupUMeHHMBIX ?

Teopema. ITpoGrema pacno3naeanul caAmonpuMeHuUMo-
cnmu gazopumMmuyecKu He paspeuluma.

HRoxaszareancrro. IIpegmonoxxum nporuHOoe. IIycTs
Taras MamuHa A cymecrsyer. Torya B A Bcarnit camonpn-
MeHUMEBIA mudp mepepabaThiBaeTc B KaKOH-TO CHMBOJ ©
(nMelomuit CMbICI YTBEPAUTENLHOTO OTBETA H& MOCTaBJIEH-
HBI# BOHpPOC O CAMONPMMEHUMOCTH), & BCHAKHE HecaMOIIpH-
MeHMMEI mutp — B APyroi cumBox T (MMerommuil CMBICH
OTpUiATeNBHOrO OTBeTA Ha NOCTABJEHHEIHX Bompoc). B Ta-
KOM cjydae MOHO OLUIO IOCTPOUTH B TaKyio mamuny B,
KOoTOpas mo-npe:xHeMy HepepabaThiBaeT HecaMONpPHUMEHHMEIE
mudpe 8 7, B TO BpeMsA Kak K CAaMOOpMMEHHMBIM mudpam
B yxe He npuMeHNMAa., JTOr0 MOXHO OGBLIIO NOOUTHCA HyTeM
TAKOro N3MEHEHHS CXeMEI MAIMUHLE B, uTo6hl mocje mosBie-
HUA CUMBOJIA ¢ BMECTO IOSBJIECHUA CTOH-COCTOSHUSA, MANIH-
Ha Hayaja OGB! HEOrpAHUYEHHO HOBTOPATH ITOT XK€ CHMBOJ.

Taxum o6pasom, B mpuMeEHMa KO BCAKOMY HeCaMOHOpH-
MeHUMoMy miudpy (BbIpabaThiBaeTCAs HpH O9TOM CHUMBOJX 7) #
He IpUMERMMA K caMonpuMenUMbIM mudpam. Ho aT0 mpuso-
BUT X mpoTuBopeunio. JeiicTBHTeNBHO:
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1) mycrr mammna B caMonpuMeHHNMa, TOTAA OHA OpHMe-
HEMa K coeMy mmbpy B u mepepabaTniBaeT er0 B CHMBOJ
73 HO HOABAEHUE STOr0 CHMBOJIa Kak pa3 M ZOMXKHO O3HA-
yaTh, UTO0 B HecamonmpumeHHMA;

2) oycrt B HecaMompuMeHMMa, TOrAa OHA HE OPUMEHH-
Ma K B, uro moxKHO O3HAYaATH Kak pas, uro B camompume-
numa. IlonyueHHoe mpoTuBOpeuue JOKA3LIBAET TEOPEMY.

3. IIpobiaema 3KBUBANECHTHOCTH CIOB JJIA aCCOHATHB-
HBEIX MCYHCJIeHHIA.

Ilepsrie pesyabTaTsl 00 aJropuTMmdYecKOil HepaspeImu-
MocTH OBLIM YCTAHOBJEHBHI JAJNs HpofieM, BO3HHKAIOINUX B
caMoil MaTeMaTHYeCKO JIOMMKe W B TEOpUM aaropurtmos. Cioga
OTHOCATCS U paccMoTpeHHbIe ITpobaemsr «IIpobiema BhIBOH-
moctie u «IIpoGirema camonpumenumocTn». HO Iosxe BbHI-
SACHMJIOCH, YTO AHAJOIWYHEIE IIPOGAEMEI BOSHUKAIOT B CAMEIX
pasiMYHBIX CHEIUANLHLIX pasdgenax maremarnku. Cropa or-
HOCATCA, B HEepPBYI0 ouepenb, aarebpawyecxkue IpobjieMsl,
OPUBOAAINME K PA3NWYHBIM BapyaHTaM Opo0JeMBbl CJIOB.

PaccMOTpPHM HEKOTODHI andasur A = {a, b, c,...} U MHO-

JKecTBO cioB B 9Tom andasure. Ecau cnoro L sBisercsa da-
¢ThI0 ci1oBa M, To roBopAT, 94TO cjJoBo L Bxoxut B cioso M.
Tak, cJI0BO aca BXopuT B ¢l0BO beacab, naunnaa ¢ 6yKBH a.

Bynem paccMaTprsaTs npeoGpasoBaHue OFHHEX CJIOB B APY-

rHe ¢ HOMONIHI0 HEKOTOPHIX AONYCTHMEBIX HOACTAHOBOK BHAA
P—Quwmu P->Q,
rie P u @ nBa cioBa B TOM Ke andasure A.

IIpuMeneHHe OPHEHTHPOBAHHOK mojgcTaHOBKY P —» @ K
cioBy R BO3MOXKHO B TOM CJlydae, KOrja B HEM HMMEETCH
x0T ObI OKHO BXOMKAECHMe JE€BOi gacTH P; OHO 3aKJouaeTca
B 3aMeHe JII000r0 OZHOT'O TAKOI0 BXOXKAEHUS COOTBETCTBYIO-
mell mpaBoil YacTeio Q.

IIpnmeHeHe HEOPHMEHTHPOBAHHOR noACcTaHOBKE P — @
JonycKaer Kak 3aMeHYy BXOXKAEHHS JeBoil 4acTu OpaBoif,
TaK M 3aMeHY BXOXKIEeHHA IPaBoi UacTH JIeBOif.

Byaem paccMaTpuBaTh, B OCHOBHOM, HEOPHEHTHPOBAH-
Hble OOACTAHOBKH,

IIpumep. IlopcraHOBKA aGc — Gca HpUMEHUMA K CJIOBY
bcacab nBymsa cniocobamy; 3aMeHa BXOXKAEHUT ACA B 3TO CJIOBO
paer cioso bcacab, a saMeHa BXOXKAEHMA ac¢ KAaeT CJOBO
beacaab.
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K crnosy abcab sra mopcTaHOBKA He TPUMEHHMMA.

Onpepenenne. AccoyuamusHbimM ucyucaeHuemM Ha3biBa-
eTcs COBOKYHOHOCTb BCEX CJIOB B HeKOTOpOoM aidasure BMec-
Te ¢ KaKOoM-HUOyZAb KOHEWHOHW CHCTeMOi AOHMYCTHMEBEIX HOX-
CTAHOBOK.

Jam safaHuUg accoOmMaTHBHOTO HCYMCIECHMS HZOCTATOTHO
YKa2aTh COOTBeTCTBYIomue ajihaBuT M CUCTEMY IMOAZCTAHOBOK.

Ecnu cioBo R Moxer 6mITh mpeobpa3osaHo B CJOBO S
HOCPeACTBOM OJHOKPATHOI0 HPMMEHeHWs OMYCTHMOH Hmox-
CTAHOBKM, TO B S MoXeT OuITH mpeoGpaszosaHo B R raxun
’Ke oyreM. B Takom ciayuae R um S Ha3bIBaOT CMEHCHLLML
caosamu. IlocyiemoBaTeIbHOCTEL CJIOB

R, R, .., R, R

n-1? n
TAKMX, YTO Kakxas mapa cioB R u R, (i = 1,2,...,n—1)

ABJISIIOTCSI CMEXCHBLIMU, Ha3niBalOT dedyrxmueHoil yenowwoil,
sexymieil or caosa R K clroBy S.

Ecau cymecTByer HefyKTHBHaS IemodKa, BeAyInas OT
cixosa R x ciaosy S, T0, 0O4eBHAHO, CYyIIeCTBYEeT B HeAYKTHUB-
Has HemodKa, BeAymias oT cioBa S K cjoBy R, B 3TOM cliy-
uae ciosa R u S HasnIiBalOT 3KBMBaJIeHTHHIMH U 0D03Haua-
ior: R~8S.

JAna xaxaoro acCOMATHBHOI'O HMCUMCIEHWS BO3HUKAET
CBOSI CHOEIUANBHAA NpobieMa IK8UBANEHMHOCMU CN06:

Jlaa mobeIx ABYX CJOB B JaHHOM HCYMCJIeHUH Tpebyer-
¢f y3HATh, PKBUBAJIEHTHLI OHU HJIM HeET.

IIpob6reMa 3KBUBAJIEHTHOCTH CJOB JAJAA aCCOIMATHBHLIX
ucuunciienuit 6uuia chopmyauposana s 1911 rogy. Torza xe
ObLI mpejJIOXKeH AJrOPUTM AJIA PACHO3SHAHUS SKBHUBAJIEHT-
HOCTH CJIOB B HEKOTODLIX ACCOIMATHBHBIX MCUMCIEHHIX
cHenuaNILHOTO BHAA.

EcrecTBeHHO BO3HUKJIa 3afada o6 OTHICKAHWH TaKOro
oblero aaropnTMa, KOTOpuIii 65131 651 NpUMEHUM K JIOGoMy
acconuaTUBHOMY HCYMCIIeHHWIO.

B 1946 u 1947 rozax poccuiickuit maremarux A. A. Map-
KOB 1 amMepHKaHCKU MaremaTur 3. Iloct, HezaBucHMO oguH
OT ZpYTOr0, HOCTPOWJM KOHKPETHLIe mpUMephl acConUaTHUB-
HBIX ucUYucIeHuMH, IS Kaaor0 U3 KOTOpLIX mpolieMa sKBH-
BAJIGHTHOCTH CJIOB aJrOPUTMHUYECKH He paspelIuma, H, cje-
JoBaTeJIbHO, He CYIIeCTBYeT aNrOpuUTMa JJIfA pPacmoZHaHUT
SKBUBAJICHTHOCTH CJIOB B JIOOOM HCUMCIIEHWH.
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B 1955 roxy poccuiickuit Mmatematux I1. C. HosukoB foxa-
3aJ AJrOPATMHUYECKYIO HEpPaspeImHMOCTh HpobieMsl Toxae-
CTBa rpynmn, ¢GopMaJsHO 3Ta npobieMa mpegcTrasiaer coboii
YACTHEIA ciydail mpo6ieMsl dKBHBAJICHTHOCTH CJIOB B accO-
OUATHBHOM HCYHCJIECHHH,

IIpumepsi, mocTpoenasie A. A. Maprosemm u II. C. Ho-
BHKOBBIM [Jisl ONPOBEPIKEHUS AIrOPHUTMHYECKOii paspemin-
MOCTH HcclieyeMBIX mpoGieM GbUIN IPOMOSAKHMU B HAacYH-
THIBAJIM COTHH AONYCTHMEIX INOACTAHOBOK.

IlerepGyprecromy Matematukry I'. C. LleiiTury ypamocs
MOCTPOUTEL MPHUMEP AJTOPATMHYECKH HepaspelInMoro Hc-
YHCJIeHHsI, B KOTOPOM HCIOJBL3YeTCs JHINL CeMb AOIYCTH-
MBIX MO/CTAHOBOK.

4. HepaspemmusmocTs gecsatoii mpobaemsr I'manGepra o
AXO(MARTOBLIX YPABHEHHAX,

CyugHocTh 3T0H mpolieMBl m3narajiach HaMU BEIIIE B
§ 3 u Tam xe yKasSHIBAJOCh, YTO AOKA3ATEJILCTBO QJITOPHUT-
MHJeCcKOHl HepaspemInMOocTH 3Toit mpobGieMbl OBLIC AAHO B
1960 roay monopeiM IlerepOyprexmm mMaremaruroM 10. Ma-
THSCEBHYEM.



acmoe I1

3aJavyHUK-TIPAKTHKYM
II0 MATEMATHYECCKOM
JIOTMKEe



TJTABA 1

AJITEBPA JIOTHKH

§ 1. BrCKA3KBAHMA H JOTHYEeCKHe ONCPAIHN HAX HNMH.
®Dopmyast anre6pnl JOTRKEH

IlonaTHe BHICKA3HIBAHHA SABIAETCS OCHOBHHIM Heompe-
AeageMbIM NOHATHEM MaTeMaTHWdeckoi snormkm. Ilox Bric-
KasHBARHNEM NOEEMAIT J1000e IOBECTBOBATENLEOE IIPEeJIO-
AeHEe, 0 KOTOPOM MOYKHO CKA3ATH HCTHHHO OHO HJIH JIOXKHO
B ZJAHHHIX YCHEOBHSX MeCTA H BpeMmeni. Jlormgeckoe 3Have-
HHe BHICKASHIBAHHSA <¢HCTHHAS (¢J0Xb») o6oaHauUaeTCA HAH
GyxBoit u, (1) mam nudpoit 1, (0). BrickassBarus O6GLYHO
0603HavuaI0T MaAbIMM JATHHCKEME 6ykBamMm,

Ompuyanuem BLHICKA3LIBAHAS G HA3LIBACGTCH BLICKA3HI-
BaHHMe &, KOTOPOE HCTHHHO, €CJIE G JIOXKHO, H JIOKHO, ecn
@ BCTHHHO. BpickasmBanue @ umraerca rak: <He a». Tab-
JIKIA MCTHHHOCTH JJS G HMEeT BHA:

a
0
1

Konwsionrxyueli BHICKa3HBAHEN 4,0 HA3LIBAEGTCA BBHICKA-

suBanse a Ab (a&b), xoropoe HcTHHHO, ecH G B b neTHE-
HEI H JIO)KHO, €CJH X0Td OB OAHO U3 HHX JIOMKHO. BEICKa3hI-
BaHue G A D uHTaercA: ea m bs.

Jussionrkyuell BHICKA3KIBAHEN g,b Ha3HBAETCA BHICKA-
selBaHe @ Vv b, KOTOpOe HCTHHHO, €CJH XoTd ObI OAHO H3
BHICKA3KIBAHHAHA @ Wil b HCTHHHO, H JIOXHO, ecam 00a oHH
JIOXKHEL. UHTaeTcA: ¢a man bs.

Hmnaurxayuell spICKasmBaHEil a,b HasniBaeTCHd BRICKA-
3niBaHHe @ —> b, KOTOpOE JIOXKHO, €CJIH G HCTHHHO H b JoXkK-

HO, H HICTHHHO BO BCEX OCTANBLHEIX CIyYasnx. Unraercs: «Ecuan
a, TO b».
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OKxeuearenmnocmuvio (HAN SKBHUBAJICHIMEH) BHICKA3EI-
BaHIH 4,0 Ha3KIBAETCA BLICKA3LIBAHHE 4@ <> b, KOTOpOoe HC-
THHHO, €CJX 00a BHICKASHIBAHHA @ H b OZHOBPEMEHHO HC-
THHHE WJIH JIOMKHBI, ¥ JIOXKHO BO BCEX OCTANLHBEIX CIyJasx.
YuTaeTca: «a TOrAA H TOJHLKO TOTfia, KOrjga b».

Tabnana ECTHHHOCTH AJA 9THX JIOTHUYCCKHX omnepammii
TAaKOBAa:

a b anbd avh a—>b aeb
1 1 1 1 1 1
1 0 0 1 0 0
0 1 0 1 1 0
0 0 0 0 1 1

Bce BRICKASHIBAHRS MOYXXHO PA3AECARTS, HA HpOCTHe (AR
8JeMEHTADHRIE) H COCTABHEE (HAH CAOMHBIC).

Bceaxoe caoxHEOEe BHCKASHBAHHE, KOTOpoe MOxXeT OnITh
NOJYYeHO H3 SJIEMEHTAPHEIX BHICKA3LIBAHHE HOCPEACTBOM
NpHEMEHeHHS BhIIe ONpeAeseHHLIXK NATH JOIHYECKHX Onepa-
nuif, Ha3WBaeTCA POpMYnoll arzebpvi AoZUKU.

®opMynnl anrebpH Aoraxu 6yzeM ofosuavars Gonbmu-
MH JaTHHCKEME OykBaMuE. Jlormueckue smaueHms Gopmy-
JIN OPH PA3NMYHEIX KOMOGHMHATMAX 3HAUYCHH# BXOAAIHMX B
Hee BHICKA3HBAHMEA MOXKHO OIHACATH NOCPEACTBOM TAbGIHMIEL,
KOoTOpasa HaskiBaeTcA Tabiumeidt mcTmHEHHOCTH GOPMYJIEL.

@opmysa A, BCerja HCTHHHAS, HA3HIBAETCH moxcde-
CMEeRHO ucmunnoii gopmyroii mmu maemoaozueill B 3any-
cuBaerca A =1. @opmyna B, Bceraa JoKHag, HASHIBAETCH
moxdecmeenno RoxcHOlL gopmynoii m sanuceBaeTca B=0.

ITpumep 1. Cpeau cieAyOmux npeAIcKeHUd BHAEIHTD
BHICKASHIBAHHKSA, YCTAHOBHTh, MCTHHHLI OHH WJIH JIOXKHBI:

1) pexa Boaxor Bnagaer B o3epo Vnemens;

2) BcaAkWiz Yenoeex ummeer Gpata; .

3) neifre ToMaTHEHA coxl;

4) cymecTByeT 4eJOBeK, KOTOPHA MOJ0Ke CBOEro OTHA;

5) rotopuiit uac?;

6) au oxmu vesoBex He BecuT Goxee 1000 xr;

7 23<5;
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-8) Ana BCex AeHCTBHTENLHBIX YHCEA X B J BEDHO paBeH-
CTBO X+Y=y+X;

9) x?-Tx+12;

10) 2* -7Tx+12=0.

Pemenwe. Jlerko BupeTrs, YTO BHICKA3kBaHuA 4), 6),
8) — mcTunHLle, a BHICKa3uBamng 1), 2), 7) — soxurie. Ipexn-
soxeruna 3), 5), 9), 10) He ABAAIOTCH BHICKASLIBAHMEIMH.

Hpumep 2. Hycrs a — BrickasuBanue «Cryaesr Usanon
uaydaer apmmlickuil A3biKe, b — BricKASHBaHEE «CTyaeHT
VipagoB ycmeBaeT no MaTeMmaTHdeckoft mormkes. Hats cio-
BeCHYI0 GOpMYJIHDOBKY BHICKASHIBAHHIAS

1) anbd; 2) a—>b; 8)boa.

Pemenwe. a) «Crynear Msanop mayuaer aEramicKEi
fASHIK M He YyCIIeBACT II0 MATEMATRYECKOMA Jorukes; 6) «Ecom
cTyseET MIBAEOB H3yYaeT AaHIVIHACKEN A3LIK, TO OH ycIeBa-
er o MareMarmdecko#i Jyormxes; B) «Cryaenr HBamos He
yCcIeBAeT II0 MATEMATHYECKOR JIOTMKE TOT/IA M TOABKO TOI-
AR, KOTAA OH He H3YYACT QHIAAACKHN HSHIKSs.

Hpamep 3. CocrapuTh TaGAHNY HCTHHHOCTH AXS BHIC-
KaswBaEAA avb. o

Pemenne. TaGiuna HCTHHHOCTHE RIS BHICKASHBAHHSA
avb BMeeT BHA:

a b b a v‘bt"
1 1 0 1

1 0 1 1

0 1 0 0

0 0 1 1

1.1. Kaxue H3 cHeAyOIUX NpeAJOXKeHHE ABagoTcs
BBHICKASKIBAHHIMMT: :

1) Mocksa — crosuna Pocchu;

2) cryaeHT DHU3HKO-MaTeMATHYECKOro daxynnrera;

3) V3 + 247 - 28;

4) JIyna ects coyruak Mapca;
5) a>0.
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‘1.2, TlpnsezuTe HpUMEPH HPERNOXEHMH, &) ABAAIOMMAX-
€A BHICKA3pBAHAAMY; §) He ABIAIOMMXCH BHICKALIBAHMIMHA,

1.3. BepHn M yTBepXKACHHA:

1) cymma KopHeil npHBeZeHHOro0 KBAAPATHOTO ypaBHe-
HEA paBHA CBOGOZHOMY 4WieHY;

2) cymma xopueil m06oro HPHBEAEHHOr0 KBAAPATHOTO
YPABHEHHS PaBHA CBOGOAHOMY WJEHY)

3) cymecTByeT mpuBeAeHHOE KBAAPATHOE ypaBHEHHE,
CyMMa KOopHeit KoToporo paBua csobogmomy uneny?

1.4, YcTaHosnTe, HCTHHHO KXH JIOYKREO BHICKA3LIBAHHE:

1) 2¢ {x'|2x’ -8x*+1=0, x ER} :

x® -

2) —3e{xlx,+;<-—2.xen}:

2n+1 '
3) 3. ;
) e{zn 2IneN}

4) -{1}eN.§

5) {1} eP(N), rae P(N) — MBoxecTBO Beex IOAMEOMNeECTS
MHOMKeCTBE N ;

6) D ed:

D @é{@};

8) {L-12} c{xlx* +2*-x-1=0, x ez};

9) {xlx”+x'?x—1=0, x_eZ}c{l,—l,Z};

10) cN;

11) {@} c {2};

12) {2} < {@.{2}} .

1.5, fIpnsierca Nm BLICKASHIBAHHEM CJlefyIONice IpeAdo-
JKeHHe: «IJTO NPeAJIOKCHHE JIOKHO»?

1.6. Cpeau ciegyomux BHICKA3LIBAHHI yKAa3aTh -9Je-
MeHTAPDHEIE M COCTABHHE. B COCTABHHIX BHICKA3HIBAHHAX
BBIAGJIETDh IPAMMATHUECKUE CBAZKH:

1) uncno 27 Be genurca Ha 8;

2) uyucno 15 penurca ua 5 » Ha 8;

3) ecnm umeno 126 zermrest ma ‘9, T0 OHO feNUTCS Ha 3

4) yucao 7 apnsercs AenmreneM umcaa 42;
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5) uucno 1269 pgenmrTcs Ha 9 TOrAa M TOALKO TOTAA,
xorna 18 genmrcs Ha 9.

1.7. O6osuaurTe 3J1eMEHTApHLIe BRICKASHBAHHA GyKBa-
ME ¥ 3a0HIIATE CAeAYIONIHE BHICKAZBIBAHUA ¢ IOMOIILIO
CHMBOJIOB aJre0phl JIOTHKH:

1) 45 xpatno 3 m 42 xpaTHo 3;

2) 45 xparHo 8 B 12 me KpaTHO 3;

3) V25 =5 wm V25 =-5;

4) 2<5;

6) ecymx yucno 212 penwrea Ha 3 B 4, TO OHO flenwTed Ba 12;

6) wmcso 212 - TpexsHaYHOe M KpaTHO 8 mam 4.

1.8. Ilycts p B ¢ 0603HAYAIOT BHICKA3BIBAHNA:

D — «¥ yaycs B mKones,

q — <51 mo6Gaio MaTreMaTHKY®».

ITpouTHTe ClEAYIOIGHe CHOKHHEE BLICKASKBAHHA:

1) $:2) 73 8) p&q; 4 p&q;5) P&q;6) p&7: 7) p&gq-
1.9. Kaxue B3 cuefyiomHX BEMOJIMKANEA HCTEHEHLI
1)ecnu 2x2=4,T0 2<33
2)ecan 2x2=4,710 2>8;
3)ecam 2x2=5,T1T0 2<3;
4)ecnm 2x2=5,10 2>3°?

1.10. BuacHuTe, B KAKAX CJyYasX OpHBefeHHbe HIKe

KaHHble NPOTHBOPEYHMBEI

1)a=1,a&b=0; 2) a=1avb=0;
3)a=1lLa&b=1; 4)a=lLavd=1;
5) a=0,a&bd=1; 6) a=0,avd=1;
7 a=0,a&b=0; 8)a=0,avb=0.

1.11, Ilyers x, %', Y, Y’ O3HAYAIOT COOTBETCTBEHHO 47 —
IPOCTOE YHCIO», «7 — COCTABHOE YHCJIO®, «8 — mpocToe IHC-
JIO», «8 — COCTABHOE YHMCIO»:

1) xaxme u3 npemnoxennin x&y, x&y', x'&y, x' &y’
HCTHHHEI H KakKHe JIOKHLI?;

2) T0 e ¢ 3aMeHOY¥ KOHBIOHKOHMH HA JHIBLIOHKIIHUIO;

3) o xe ana mpeanoxkenuit ¥, 7, x', y'.

1.12, IIpoeepuTs, He COCTABAAA TaOJHI, HCTHHHOCTH,
ABIAIOTCS JH Cleayiomue GOpMyJBl TOMAECTBeHHO HCTHH-
HEIMH: :
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1) p>p; 2) pv s

3) pAp; 4 pop;

5 p—p; 6) po p;

7 (pvp)-p; 8) p&(p & p);

9) (p— p)vF; 10) p & p&(p > p&p);
11) pv(p © B); 12) p—> p;

13) po> p; 14) (pvp)> (P~ D).

1.13, HalignTe jorA49ecKue 3HAYEHAA X H y, IIPH KOTO-
PHIX BHINOJHAIOTCA DABEHCTBA!

1) (1—”‘)—)!1-’-0; 2 xvy=x.

1.14.

1) MzBecTHO, YTO HMIIAKAUMA X — J HCTHHHA, 8 9K-
BHBAJCHTHOCTh X <> Y JIOXKHA. 9TO MOXHO €Ka3aTh O 3HA-
YeHNH HMIUIEKanu®A y— x?

2) HaBeCTHO, UTO SKBHBARJEHTHOCTh X <>} HCTHHHA.
YTO MOMKHO CKA3ATh O 3HAYCHHE X < Yy U X &Y ?

3) HaBecTHO, uTO X HMeeT 3HaYeHHe 1. YT0o MOKHO CKa-
3aTh O 3HAYCHHAX MMIUIMKAIME X A Y — 23 "x'—)(yvz)?

4) HapectHO, UTO X — yy HMMeeT 3HauenHe 1. UT0o MoKHO

cxasars o sHavermax 2 - (x> y); x >y > y; (x> y) > 2?2
1.15. IIyers x =0, y=1, z2=1. Onpegenurs Jormuec-

KHe 3HAYCHHA HEMKeCJHEAYIOMMX CIOXKHHIX BHICKA3HIBAHMI:

1) xAa(ya2); 2) (xAry)Ay;

3) x>y 2); 4) xAy->z;

5 (xay)o(2vy); 6) ((xvy)/\z)e((x/\z)v(y/\z)).
1.16. IIoxasaTh, 4TO JIOrHYeCKHEe CBASKH } —> G,

a&b >a, a&b > b, a&b - a, rae & — dukcmpoBaHHOE
JIOXKHOE BHICKA3LIBAHAE, HMEIOT Ty e TaGIAny MCTHHHOC-

TH, 9TO M HMIUIMKAOUA a > b.

1.17.

1) IlocrpoiiTe ¢ NOMOImILEI0 OTPHIAHHA H AHIBIOHKINH
dopMyy, TabNEIa HCTERHOCTE ANA KOTOPOH coBnmagaia Gur
¢ TabaHneil ANA HMILTHKALHHA,
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2) AHQJIOTHYHO 9TOMY HOCTPOIiTeé ¢ HOMOINLI0 OTPHIA-
HHA B AMOIBEKanEE dopMyny, tabauna Aas KoTopo# co-
BOagaer ¢ TabauOeil AiIs AUBBIOHKIWH, H BTOPYIO (opmyny
¢ rabnuneii, copnagaromei ¢ Tabaunedl An1A KOHBIOHKI[AH.

1.18. CocrasuTh TaGiARIIEI HCTHHHOCTH AAA GOpMYJI:

1) x,v,;
2) (xvy)> (xATVvEF);
3) (% A xy) v xg;

) xAy->@pvETo3);

5) (x, - ;;)—)(_xl—v;;/\x—,);

6) (Ev2)a(y > (- x);

7 % > (x> (.> %))

8) x, VX,V..VX, > Uy AYA.LAY, .

1.19. Veranosats, Kaxme H3 CIEAYIOMAX GOPMYX

SBJAAIOTCA TOXAESCTBEHHO HCTHHHBIMH, TOXIAECCTBEHHO JIOMK-
HBIMH:

D) ¥vy— x&ys
2) (x> y)>{F > %);
3) b - (P > P
4) ;):—)(p,—)pz,);
5) (prg) > q) (2 p);
6) ((p—)q)&(q-)r))-)(p—)r);
. Nx->2)>»W->2)>(xvy—>2);

8) (p, > p2) - (. v P) > (P2 v P))s

9) (Px -> (Pz - Ps)) g ((P1 - Pz) - (P1 - Pa)) H

10) (p, > p;) > (P, A P) > (P, A D)) -
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§ 2. Paprocibanie GopMyas! anre6pel JOTHRH

Onpenenenne. Jipe dopMyns anrebpn moruka A u B
HA3EIBAIOTCA PAGHOCUNbLHLIMU, €CJIH OHU NPHHHMAIOT OAH-
HAKOBBIE JIOTHIECKHEe 3HAYCHHA HA Jio0oM HaGope srauennmii
BXOAAUMX B HUX Bhickasksammit (A = B).

Baxueiimue paBHOCHILHOCTH MOYKHO pasOGHUThL HaA Tp:
rpynnss

I. OcHOBHEIC PaBHOCHILHOCTH.

L x&x=x (x&x&...&x=x)| SaKOHH

2. xvx=x(xvxv..vx = Xx)

3. x&1 = x.

4, xvl=1l

5. x&0=0.

6. xv0=vx,

7. x&% =0 — 3aXKOH OPOTHBOpDEYHA.

8. xvX =1 — 32KOH HCKJIOYECHHOrO TPETHEro.

0. x=x — 3aKOH CHATHA XBOMHOrO OTPMIAHHA.

10. x&(yvx)=x
11, xv (y& x) = x| — 32KOHHI NOTJOINEHHUS.

II. PABHOCHALHOCTH, BHPAKAIOIMINEG OXHH JOTHICCKHE
omepamMH uYepes Apyrue.

Lxeoy=(x->y)&(x—>y)

T HMAeMIOTeHTHOCTH.

2.x>y=xVvy

3. -x&_ys;vg
4 m =& ;} — sakoHHI aAe Moprana.
5. x&yam.
6. xvyE;&;.

IIl. PaBHOCHABHOCTH, BHIPAXAIOIIHE OCHOBHBEIE 3aKO0-
Hbl anreGphi JIOTHKH,

1. x&y=y&=x.
2, xvy=yvzx.

3 x&(y&2)=(x&y)&=
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4. xv(yve)=(xvy)va
5 x&(yv2)=(x&y)v(x&2)

6. xv(y&2)=(xvy)&(xv2)

Hcnonpaya pasaocunsHocTH rpynm I, II, III, mosxHO
qacTh GopMyaH aarebps! JOTHKH HAH BCo dopMynay 3ame-
HATH paBHOCHIBHOH eii dopmynoil. Takue nmpeoGpaszoBanus
HA3LIBAIOTCSA PABHOCHIBHHIMHM. PaBHOCHILHBIe npeobpaso-
Banua GopMys DPHMEHSIOTCH AN AOKA3ATENBCTBA PABHO-
cunpHOCTEil, 1A nNpHBeAeHEs (GOPMYJ K 3afaHHOMY BHAY,
And ympomenua ¢opmyJ.

Ipumep 1. JoxasaTh PABHOCHABHOCThE X — Y = z&;

Pemenme. {1 A0KA3aTEJLCTBA PABHOCHABHOCTH IIOK-
BeprHEM ee JIeBYIO YacCTh PABHOCHJILHBIM IIpeolpasoBaHAaM:

x—)yszvysx&;sx&;.

IIpumep 2. YopocTRTs QopMyay A= (xvy > X vy)&y.
Pemenne. IlogsepraemM ¢opMynry A paBHOCHILHEIM IIpe-
o6GpasoBaHHAM:

AE(;\_/_y—)?c'vy)&ys(mvay)&ys

s(xvyvft'vy)&yE((xvi?)v(yvy))&yg
=(lvy)&y=1&y=y.

Ilpumep 3. Hoxasats, uTo dopMyna A =x— (y > X)
TOMJECTBEHHO HCTHHHASA.

Pemenne. IloxBepraeM GopMysTy A paBHOCHABHEIM Ipe-
o6pasoBannAM

AEx—)(y-—)x)E;v(;vx)E;v(xv;)s
E(;vx)v;alvzsl,
1.20. NoxasaThs PaBHOCHILHOCTH:
1) (xvy)&(xvﬂ)sx;
2) xv(;&y)sxvy;

3) xeyz;eg;
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4) xyvryvry=x—-ys

5) x—);ay—);;
) xo@Wor2)=x&ky—> 2z

7) xa(x&y&z)v(x&y&;)v(x&;&z)v(x&;&;);
8) (xvy)&(zvt)=xzvyzvatvyt
9) xyvat=(xva)yvz)eve)yvi)
10) %, A XA nX, D y=2; —>(:!c2 - (—) (x,, - y))).

1.21. Yopoctats dopmyay:
D(xsx)ox

2) x> (x> p)

3) ;-y:V(xﬁy)-x;

4) (x o y)&(xvy)

5) (x > y)&(y = 2) > (2 > =}

6) (xv;—)(z—)yv;vx))&(xvx_——)(T—)—x'))—)y;

7 (28287 > y&y > 2) vav (yaz)v(y& 2

8) (x&(y vzoyv z))v(y&x&;)v x v(y&x&;,;

9 (x> p)&(>2)> (x> 2)

10) (x/\z)v(x/\;)v(y/\z)v(;/\y/\z).

1.22. IoxasaTh TOMXKAECTBEHHYI0O MCTHHHOCTH HJIH TOMK-

AECTBEHHYIO JIOXKHOCTh (hopmMyur:
) xAy—ox;

2) x> (xvy)

3) (x-—)y)—)(;—););

4) (;—);)—)(x—)y);

5) (x—)y)&(x -—);)—);;

1 Bnecs 1 B fanbHeAmeM 3AMHECH xy(x-y) osHauaer x &y, noxobHO TOMY,
mnmedpenenmemmxmomema(mmmsx-y BMECTO X X ¥ ).
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6) x&(x—)y)&(x—););

T XVE>YAY

8 (xo>(p>2)>(x>v)> (x> 2
9) (‘z—)x)—)((z—-xy)—)-(z—)x/\y));
10) (x—)z)—)((y—)z)—)((xVy)—)z));
11) (x—)(y-—>z))—)(x-/\y-—>z);

12) (x/\y—)z)-—>(x—)(y—)z));

13) (xl/\.../\x,,)&(xlv...vx_ - ;)&y;

14) x, —)(x, —)...—)(:!c,,_1 —)(x_ - yv;»..);

15) (x/\; DY P Yy P Yy y_] - (z/\;).

1.23. Ilyerr F — rompecTBeHHO JOKHas (opmyns, Ho-

Ka3aThk, 9TO x&;—)Fax-»y.

1.24. Hamxme x, ecan mv(x_\zz)ab.

1.25. IlocnexoBaTeILHOCTh BHICKA3HIBAHMI (a,) onpene-
AfeTCH CIEAYIOIMM PEKYPPEHTHHIM COOTHOIICHHEM:

a,=a,,n(a,,va,,) n>8.

BrickasniBaHEMSA @, @,, @, 3ajaHH, OPHYEM @, H @, HC-.
THHHbI, & @, 10:KHO. MICTHAHO HAM JIOXKHO BEICKA3HIBaHHE
a,? Kax Belpaxkaerca @, uepes a,, @, a,?

1.26. Bripa3suTh BCe OCHOBHEIE OIEPAIlUH:

- 1) uepes onepanM® AUIBIOHKIMNIO, KOHBIOHKIUIO K OT-
punanne; _

2) uepe3 KOHBIOHKNUWIO H OTPHIAHHE;

3) uepe3 AHILIOHKNUIO H OTPHIAHHE;

4) uepes HMIONHKALWIO H OTPHIGHHE.
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1.27.

1) BeipasuTh OTpHDAHMEe HMIIHKANAHM Yepe3 OCHOBHHIE
Oomepanmyue TaK, YTO6GHl OTPHOAHHS CTOANH TOJBKO HaJX apry-
MEHTaMH, '

2) BeipasuTh OLIEPAIHIO JHSBHIOHKIWIO Yepe3 KMILTHKA-
BHIO,

1.28, Mcxuouaomeit AH3BIOHKO®E ABYX BEICKA3BLIBA-
au# ¢ B b HaskiBaeTCHd HOBOE BHICKA3HIBAHHME, 0003HAUaEMOe
a¥b (amrar «mbo @, 1u6o bs), KOTOpPOE HCTHHHO, KOTZA
OAHO H TOJBKO OAHO H3 AAHHHWX BREICKASWBAHHII HCTHHHO, H
JOXCHO B OCTAABHHIX caydagx. CocraBuTer TabAHOy HMCTHH-
HOCTH HCKAUANIMENd AWIBIOHKOHAH W BHPA3HTHh €€ 4epe3
OCHOBHBIE OIICPANMM HAJl BHCKA3HIBAHHIMH.

1.29, HIrpuxom Hleddepa ABYX BHICKA3HIBAHHK q H b
Ha3biBaeTCA HOBOE BLHICKasLIBaHHe, 0GoaHauaemoe a |b (unTa-
10T ¢@ He COBMECTHO C bs), KOTOpOE JIOKHO TOJNBKO TOTAA,
Korza o6a AaEHbIC BRHICKA3HBAHNA HCTHHHEL. CocTaBuTh Tal-
amrny uernaHocT® mrpuxa Hleddepa m BrpasuTs ero uepes
OCHOBHEIE OIIEDANEH HAJ BHICKA3HIBAHHAMH. JloKasaTh, 4TO
BCe OCHOBHLIE ONCPANMH HAJX BHICKASLIBAHHAMH MOMKHO BhI-
pasuTh uepes mrpux Ileddepa. :

1.30. IIrpuxom JIykaceBHYa ABYX BLICKA3LIBABHI ¢ 1 b
Ha3KIBAETCA HOBOE BHICKASHBaHHe a b (YBTalor ¢Hu @, HA
bs), KOTOpOE HCTHHHO B TOM H TOXLKO B TOM CJydae, KOraa
ofa AaHHLIe BHICKA3BIBAHHUS JIOXKHLI. CocTaBETh Tabnuny Hc-
THHHOCTH mrpuxa JIykaceBdua B BHIDA3HTH €ro Yepe3 OCHOB-
Hble OIepAlMH HaJx BHICKA3HIBAHHAMH. J[OKasaTh, UTO BCe
OCHOBHAIE OLIepamEy HAX nucxasumnm uoacna Bupaam
qepes mrpux Jiyxacesiua.

1.31. ToxasaTb, uTO OnEpanHs OTPHIAHHS HE MOJMKET
GLITh BEIpajKeHA Uepe3 OCHOBHbIE onepanmu (GHHApHBIC) HAX
BBICK&3EIBAHHAMH.

1.32. MokHO JH An8 Ramnoi dopMynsl HaiTH paBHO-
CHJIBHYI0, HE COJAEPKAIyI0 3HAKA OTPHUIAHAA?

1.33. MansumK pemu] B BOCKPeceHhe 3aKOHYHTH 4YTe-
HUe KHUTH, CXOXHTh B My3eit MJIH KHHO, a4 ecJH 6yaer xopo-
mas moroja — moiTH Ha peKy BHKYynaThcs. B xaxoM cayuae
MOKHO CKasaTh, UTO PemieHHe MajbumKka He BhIIONHeHO? B
OTBETE OTPMIAHAA KOJIKHBI conepma-rnca JIK!IIB B npoc'rmx
BBICKA3BBaHHAX.
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§ 8. OysrnuR anre6pH JOTHKHR.
CoBepmennnie BOpMadsHEE (hopMut

Onpenenenne 1. Pynxyuell anzebpvi A02UKY N NEPEMER-
Hbix HasmBaerca Jw6ad GYEKNHA 7 OepeMEeHHBIX
F(xl,xz,...,x,,), apryMenTH KOTOPOii IPDMHHMMAIOT ABa 3HA-
genua 1 u 0, ¥ cama QyHKOUS DPpAHHMAET ONHO H3 ABYX
spaueHmii: 1 wm 0.

Beaxaa dopmyna anrefps JOrdKkH ecTh QYHKIES aJi-
re6pnt jorukH. TOXKIZECTBEHHO HCTHHHAS H TOXAECTBEHHO
JoxHEaA QOPMYAHI €CTh HOCTOSEHHBIe GyHKOWNH, '

Moxxno nokasarb, YTO BCAKYI0 GyEKmmo anreGpu Jo-
FHKH MOKHO IPEJCTABUTHL B Buae PopMyaH anreGpsi Jora-
KH, H 3TO HpeACTABJIEHHE TAKOBO:

F(xy, %0 2,) = F(LL,..., ) & £, & %,&... & %, v
VF(LL...,0)&x,& 2,&... & X, ;& X, V..V
vF(0,0,...,0)& %, & %, &... &, . *

Dopmyny (*) MoxHO mpeobpasosaTh K ¢opmyse, KO-
TOpas COAEPKHT TOJHKO DNEMEHTaDHHE NEpeMEHHHIE BhIC-
KaskBaENA M o6Jazaer CAERYIOMHMHK CBOHCTBAMH cOBEp-
meHcrBa (mau cBoitcreamu (C)):

1) xamgoe noradeckoe caaraeMoe GopMYJLI COXEPHAT

BCE IEepEeMEHHHE, BXOAAmue B GyRKIuO F(x,,x,,...,x,);
2) Bce jorudecKHe cyaraeMrie GopMyJNBl PA3IHYHBI;
3) HE oxHO JOrmYecKoe caaraemoe POpPMyNHI He COREp-
AT OJHOBPEMEHHO IIEPEMEHHYI H €€ OTPHIlaHHE;
4) HE OZHO JOorudecKoe caaracMoe GOPMYJIH HE COXep-
JKHAT OXHY M Ty K€ IEePeMEHHYIO ABAMbI.
C nomomsio Tabinusl HCTHHHOCTH, OnpeAensiomeil pyn-

KIuIo F(xl,x,,...,x,), JErKO MOJYYHTHh COOTBETCTBYIOIIYIO

dopmyay anreGpnl Jiormkn, obGaapsiomtyio cBoiicTeamm (C).
JeficTBHTeNBHO, ANA Kaxjoro mabopa sHaueHWis mepeMeH-

HHIX, Ha KOTOpOM bYHKIHA F(xl, xa,...,x,) IpHHAMAET 3Ha-

venne 1, sanpmeM KOH'BLIOHKINIO dJeMEHTADHHX NEpeMeH-
HBHIX BEHICKASHIBAHHMH, B3AB 338 WICH KOHLIOHKIMH X,, €CJ®:
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3HAYEHHE X, HA YKA3aHHOM Habope 3HAUCHHA mePeMEHHEIX
ecth 1, u OTpPHANAHEE X,, €CNH SHaTeHMe X, ecth 0. JHussion-
KIHS BCeX NOJYYEHHHX TaKHM o6pasoM KOHBIOHKIHH o
6yner mckoMoii dropmynoii.

Onpenenenne 2. Ixemenmapnoli KoHsI0ORKYUel n Tepe-
MEHHLHIX HA3LIBAETCS KOHBIOHKIHS NEDEMEeHHHIX HIH HX
OTpHIAHHIA.

Onpeneacune 3. Jusswonxmusnoli Hopuarvrol opmoii
(IHD) dopmyant A HasnBaeTca paBHocHALBag efi dopmy-
na, OpeAcTABAAOMAA C060il AHIBIOHKNMIO HAEeMEHTAPHBIX
KOHDBIOHRI M,

Onpenenenune 4. Cosepuiennoii duasorxmuenoili rop-
maxavnoll gpopmoit (CHHP) dopmynst A rasniBaerca NHD A,
obnanatomasa csoiicresamu (C).

COH® A MOXXHO IONYYHATh ABYMS cmocofammu: a) ¢ Io-
MOImBI0 TabaunE HeTHHHOCTH (CcM. BHme); 6) ¢ moMOmBIO
PABHOCHNBHEIX HpeolbpasoBaHmii.

IIpasano monyvemms CHH® w3 dopmymst A ¢ nomo-
ILI0 PABHOCHJILHLIX HpeobpasoBaHMi.

1. Jna ¢popmyan A noxyaaem nobyio JHEP.

2. i3 TH® A nyreM paBHOCHALHEX npeoGpasoBanmit
noxygaem CITH®, nocie0BaTeILHO JOOMBAACEH BLIIOJIHEHHAS
geTnIpex cBoiicrs CJTH®D:

1) IIycrs B ecth cnaraemoe JH®, ne cozepxamee X,
Torza Hazo 3aMeHHTDb cnaraemoe B 8 JTH® A Ha cnaraemoe

B&(x, v;,) = (B&=x,)v (B&;) .

2) Ecim B TH® A BCTpeTHTCS ABA OXHHAKOBHIX CJIAra-
€MEIX Bv B, TO qumHee HYXHO OTODOCHTB, TAK KaK
BvB=B. ‘

3) Ecam B HexoTopoe cinaracmMoe B B TH® A mepemen-
HAf X, BXOZHUT XBAYKAL!, TO JHIOHIONW IHEPEMEHHYI0 HAajO OT-
6pocnTs, Tak Kak X,&X, = X,.

4) Ecim cnaraemoe B B TH®M A copepHT KOH'BIOHK-
162100} x‘&;,- s TO 9TO CJAraeMoe MOXXHO OTOpDOCHTH, TAK KaK

x‘&z = (0, H CIeA0BaTENbHO, B = (), a JOKHOE BLICKA3bIBA-~
HHE N3 AUSBIOHKIUHE MOXHO BHIGPOCHTS (B CHIY PABHOCHJIB-
HOocTH CvO0=C).
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. Oupepencrue 5. daemenmapnois dusswnrxyueili n nepe-
‘MEHHBIX HASHIBACTCHA AMIBIOHKIHA NIePEeMeHHLIX MJIH HX OT-
punannii.

Onpeaencune 6. Konsrwonkxmusnoii nopmanvroir popmoii
(KH®) dopMynnl A HA3LIBACTCS DABHOCHALHAS eil dopmMy-
Ja, OpepcTaBiafiomas coboif KOHBIOHKIUIO 3JIeMEeHTAPHBIX
AU BIOHKIHHA,

Onpenencune 7. Cosepuiennoii KOHBIOHIKMUBHOIL HOpD-
manvroli popmols popmyann A (CKH® A ), HasmBaeTcs
KH® A, VIOBACTBOPAIOMIAA YeTHLIPEM CBOHCTBAM!:

1) Bce sseMeHTApHHIE AHIBIOHKIHH, BXOAAIIHE B
KH®D A, conep:rar BCe IEPeMEHHHIC;

2) Bce 3NeMeHTAPHHIE AHIBIOHKIMH, BXOAAI{HE B
KH®D A, pasndYHEL;

3) xamgaA sJeMeHTApDHAS AUSBIOHKIKA, BXOAAMAS B
KH® A, COREPXAT NEePEeMEHHYIO OLHH pas3;

4) HE oAHa DJeMEHTAPHAS AHIBIOHKIOMUSA, BXOAAMAA B
KH® A, He COJePKAT NEPEMEHHYI0 H €¢ OTPHIAHHE.

CKH® A MO:KHO HOJY4YHTH AByMs cmocobGaMu: a) ¢ mo-
Mombi0 Ta6NuNbLl HCTHHHOCTH (HCIONbL3YA 32KOH ABOMCTBEH-

"Hocrt CKH® A = CHH®D Z, noJyiydaeM ¢ IOMOIBI0 Tabim-

nut neruraoctE CIH® A, m, p3as orpunanue CIH® A,
noxygaem CKH® A ); 6) ¢ 1OMOmpi0 PABHOCHIBHLIX IIpeol-
pasoBaHmii.

IIpasnio noayweans CKH® u3 ¢opmMyast A ¢ nomo-
b0 PABHOCHJIBHEIX HpeoGpasoBaHHil. '

1. Ina popmyant A nonyuaem awbyio KHD.

2, U3 KH® A nyreMm paBHOCHABHHX npeoGpasoBanmit
nonyuaeM CKH®D A, mociezoBaTenbHo AoGHBAACH BHIIOJ-
Henus veTnpex cpoiicre CKHO,

1) Ecam sneMeHTAapHAS RUILIOHROHA B, BXogamas B
KH® A, He COREPKUT IEpeMEHAYIO X, Toraa samMenseM B
HA Bv(x,&;,)a(Bvx,)&(Bv;,).

2) Ecna B HEeKOTOPYIO SJEMEHTAPHYI0 AHSLIOHKUMIO B
OepPeMEHHAS X, BXOAHT JBAYCALI, TO JMINHIOW IEPeMEHHY

HYXHO 0T6pocHTh, TAK KaK X, V X, = X;.
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3) Ecru KH® A conepXHT ABe OAMHAKOBHIX SAEMEH-
TApPHBIX AMIBIOHKIMHA, TO OJHY MOYKHO OTGDPOCHTBH, TAK KaK

B&B=1B,
4) Ecam B 'a.nen_aen'rgpny:o AU3BIOHKINIO BXOAHT Iapa

%, v;,, TO €e MOXKHO OTOPOCHTB, TAK KAK X, v;,s 1, a mc-
THHHOE BHICKA3LIBAHME N3 KOHBIOHKIHWH MOXXHO BHIGPOCHTH
(8 cany pasHOcEHABHOCTH C &l =C).

HOpumep 1. Haiitn dopmyny, ounpesensiomyro qiynlc-
mmo (x,y,2), no saganmoft TaGimne MCTHHHOCTH:

o(x,y,2)

1

Ot |t |©|© |1t |1t R

QIO IO (O md (1=t =t fd (R
Ol | Ojm |O | O |0
- O OO

o

1

Pemenne. Ucnons3ya OpaBAiN0 HOJAyIeHHs (HOPMYNsl
anre6pu JOrMKH H3 TaGaUnLl HCTHHHOCTA Ans QyHKIMH

@(x,y,2), moayumu:

(%, y,2)= xyzvEy2vIYZvEG2vEG 2.

Vuopoctns sty dopMysNly, HOSyIHM:
yA(xvX)vEZYvyvZyz=yzvx v yz=
=yz2vI@vy)=yzvy@Evyzva)=yzv@vy)=
—(yzvi')&(yzvzvyjs(yv_)(zv_)(yvzvi)(zvzvy =

=(yvizvX¥)=Xvyzsx->ryz.
TaxuM o6pasoM, HCKOMOH ¢GopMyNoii, ompexensiomei
dyaxnmio ®(x,y,2), MoxkHO cumTaTs x - yz, WM X v yz,

HAR KaKkyl-Eabyab APYrylo H3 PaBHOCHJBHLIX HM (opmMyI.
Hpamep 2. Crexyromylo dopmyny npusecrr k¥ CIH®,
DPEABAPHTENHHO NPHUBEAS €6 PABHOCHJILHHIMH Ipeobpazona-

mEamu k JHD: A =.a(bc—> ab).
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Pemenne. A =a(bc - ab)= a(gc"vab) = a(I-)'v'Evab) =
=ab vacvab=THD A.
A=TH® A=ab(cv?)vac(bvb)vablcv?)=
= abev abé v abe v abé v abe v abE =
= abc v ab¢ v abe v abe = CITHD A.
OtBer: CIOH® A = abcv abé v abe v abe.
Ipumep 3. Maa dopmyan B3 npumepa 2 Haiita CAHD

IyTeM COCTABNEHHUA TaGAHIB MCTHHHOCTH.
Pemenne. CocTaBuM Tabianny HCTHHHOCTE ANS GopMy-

nu A= albe > ab) .

a b ¢ |be |ab pcoab |A
1 1 1 1 1 1 1
1 1 0 0 1 1 1
1 0 1 0 0 1 1
1 0 0 0 0 1 1
0 1 1 1 0 0 0
0 1 0 0 0 1 0
0 0 1 0 0 1 0
0 0 0 0 0 1 0

Torna CHAH® A = abcv abe v abe v ab¢ -

Ipumep 4. na dopmyau u3 npamepa 2 saiita CKH®D
nyreM paBHOCHJABHEIX IpeobpasoBaHHii, npeJBapHTENIHLHO
npusena ee Kk KH®D, _

Pemenne. W3 npumepa 2: A=abvacvab. Hanee

AEa(ngvb)sa&lsasKHdJA.
AERH¢AEav(b&5)E(avb)&(av5)s
E((aVb)Vc&E)&((an)VC&E)E
E(avbvc)&(avva)&(avi;vc)&(avgvi)sCICH¢A.

Oreer: CKHDPA=(a vbvc)&(avbv?)&(a vl?vc)&

&(avgvi).
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IIpumep 8. [Ina dopmynu m3 nprmepa 2 Haitre CKHOD,
sanucaB npexsapurentao CIHP ee orpumanns, a IOTOM
BOCHONb30BABIIACH HOpMYyNOit ABOACTBEHHOCTH.

Pemenune. CKH® A =gbcvabécvabevab c.

CKH® A = ClIH® A = gbc v @be vabe v abe =
E(avi).vi)&(avl_)'vc)&(avbvi)&(avbvc).

Bce ¢popmynu anreGpsl JJIOTHKH AeJATCA HA TPH KJac-
ca: 1) ToxzeCTBEHHO HCTHHHBIE; 2) TOMKAECTBEHHO JIOIKHEIE;
3) BHIOJHHUMEIE.

dopmysry A HA3HBAIOT 8WNOAHUMOL, eClIV OHA IPHHH-
Maer 35ageHEe 1 xora 651 HA ogHOM HaGope 3BauYeHHA BXO-
AAIIEX B Hee IEPEMEHHBIX H HE ABNAETCA TOMAECTBEHHO
HCTHHHOIA.

Teopema. Jrs mozo, umobv. opmyaa aazeGpvt nozuxu
6vina moxdecmeenno ucmunna (A0xHa), HeoOX00UMO U
docmamoxro, ywmobss A06AR INeMEHMADHAR FUIBIOHKYUSR
(xonsonkyus), exodswas 6 KHD A (JH®D A), codepicara
nepeMeRRYyI0 U ee ompuyaHue.

Ipumep 6. Byzer nu dopmyna (x - y) > Tyvy rmox-

AECTBEHHO HCTHHEOH#, TOMAECTBEHHO JIOMHOH HMJH BHINOJ-
HEMOI1?

Pemenne. IIpuBesem dopMyny K Kaxoi-m1n6o HOpMaJIb-
HOit dopwme:

(x-—)y)—)fyvis?c'vy—)Eyvis?vyvi:‘yvia

=sxXyvxIyvy.
Ionyuennaa JHD ne sBiagercs TOXKAECTBEHHO JIOXKHOMN,
TaK KaKk Ka)kJas SJIeMEHTapHAsS KOH'HLIOHKNUS He COACPMKHUT
OepeMeHHYI0 H ee orpmnaHme. CiezoBaressHO, HCXOARAA
¢opMysa TOKAECTBEHHO MCTHHHA MM BEmonHumma. IIpeoG-
pasyem pannyo dopmyay K KH®D,

(x> y)>Tyvi=2GvIyvi=(Fvyviy=Fviy=
=@vI)&yvy=yvx.
910 IpONU3BEAECHHE HE HABAAETCHA TOXXECTBEHHO HCTHH-
HBIM, TAK KAK 9JIEMEHTAPHAS CYyMMa J v X He TOXKJEeCTBEHHO
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perrmaaa. TaxaM o6pasoM, Hnexoauas GopMyaa He TOKASCTBEH-
HO JIOKHA ®M He TOMXJAECTBEHHO HCTHRHHA, CIEOBATENb-
HO, OHA BHINOJIHAMA.

1.34. ITo TabaunaM MCTHHEHOCTH HakauTe GOpMyns!, On-

pepensiomue GPyEKIHE F,(x, y,Z), Fz(xo U 3) ’ F,(x,y, 2) s
F(x,y,2), » npupaiire aM Gosee mpocToit BuA:

x{y|z|F(x, Y, 2) | Flx,y, 2) | F(x, y, 2) | F (x, y, 2)
1{11 0 1 1 1
1{110 1 1 1 0
1]0]1 1 0 0 1
1{o0fo0 1 0 0 1
0111 0 0 0 0
0110 0 1 1 0
0{0]1 1 0 1 1
0/0f0 0 0 0 0

1.35. Myers  F(l,L,l;) — Gynesa dymxoms, xoropas
DpUAMMAeT 3HaveRue 1 TOTAA M TONLKO TOrAA, KOTAA TOYHO
OXHA W3 IePeMeHHHX NpHHEMMaeT 3Hadenme 1. CocraBnre
Tabauny ana byEKOAR F(l,,l,,l,) B BBIpasuTe 9Ty OYyHK-
OUIO Yepe3 OCHOBHEHIE JIOTHYECKHE ONepamuH.

1.36. Hasosem dynxnmeit Gonnmmuncrsa I |1, |, 6yneny

$YHKOHIO OT TPeX IepeMeHHHX, 3HAYCHHEe KOTOpOi coppa-
faeT ¢ TeM 3HAYECHHEM, KOTOpPOe npuHEMaeT GOALMIAHCTBO
nepeMeHHBIX.

a) Cocrasbre Tabarny, oopeAenqomyw dyaknuio 601ab-
MIMHCTBA ¥ BHIPA3HTE 3Ty GYHRUHIO Yepe3 OCHOBHLIC Oonepa-
142528

6) Vopocrtare smpamerue [ ||l .

1.37. Byaesa ¢pyaruna F'(l,,l,,...,l,,) Ha3BIBaeTCH ABOM-
CTBEHHOMH 10 oOTHOMEHHIO K Gynesoit dpyrxkumn F(l,,ls, ,l,,) s
ecnu

F'(bolys..ol) = (0L, 01,)

Jns raknol Gynero#t GyEKHHEA OT ABYX NEPEMEHHHX
HaliaaTe ABOcTBEeRHYIO el GyseBy byHROWD. '
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1.38. Bynesa dynrnusa F(l,,lz,...,l,,) HaakIBaeTcH:
a) coxpansomeit 0, ecma F(0,0,...,0)=0;

6) coxpanmomeit 1, ecn F(L1,...,1)=1.

Cpenu GyneBbIX GYHKOME OT OZHOK M JABYX NepeMeH-
HuIX HalfiTm Bce GyHKDUM, coxpansiomme 1, m Bce QyHK-
nuR, coxpaugomue 0.

1.39. Iina cnepyiomux dopmyn saiita CHH® u CKH®D,
KaXXAyIo ABYyMA cnocofaMm (nIyTeM PAaBHOCHJIBHEIX Ipeobpa-
30BAHMH ¥ HCOONB3yd TAGIMOLI MCTHHHOCTH):

1) x&(x - y)

2) (;c; - ;)&(xy - ;’,
(x> y)-> (v x)

4)(xv;)—->y&z;

5)(xvy'—->x/\z)—->(x—->§,vy/\§;

6)(ab—->bc)—>((a —-)b)-)(c-)b));
7)(5—)0)—-)(1?:-)_5_):
8)(&'—-)3)—-)(bc—->ac);

9) x, —),(x, - (-> (%1 > x,,)..));

10) x, v xXov..VX, = Yy AYsA LAY,

1.40. Haiigare COH® ansa BCAKOU TOXACCTBEHHO HC-
TurRO¥ GopMynsl, comepxkameii: 1) ogHO nmepeMenmoe,
2) nBa nepeMeHHHBIX, 3) TPH IEpPeMEHHHIX.

1.41. Haiinpre CKH® 15 BCAKOK TOMIECTBEHHO JIOMK-
Hoii QopMynsl, copepsxameii: 1) ogro mepemenHoe, 2) aAsa
nepeMeHHBIX, 3) TpA NepeMeHHHIX,

1.42. ioxa:xate paBROCHILEOCTL opMyN xF > (7 — x)

H X— YV XVYy CPaBHEHHEM UX COBEPIICHHLIX HOPMAJbHEIX
¢dopM (KORBIOHKTHBHEIX HJM AMIBIOHKTABHBIX). '
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1.43. Haiizure Gosee mpocroit Bup Sopmys, AMEOMEX
cIeAyommMe CoOBepIIeHHEIe HOpMAaJabHEIe GOpMBI:

Dxyvayvay;

2(xvy)(Evy)(E vy

3) xyzv xyzv xy2;

Y(xvyvi T vyvz vy Vi)

1.44. Ucnonbayd KpUTEepHil TOMKAECTBEHHOH HMCTHHHOC-
TH A TOXIECTBEHHON JOMHOCTH QOpMYJBI, YCTAHOBHATL Oy-

AeT ¥ naHHas GOpMyJa TOMZAECTBEHHO MCTHMHHORK, TOoxAe-
CTBEHHO JIOXKHOM HJIA BBHINOJHWMOM:

l)ﬁ © X VXY
2)(x © y)&(x7 v Ty);
3)xy > (x > 7}
4)xvy——>(x<—>y);
Bxvy—z;
6)(x > 2)(y > 2) > (x > )
§ 4. Ilpunomenns aareGpnl JOrHKH

I. IIpnnoxenne anre0phHl BHICKAZLIBAHHMH K peneiHo-
KOHTAKTHEIM cxemam (PKC).

PesneiiHO-KOHTAKTHEIE CXeMBbl (HX YACTO HA3LIBAIOT Ie-
PEKJIIOYATEJILHBIMA CXEMaMH) IIHPOKO MCHOJIB3YIOTCH B TEX-
HUKE ABTOMATHYECKOrO YIPABICHHAS.

Ilox pmepexisouaTenbHOM CXEMOIl IORMMAKT CXeMAaTH-
geckoe H3olpakeHuMe HEKOTOPOrO YCTPOicTBa, cOCTOSIIEe
3 CIeAVIOMAX SJIeMEHTORB:

1) nepexaouwameneil, KOTOPHIMA MOryT OLITP MEXaRH-
YyecKHe yCTpoiicTBa, SNEKTPOMAIrHATHEBIE Dejie, TOJYOPOBOA-
HHKHA # T.A.;

2) coepuHAIONIAE UX NPOGOTHUKY;

3) 8x00bt B cxeMy 7 8bixodvl B3 Hee (KIEMMBI, HA KOTO-
puie IOA8eTCA SJIEKTPHYecKoe Haunpsxenme). OHEM HA3HIBA-
I0TCA NOJIOCAMHA,

IIpocreitmas cxeMa COAEP:KAT OAMH HepexkgodaTens P a
nmMeer OAUH BXOf A m oxmy Brixon B. Ilepexknaouateno P
IOCTABUM B COOTBETCTBHE BHICKA3LIBaHWE p, riacsmiee: <«Ile-
pexnogarens P saMKHyTs. EciZ p HCTHMHHO, TO MMIYJILC,
DocTymalommit Ha noaioc A, MoxeT OLITh CHAT HA Iomioce B
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Ge3 moTepH HaNpAMEeHHd, T.e. CXeMa ODPOmyCcKaeT TOK. Ecnn
P NOXKHO, TO NEPEKJOYATENh PDASOMKHYT, B CXeMa TOKA He
nposofnt. TakuMm o6pasoM, ec/i¥ OPHHATHL BO BRAMAHHE HE
CMBICJI BHICKA3LIBAHHSA, & TOJBKO €ro 3HAYCHME, TO MOKHO
CYHATATDH, 9TO NIOG0MY BLICKA3HIBAHMIO MOXKeT GHITH IOCTAB-
JieHS B COOTBETCTBHE NEPEKNIOYATENLHASN CXeMa C AByMd
nosiocaM# (ByXIOMIOCHAN CXEMa).

A B

dopMynaM, BKANYAIOIIAM OCHOBHEIE JIOrHYECKHE Ome-
pany#, TAKIKE MOryT 6LIThH NOCTABJIEHBl B COOTBETCTBHE IE-
PEKJIIOYATENILHEIE CXEMBI.

Tax, KOHBIOHKOMH ABYX BLICKA3HIBAHWA p&¢q CTaBHT-
€S B COOTBETCTBHE CXEMA:

.———P ————
A a B

a JU3BIOHKIOHHA CXeMa:

P

A Q B

T.x. mobasa dopMyaa anreSpel JOrAKH MOXe? GHITh 3a0H-
cana 8 TH® wm KH®, 10 sacro, ¥T0 Kawgoit dopmyse anreb-
PH IOTHKH MOYKHO IOCTABHTH B COOTBETCTBHE HeKoTopyio PKC,
a kaxnoi PKC MOMXHO IIOCTABHTL B COOTBETCTBHE HEKOTOPYIO
dopmyny anreGpei soruxu. II09TOMYy BOZMOMKHOCTH CXEMAI
MOXXHO BRISIBMTH, H3yuasfl COOTBeTCTByHOmymo eft dopmyry, a
YOPOMIEHHE CXeMBI MOYKHO CBECTH K YIPOIIEHMIO HOPMYJIEI,

IIpamep 1. Cocrasuts PKC pana  dopmynnt
(Tay)-(2va).

Pemenue. YnpocTuM ASHHYI0 GOPMYyAy ¢ DOMOMIBLIO
PABHOCHILHEIX NpeoGpasoBannii:

EAy—)(zvx)E?Ayvzvxsxvivzvxsxvy'vz.
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Toraa PKC pnsa nagHOit GOpMYNE HMeeT BHE* :

y O

A3 -B

Z
IIpumep 2. Yopocrats PKC:
X—y

Aw- 4 aB

- —

Pemenue. CocraBaM mo pamxoit PKC dopmyny (dynk-
OUI0 IIPOBOAXMMOCTH) M YIPOCTHM ee:

(x&F)vav(xvy)&z=x&Fvz
(X mOCHEAHMM JBYM CIATaeMEIM IPHMEHWIH 3aKOH IOIJIO-

HIeHAT).
Torpa ynpomeHHas cXeMa BHIMISAUAT TAK:

X ¥
A= —sB

Z
(49

II. PemenHe AOTWYECKHX 3aAa9 ¢ MOMOIOLIO aareGpn:
JOTHKH.

VYenoBue JIOTHYECKOMR 3af8YH C NMOMOILIO COOTBETCTBY-
omBEx 0603HaYEHAR 3aIUCHIBAIOT B BUAe (GOPMYIE! anrebpul
norukn. Ilocne paBHOCMILHEIX mpeolpaszoBanmix GOpMyIIs
NOJYYAIOT OTBET HA BCE BONPOCHI 3afadM.

IIpumep 3. Ilocne obGeyxaeHns COCTABA YYACTHHKOB
npeAnoNaraeMoit sKCneaunuA OLIIO PEIIeHo, YTO AOMMKHEI
BHIIOJTHATLCA OB YCIOBHA:

a) ecam nnoefier ApGy3oB, TO JOMKHE IOEXATH eme Bpok-
BMH HJIX BHUIDHEBCKHIA; K

6) ecnm moexyr ApGysos m BmmmueBckuix, To noeger #
BpoKBuH.

Tpebyercs:

1) BBecT KpaTrkme o6o3HAUYEHHMA ANA chHOpPMyIMpOBaH-
HEBIX YCJOBHM# M COCTABUTH JIOrHYECKYIO (POPMYIIy, BRIDAXMKA-
OIYI0 NPUHATOE pPEIIeHMe B CMMBoJuuecKo#d dopwme;

* J;xa DPOCTOTH YACTO IEPeKIouaTens — P _}— maobpaalor B nuge
—-p—-— . h
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2) pnst nonydeRHo GOpMYNH HalfTH BO3MOXHO boJsee
IpOCTYI0O PABHOCHJABLHYIO (PopMyny;

3) nonsayace Haiinennoi 6oxee npocroi dopMynoit, farTh
HOBYIO 7 oJee MPOCTYIO CHOBECHYID POPMYJIHPOBRY IPHAHS-
TOr0 DEIIeHns O COCTABEe YYACTHHKOB SKCIEAUIMHA,

Pemenne. Hasrauenne B sxcneaunmo Ap6yaosa, Bpok-
BaHA M BumpeBckoro o6osnaunmM Oyksamu A, B, B cooTser-
crBeHHO. Torza ycioBme a) MOXHO 3aIHCATH B BHJE
A > Bv B, a ycinosue 6) B suae A& B — B. Tak xak ofa
VCIOBHA ROMKHSI BHIUIOJHATHCS ONHOBPEMEHHO, TO OHA JON-
KHBEI OGBITL cOemMHEHH! Jorudeckoil cesaakoik e¢m». IloaToMy
NPHHATOE PelleHMe MOYKHO 3AIMCATL B BHAE clepyiomieid
cHMBOIAYeCKO# (opmysL

(A Bv B)&(A& B - B).
2. (A> BvB)&(A&B—» B)=(AvEvB)&(AvBvE)=
E(ZVB)V(B&E)EA—) B.

3. CumBosmueckyio ¢opmyny umraeM Tak: <¢Eciam mo-
enet Apb6y30B, TO Doejier 1 BplokBHH». OTO M ecTh Hamboee
npocras croBecHas (POpPMYIMPOBKA NPHHATOIO DEIIEHHA O
COCTABE SKCHEUIHM,

1.45, Cocrapats PKC ana dopmyirsr:

D x(Fzvxvyk

2) xyzv XYz v xy;

3) x(yz v y2z) v X (72 v yZ)

) (xvy)&(zyv x)vu;

(x> y &(y - z);

6) (x> y)—> E&(yvz));

D ((x—>y)A y—>z)—>(x—>z);

B x>z

1.46. ITocTpoHTL CXEMH, pPEANH3YIONM[HME CJIeAYIONIHe
GyseBH onepamun:

1) EaMnaIuKanA©D X > Y

2) SKBHBAJNIEHTHOCTD X € ¥}

3) anvrepraTuBy (cMm. 3amauy 1.28);

4) mrpux lleddepa (cM. 3anagy 1.29);

5) mrpux Jlykacesuua (cM. sagauy 1.30).

1.47. Tocrpours PKC zna F(x,y,2), ecan ussecrso, uro:

1) F(0,1,0) = F(1,0,1) = F(1,1,1) = 1;

2) F(1,0,1) = F(1,1,0)=1;
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3) 7(0,0,1) = F(0,1,1) = F(1,0,1) = F(1,1,1) =

4 F(1,,0)=F(1,1,1)=1;
5) F(0,0,1) = F(1,0,1) = F(1,0,0) = 1;

6) F(0,0,1) = F(0,1,0) = F(0,1,1) = F(1,0,1) =

1;

1

8 oCTaNbHEIEe 3HaveHus GyHrumunm F pasHwl mysio.

1.48. Yopocrats PKC:

X—Y
: A%J:r
X—Y

b

2) An— _ . a3
—X y— ¥
X ¥
z
3 Aw— g —sB
Z

y

4)

L H  H, H

5) A-—E::]— —'i—[: :

fayee



—— XY 8 —
e = PYy—
6y Aw—| XY B
b 7
Ly
X
_x____.g—..
X |

8)

e B o N s I

1.49. Ilo zaunOii cxeme HaiiTH QYHKOHNIO IPOBOANMOCTH
H ycioBusa paboThi:

X—Y.
1) A _ B
Z—%
X y
2) Aw «B
—Y— Z ——— Wl
X
—,
y
3 Aw— 2 —B

Ly
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5)
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Ar—

As—

% A '—-I—_—Z—I—U

1.50. IlpoBepuTs PABHOCHJILHOCTDL CXEM:

1)

U

e f e

(e

Yo X
z2—Y

B._

—if—x‘—
As——3%— B
2)
Av—i—%; B As——%— B
X 37— —Xy—
3)
arararaere o
A e i e e B L _z}'B
4)
Ar—F—y—3] B A—y—aB

r4



1.51. DnexTpuveckas nems, naolpamennas ma pnc. 1,
COJIEPIKAT TOJBLKO- ABYXIDOSHIMOHHEIE BHIKZKOUaTEORX® (npm
ORHOM COCTOSHKE MOPEeKMIOTATEAS TOK Yepes Mero Ipoxo-
JMT, IpHA ADYTOM He Ipoxoxmr). MOKRO JH 97y nenb 3aMe-
HUTL Gonee mpocToik Hemslo, M3obpamenHOH ma pmc. 27

A A, N
A
A — —eB A-—L,\*_o}»_'—-B
o] A; A,
A,
puc.1 puc. 2

1.52. B mxone, nepememmeif Ha camMoobCTy:XHBaHHE, Je-
ThIpeM CTapmeknaccEukam: Anspeesy, Kocrrry, Caseanesy u
Hasuzosy nopyumnn y6pats 7-oif, 8-oit, 9-mit m 10-nit xuac-
cul. Ilpu nposepke okazanock, uto 10-uif xiace yGpan mwnoxo.
He ymeamme aoMoii yIeHMKH COOOITAIH O CHEAYIOMEM:

1. Aupapees: «5 y6upan 9-sit knace, a CasexneB — 7-oiis.

2. Kocrun: «f y6upan 9-niif knacc, a AHapeeB — 8-0if».

3. Casennen: «f1 ybupan 8-oif knace, a Kocrma — 10-
131

HJaBmaoB yxe ymen poMoik. B panpneiimem BHIsACHH-
JIO0CEH, YTO RAMALIE YUCHEK B OfHOM H3 JBYX BHICKA3LIBAHWI
TOBOPHJI NPABAY, & BO BTOPOM NoXkb. Kakoit xnacc yGupan
Ka)KAblX yUeHHEK?

1.53. IIaTs MKOJLHAKOB M3 IATH PA3NUUYBEIX IOpPOAOB
Bpanckoit obaactu npubram ana yuacTea B obmacTHOR
osammuaage no mareMatuke. Ha ponpoc: ¢«Orkyna Bei?» xax-
AbIE [an OTBeT:

HUeanos: «5 npuexan ma Kimaunos, a JIMuTpues — n3
HoB03516K0Ba Y.

Cunopos: «§ npuexan uas Knxuanos, a Ilerpos — n3 Tpy6-
qeBCKAa».

IlerpoB: «§1 npmexan n3 Knuanos, a JMurpues — u3
HaTbKoBas.

- BmmTpuen: «5 nprexan ma HoBoawibkosa, a Edumos —
n3 JKYyKOBKH?». -

E¢nmon: «f npuexan m3 yxosxkn, a MIBaHOB JKABET B
HaTexoBes.
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OTKyAa npEexan RakAbi B3 IMKOALHEKOB, €CIH OXHO
€ero yTBepKJeHHEe BEePHO, & APYroe JOXKHO?

1.54. Cemba, cocTosmas B3 0TnA A, MaTepr B u Tpex
nouepeit C, D, E xynuna TeleBH30p. ¥ CAOBHIHCH, YTO B
nepBHA Beyep GyAyT cMOTpeTh NEpeAady’ B TAKOM NOpAAKE:

1. Korzma oren A cMOTDHT Depenady, TO MaTh B Aenaer
TO Ke.

2. Douepr D n E, obe uin ogaa U3 HAX, CMOTPAT Hepe-
nauy.

3. A3 AByX WieHOB ceMbH — MaTh B 1 0us C — cMOTDAT
mepeAady OAHA M TOJLKO OAHA.

4. Jouepu C u D mmm obe cmorpar, miam obe He CMOT-
pAar.

5. Ecng pous E cMOTpHT nepenady, To oven, A u noun D
AEJaT TO XKe.

KT0 ¥3 WieHOB CeMbH B STOT Beuep CMOTPHT mepenavdy?

1.55. Ha Bonpoc: «KT0 B3 Tpex CTYACHTOB H3yYaJa Ma-
TEMATHYECKYIO JOTHKY?s NoaydeH BepHHi orBeT — «Eciam
u3yuan neppuili, TO U3yYAR B TPeTHii, HO HEBEPHO, YTO €CHH
u3y4yan BTOpoi, TO Hayuam H TperHii.s. KTO mayuan Mare-
MATRYECKYI0 JIOTHKY?

1.56. Onpezennre, KTO U3 YeTHPEX CTYAECHTOB CAAJ K-
3aMeH, €CJIM M3BECTHO:

1. Ecam nepswii chaj, TO H BTOpo# chaj.

2. Ecnu BTOpO# cpan, TO TperHii cax MIM NepBHii He
cRaJI.

3. Ecym ueTBepTHIA He cAaj, TO NepBHH caan, a TpeTmit
He caan.

4. Ecxm gweTBepTHIHA czan, TO ¥ IepBRIA caaJ.

1.67. UssectHO cnepyomee: ecnu Ilers me supen Komso
Ha yaune, to aubo Kona xoxun B xuao, anbo Ilera cxasan
npasgy; ecnd Kons He xozmn B KuuO, To IleTs me Bmmen
Koxio ma ynune, u Kons ckasan npasay; ecau Koas ckasan
npasay, To nu60 oH xoaun B xumHO, Nubo Ilers coxnraxn.
BriacuHure, xoaun au Koxs B xuno.

1.58. YeTslpe CTYAEHTKH, MMeHA KOTODHIX Ha4YWHA-
orea 6yksamu A, E, C, P nocemawT MHCTHTYT IO odepe-
Az m BeAayT obmmit xomcmexkr sexnmit. Heobxopmmo co-
craBuTh rpadpuk mocemeHHs Ha Oamskaiimylo Hezeio,
YUHUTHIBASA, YTO:
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1. IoHenenbHUK — AeHb caMoCTOATeNbHOM paGoThl Ha
Xypce, 1 B MHCTATYT He XOAUT HMKTO, a B cy660Ty Heo6xo-
AuMO OLITH BCEM.

2. C u P He CMOTyT HOMTH HA 3aHATHA BO BTODHHK B
cBsa3u ¢ Gonbmoil 3arpy’KeHHOCTHIO B NMOHEAENLHHK.

3. Ecm C suiiizer B cpeay uaum P — B uerBepr, To E
cornacurca mOOHIBaTh HA 3AHATHAX B NATHALY.

4. Ecnu A He nofiner 8 BY3 B uersepr, To E n0o3BOJSHT
cebe cxoguTh TYAAa B cpeny.

5. Ecxu A wm P Gyayr B mHCTHTYTE B Cpexy, To C
cMoker moiiTw B mATHHLIY.

6. Ecim P B nATHUNLY BMECTO MHCTHTYTA NOlizer Ha
cBaaALby moapyrm, TO A mpmAeTcA CXOAHTH B HHCTHTYT BO
BTOPHEK, a C — B ueTsepr.

1.59. Yernipe apyra — AnroHoB (4), Bexosn (B), Comos
(C), Hees () pemunz OPOBECTH KAHWKYJILI B YETHIPEX pas-
JAAYHKIX ropozxax — Mockse, Onecce, Kuese m Tamxenre.
OnpeaennTte, B KAKOH ropoj AOJKEH NOEXaTh KAMALIK HU3
HHX, €CJIM HMEIOTCA CXeAyIOmMHe OrpaHHyYeHUsN:

1. Ecau A ue ezer 8 Mocksy, T0 C ne eaer B Oneccy.

2. Ecnu B me ezer Hz B MockBy, Hu 8 TamkenT, To A
eaet B Mocksy.

3. Eciu C me eaer B Tamxenr, 7o B ener B Kues.

4. Eciu I me eser B MockBy, T0 B He eger B Mocksy.

5. Ecim [] me eper B Oneccy, To B me eger B Mockay.

1.60. Oanakan ciexoBATENI0 NPHNLIOCH OXHOBPEMEHHO
JonmpammBaTh Tpex cBuzereneii: Kiaoxa, Hlaxa u Maxa. Ux
IOKA3aHUA NPOTHBOPEUHNAM APYT APYTY, B KaMABIA M3 HEX
o06BUHAN KOro-HNOYABL BO JIXKH.

1. Knox yreepxpan, uro JKak Jxer.

2. ¥ax ob6BuHAN BO Mxm Juxa.

3. Mux yroeapmBay crefioBarels He BepuTh HE Kiozy,
nu Kaxy.

Ho cnepopaTtenb GLICTPO BHIBEJ KX HA YHCTYIO BOAY, HE
3aaB MM HH OFHOTO Bompoca. KTo m3 csmzereneit rosopun
mpaBAy?
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HCYMCJIEHHE BBICKA3BIBAHHUH

AJpaBuT HCUHCIeHUA BHICKA3LIBAHUE COCTOHT M3 CHM-
BOJIOB TpeX KATeropuii:

1. x, y, 2, ...y X, X, X4, ... — IEPEMEHHEIE.

2. -, &, v, - — norrduecKkue CBA3KH.

3. () — ckobkm.

Ilonatne GopMyasl HCIHCIACHMS BHICKA3BIBAHUN

1. Beakoe nepeMeHHOE BHICKA3LIBAHUE X €CTh GopMyJIa.

2. Ecnu A - dopmyna, TO A -~ dopmyna.
3. Ecniu A 1 B ¢popmynnt, To A* B — dopmynnl, rae *
obosHauaer OfMH M3 CHMBOJIOB; &, Vv, —».

4. Huxkaxad Apyras CTPO4YKa CHMBOJOB He SBISETCHA
dopmynoii.

Houstne moxdopmyns:

1. Ecau dopmyna A ecTh nepemeHHAd X, TO ee MOAGOP-
MyJOHl SBNSIETCA X,

2. Ecau A - dbopmyna, T0 ee noadoOpMyraMu SIBIAIOTCS

A » A u Bce moAdopMyNHl POpMYNH A.

3. Eciu A* B ~ dopmyna, To ee noapopmyant A* B,
A, B u Bce moadopmynsl dopmyn A u B.

HOpumep 1. Bruinucare Bce nogdopmMynnt GpopMyan
Asx—-)y&(fvy).

Pemenue. @opmyna A - noadopmMyna HyneBoil riaybGm-

HBEl; x — y, X VY — NOADOPMYJIE! NepBoi rry6uns; x —> ¥ ,

¥ » ¥ — noadopMynsl BTOpoii raybuHN; X, ¥y — NoaAGOpMyIn
Tperbeil rayOuHEL.
AxcHUOMB HCUMCIEHHS BHICKAa3LIBAHMH

I x—(y-> x)
I, (x—)(y—)z))—)((x—-)y)—-)(x—-)z»;
II, x&y > x;
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o, x&y -»> y;

I, (z->x)> ((z >y)->(z> x&y));

m, x->xvy;

m, yo>xvy;

I, (x—)z)—)((y—)z)—)(xvy—)z));

VI, (x> y)> (7> %)

VI, x> %;

VI, ¥ > x.

AXCHOMBI HCUHCJIEHNS BBLICKA3LIBAHUH onpenensaoT uc-

XORHBIE KJacc foxasyeMux ¢opmyn. Horkasyemasn dopmyna

A oGosnauaerca |A.

IIpaBuna BHIBOJA

1. IIpasuno noacramoBku. Ilycte A — noKasyemas ¢op-
MyJia WCYHWCJEHUNA BhICKa3kiBaHmit, x — mepemenHas, B —
aobas GopMyNa HCUHCIEeHHS BHLICKaswBaHMil; Torpa ¢op-
MyJa, KOTopas moaydaercd H3 ¢GopMyNH A IOyTeM HIOJCTA-
HOBKH B Hee BMecTO X Gopmyan B, aorasyema.

IMogcranoBka 0603HAYAETCS TAK:

B

J(a).

x

KopoTko mpaBmyo HOACTAHOBKM 3aOMCHIBAETCH TaK:
A
"
-i(4)
x

2. pasnno 3axmouennsa. Ecnu gpopmynst B, B> C —
JoKasyemblie (POPMYNLI HCUHCIEHUS BHICKA3HKIBAHUM, TO dop-
myna C poxasyema.

KopoTko 5TO IpaBHJNO 3aNNUCHIBAETCH TaK:

B, FB>C
Foo
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B panbHeiimeM ycRoBUMCA ANS KPATKOCTH IPAaBHIO
3AKJIOMEHHS 3anuchIBaTh Kak II3.

Onpenenenne. [Jorxasyemoii popmMynoit HasniBaeTest BCs-
xaa GopMyna, KOTOPAf HIM ABJIAETCH 8KCHOMO, HMJIHM IIO-
Jy4yaeTcs U3 AOKA3YEMHIX (OpMYJ ¢ MOMOINLIO IPABHJ NOJK-
CTAHOBKH ¥ 3aKJIIOYEHHUH.

Byaem o6osmauaTh Jiobyio zokasyemyio ¢GopMyny cum-
BoyiIoM R, a ee oTpHIaHHEe — cHMBoxOM F.

Ilpumep 2. [oxasats, uro }x - x.
Pemenne. Bosnmem axcmomy I, m cpenaem B Helt mop-

CTAHOBKY ]'(Iz). Honyanm

I—(x >y (x>y)>(x- x)) )

Bospmen axcaomy I: |x - (y - x). (2)
N3 (1) n (2) no II3:
Hx-y)> (x> =) 3)

B dopmyane (3) caenaeM IOACTAHOBKY 1(3):
v

}—(x - f) - (x - x). 1)
3anmmemM axcuomy IV,:
Fx-oXx. 5)

N3 (4) 7 (5) mo I3
Fx - x. (6)
IIpnmep 3. Jlokasats, 410 |-x v y—>x&y-

Pemenue. Bossmen II, u caenaem [(II,)= A. B noxy-

v
yeBpHOIi dopMyse A caenaeM HOACTAHOBKY I (A) = B, Hanee
¥

xvy

B noayueHHoit gopmyse B chenaeM noACTAHOBKY I(B)
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B urore

I-(xvyaf)—)(m—)i)—)m—):—c&i)). 1)

xvy

Banmmen ,I (Ivy)

I—(x—)xvy)—)(xvy—)f). 2)
Sanmmen III:
Fxo>xvy. 3)
Us (2) u (3) oo 113:
Fxvy o 7. 4)

Hs (1) u (4) no II3:
Hxvy - 7) - (xve > 7&5) )

Sanumem T(IV,):

Fzoy)> (@ —>2) (6)
hxvy
= ey
2y
l—(xvy—-)fy')—-)‘xvy—-)i). (V)
Banmmen ITL,: Fy—>xvy. 8)
Hs (7) u (8) mo 113:

Fxvy-o7. 9)

Mz (D uG)moN3: |xvy-—»x&7.
IIpon3eoaHLle NPABHIA BHIBOXA

1. 55— UpaBMJIO OAHOBPEMEHHOH MOACTAHOBKH.
[(4)
Ly oo Xy
A-> B}B->C
II. b E — IOPaBHJO CHJLIOTH3MA.

FA->cC
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FA->B
1. F_E—_—;—f— IPaBHJI0O KOHTPHOIHILUU.
A—>B 4> B .
IV. a) FAS B’ 6)}-A—-)B — IOPABHJIO CHATHUA ABOMH-

HOTO OTpHOAHMA.
V.

FAub Ay b Ak 4y > (4 > (4> (4, > 2).)))
w3

IPABHMO CJIOMKHOrO 3aKJIIOYEHMS.

IlonaTue BEIBOAUMOCTE (GopMyiasl H3 COBORYNHOCTH
dopmya

Ilycrh mMeeTcss KOHedHas COBOKYNHOCTH dopmyn

H= {A,,Az,...,A,,} . T'oBopsT, uTO OopMyNa B BHIBORMMAE U3

COBOKYIHOCTH H(H l—B), ecan

a) )im6o BeH,

6) 1m6o B — pokasyemaa ¢opMyna MCYHUCJIEHHMS BBHICKA-
3LIBAHUM,

B) au6o B monyqaercs mo II3 us ¢dopmyn Cu C— B,
KOTOpEIe BHIBOAMMEI U3 coBoKymHocTH H.

TaxiKe roBOpAT, YTO KOHEUHAS COBOKYIIHOCTH GOpMYJ
B,, B,,...,B, ects BuiBoA B3 H, ecan ana xKaxxoi Gpopmynnt B,
(i=1, 2, ..., k) aroit coBoxynHoCTH

a) mbo B, eH,

6) :m6o B, noxasyema, :

B) nm6o nmoxywaercsa o II3 us popmyn C, C -» B, , KoTO-
prle HaXORATCH B BEIBOJE, mpejmecTsys B,.

Ipumep 4. lorasaTh, 4T0 U3 cOBORynHocTH H = {A, B}
MOXXHO BhiBeCTH A&B. 3ammcaTh NMOJYYeHHEIH BHIBOJK,.

Pemenwue. 1. H-A, Tax xax A eH;
2. H-B, rax rax BeH ;
3. H-(A> A)> ((A - B) > (4> A&B)) , K&K JOKa-

A,B,A
3yemasa ¢opmyna (mojydaercs IOACTAHOBKOM _f(lls) H

Xlh2
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4. H-A > A xax jgoxasyemas dopmyia;
5. H-(A—> B)—>(A— A&B) - u3 8. u 4. no II3;
6.

#5> (-5 (fu):

7. HHA—»> B — u3 2. u 6. no I13;

8. H-A—> A&B —noll3uz 5. u 7;

9. H-A&B-mH3m3l. n 8.

Banmmem BEBOA: A, B, (A—)A)—)((A—)B)—»(A —>A&B),
A-> 4, (A>B)>(A-> A&B), B> (A—>B), A-> B,
A—>A&B, A&B.

IlpaBana BHIBOAA

L _HEA

H,W}A
II. H’CI—A’ H'_c.
HEA
m. H.CHA, wi-C
H,WFA
v, HEC>4
H,C|-A
H, CI—A

V. — Teopema Ae HH.
HCSA peMa JeRyKI,

{€.C,,...,C A
6 - (€ > (G > (C, - 4))
TeopeMa AeAYKOHH.
H|-A,H-B
HI-A&B
H,A\C; H,B}-C
H,Av B}-C
OpaBUJIO BBEIEHUA ANIBIOHKIOHU.

-~ o0b6obmeHHAR

VII. ~ IPaBMJIO BBEJIeHHUS KOH'BIOHKIINH.
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- FA->(B>C
‘FES(asc NpaBUJIO NEPECTAHOBKH IOCHLIOK.

FA->(B->C
FA&B > C

— OpaBUJIO COeAHMHEHHS IIOCHLJIOK.

FA&B->C
XI. FAo ( B0 IpaBUNO PA3BEAMHEHUA MOCHLIOK,

Teopema (0 BuBOAuUMOCTH). IIycmb A — Hexxomopas op-
MYaa; X5 Xy oy X, — HAOOP NEpeMenHBLX, COdepicaUyUXCA 8
@opmyne A; a,a,,...,qa,— nPouU3aonbHbliL HAGOp 3HAYEHUlL
nepemennuix. Tozda

o) cctte By, o (4)=1, mo H = faf 2,3 ) A,

6) ecau R,, ,(A)=0,mo H= {x{",x;",...,x:- }I—Z

IIpumep 5. IIycte A = x,& X, - x; ¥ Ha6opHI 3HAYEHWUIE
nepemennnx (1, 0, 1) m (1, 0, 0). Toraa {xl,fz,x,}I—A, a

{x, % T} A

3anucaTh BBIBOALI B 000OMX caydasx.

Pemenue. a) Ilokaxewm, uro {x,, %, %, A.

Hbx,,%,,%;5, %3 > (0,&%, > x,), 0,&%, > x, = A.

6) Iokaxem, 9TO {x,,?c'z,fa}l-z .

HI-x,, %, B £,& X, (£, & T, > 25) > (%,& T, > %), mo
IPaBIUTY NEPECTAHOBKY NOCKUIOK X, &%, — ((;\:1&_1_«:2 - x;) > xa) .
mo II3 (xl& X, > xa)—-) X3, IO INPaBUJY KOHTDPIO3UIUU
T, > x,&%, > x,, 1013 £, &%, > x,=A4A.

2.1. Kakue u3 creqyromux BrIpakeHunit seagiorea ¢op-
MYJIAMH HMCYHMCIEHHS BHICKA3LIBAHM:

1) (51 A ﬁz) - (P1 v Pz);
2) (2. v ps) v(p1p2)) - Pss
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8) (p, = (P2 v Pa)) > P

9 (p, > ) > (2 » P2) > .}

5) (P, A(> P2)) > (P, > B

6) (b > £s) > (22 > ) > (2. v 22) > 23}
7 (2 = ) A (P, > £s)) = (P, > (P2 A Pa))s

8) ((Pl A ﬁz) - (?—1 v VPz)) © (V b v Pz)'
2.2. BunucaTts Bce nomdopmyns dopmya:

1) x>y x); 2) avb-e;
3) akevb; 4) x>y&z;
5) xvyz-> x; 6) x> yvax&ky:

o) ((x—)y)/\(y—)z))—)(fvz);
8) (x—)y)—)((x—)y)—)y).
2.3, Jinst popmyn L, = (4 > B)—»> (B> 4), I, = Av B,

L, = A BvC zanucaTh pesyaLTaTHl KamA0R H3 ClIeAyio-
IDUX IOACTAHOBOK:

pi@y 2y » @)
A&B,AvB B.A ASAC,A
oM o 0T

2.4. llpuvensis TpaBWIO HOACTAHOBKH, AOKA3AThb, YTO
JZoxasyema dopmyna:

1) (A—-)B)&B—-)B;
2) A& B> A&BVC;

3) (Z—-)B)—)((C—)B)—)(ZVC—)B));

4 CvD->CvD
5) (A&B - (C - B&C)) > ((A&B > €) > (A& B > B&C)).
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2.5. lIpuMenss NpaBUNO HOXCTAHOBKU M IPABHUJIO 3aK-
JI0YeHKdA, YCTAHOBUTH AOKA3yeMocTh Gopmy:

1) AvA- A; 2) A—> A& A;
3) A& B - B& A; 4) AvB->Bv A;
5) (A—> B)> (4> 4); 6) A4 - A.

2.6. IlpuMenas NpoM3BOAHBIE IPABUJAA BHIBOAA, HOKAa-
3aTh, ITO AOKa3yeMhul (HOpMyJni:

1) AvB > A&B; 2) A5 R;
3)(A>B)>(A>AVvB); 4 F-A;

5) (A B)—> (A A); 6) A&A > F;

7 {(A->B)&B > 4; 8) A&B > AvB,

2.7. Hokasars, 4TO
1) H={A}} B A;

2) H={A->B,B> C}}A>C;

3) H={A->C}}C > A;

4) H={A—> B,B}}-4;

5) H={A,i—)B}I—B;

6) H={A > B}} A&C > B&C;

7) H={A- B}}-(C > A) > (C— B);
8) H={A- B}}-(B—>C)-> (4> C);
9) H={A > (B-> )} B->(a—>C);

10) H={A-> B}}AvC-> BvC.

2.8. Ilokasars A0Ka3yeMOCTh GOpMyJbl, HCIOAL3YA 0606-
HIeHHYIO TeopeMy JeAYKIHH:

1) (x—)y)—)((y—)z)—)(x—)z));
2) (A>B)>(AvC—>BvC);
3) (A B)>((c—> 4)>(c~ B)).
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- 2.9. IToxasaTs, 9TO COPABEAANBH! 38KOHE! JIOTHKY (KOKa-
syeMul GOPMYJIEI):

N x>E>y); 2 xv¥; 3) ¥&joxvy.

2.10. Ucoonn3ya npaBmjia ODepPecTAHOBKHM HOCHLIOK, CO-

eANHEeHNA INOCHIIOK M DadbeAHHEHHNA INOCHJIOK, HOKa3arThb,
qTo '

1) bx—>(y > x&y);

2) L(A->B&B - 4

3) FA->(A- B).

2.11. JTokasaTs DpOM3BOAHLIE IPAaBUJIA BBHIBOJA:

i LA . LA .
b L A&B’ 2 FAvB’ 3 FA> B’
LB . 5) FA&B. LB .
Y458’ ) FA ' o LA&B’
FA>BLB, o LALB, LALB
K La 8 A& B’ o FAvB’
LALE LA>X, LA 4,
10) A58 11) Tz 12) Ta
13) FA->B|A->B 14) I—A—)B,tA—)F.
B LA

2.12, lana dopmyna A = x, v x, —> X; # HaGOpHI 3HAYE-
Hui nepemennmnx 1) (0, 0, 1), 2) (1, 0, 0). 3anucaTs BHIBOA
¢opMyNEl A KM ee OTPHLAHHA M3 COOTBETCTBYIOMICH coBo-
rynrocru ¢dopmy.

2.13, lana ¢popmyna A = X; v x; - X; 1 HaGOPHI 3HaYe-
muii nepemennmx 1) (1, 1, 1); 2) (1, 0, 1); 3) (0, 1, 0).
Banucars BeIBOK (POPMYJIEI A MM ee OTPULAHUA U3 COOTBET-
creyrome# cospoxynHocTH GopMy.

2.14. Jlana dopmyna A =(xvy)—> ¥&Z u HaGopw! 3Ha-
yeHwmit nepemennrx 1) (1, 0, 0); 2) (O, 1, 1). Banucars BhI-

Box GOpMYNEl A MM ee OTDHIAHUA M3 COOTBETCTBYIOHmIel
COBOKYIIHOCTH (hopmyur.



I'JTABA III

JIOTHKA NPEAHKATOB

§ 1. Ilonarae mpeaukxara. Jiormaeckue
H KBaHTODHEIC OIlePAINH HAJ NpeTHKATAMH

Onpenenenne 1. OdHomecmHbim npeduxamonr P(x) Ha-
3LiBaeTcA BCAKAA (PYHKOUA OAHOTO IEepPeMeHHOro, B KOTO-
poit apryMenT X npoberaerT 3HAYeHHA U3 HEKOTOPOTO MHO-
mecrBa M, a QyHKIMA OpH 5TOM NPUHUMAET ORHO U3 ABYX
SHAYeHHH: UCTHHA HJIXA JIOKb,

MnuoxecTso M, Ha KOTOPOM 3afaH IOpPejfAKAT, Ha3HIBA-
ercs o6aacmvlo onpedeleHul TPeAMKATA.

Mmuoxecreo I, c M, Ha KOTOPOM HpeiMKAT DPHHAMA-

€T TOALKO HCTHUHHEREIe 3HAYEHNA, HA3bIBAETCA obaacmuvlo uc-
munnocmu npesuxara P(x).

Ilpeanxar P(x) HA3LIBACTCA MONJeCmEeHHO UCMUH-
Huim (MmoicdecmeeHHO NONCHLIM) HA MHOXKecTBe M, ecnm
I, =M (I, =2).

Onpenenenne 2. n-mecmHuiM npeduxamom HasbBaeTca
BCAKAA QYHKOMA n mepeMeHHBIX Q(X;,%...,X,), oupese-
JeHHas HR MHOxKecTBe M = M, x M x...xM, H npuHAMaIo-
maA Ha STOM MHOXMKECTBe OJHO H3 JBYX 3HAYEHUH: MCTHHA
WIH JIOMKb,

Kax um aua OZHOMECTHHIX HPEAHKATOB, AJNA n-MECTHBIX
HPeAUKATOB MOYKHO OIpPeAeNUTh 06JaCTh MCTHHHOCTH, IO-
HATHE TO)KJIeCTBéHHO HCTHHHOI'O B TOXXAECTBEeHHO JIOXKHOI'O
OpefAKATA. '

ToBopAT, 4TO ODpeAUKAT P(x) ABNAETCA caedcmeuem

npepukara Q(x) (Q(x) = P(x)), ecma Iy c I,; n npepuxa-
Tt P(x) u Q(x) pasnocursrut (Q(x) o P(x)), ecn Io =1I,.

IIpumep 1. Cpepn cneAyiOIHUX OPEANOKEHHIt BEIACINTE
OPEAUKATEL B A KasKJOTO M3 HEX YKAa3aTh 00/acTh MCTHH-
HoCTu, ecim M =R ana OAHOMECTHHX HPEJUKATOB H
M =R xR piua gsyxMeCTHHIX NPeAHKATOB:
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)x+b=1;
2) OpH x = 2 BHINOAHAETCA PABeHCTBO x2 -1 =0;
3) x2-2x+1=0;

4) cymecTByeT TAaKOe YHCHO X, 9ro X' —~2x+1=0;
5) x+2<3x-4;
6) osHO3HAUHOE YHCHO X KPaTHO 3;

7) (x+2)~(3x-4);

8) x*+y°>0.
Pemenne.
1) IIpeanoxkenue ABIAECTCS ORHOMECTHHIM IPEAUKATOM

P(z), I ={-4};

2) npeioReHHe He ABAACTCA OIPEAHKATOM. OTO JOKHOE
BBLICKASHIBAHME;

3) mpepnokeHHe ARIAACTCH OXHOMECTHLIM NPEARKATOM

P(") » Ip= {1 } ;
4) npeanoKeHNe He ABAACTCS IPEAHMKATOM. OTO HMCTHH-

HOE BHICKA3HIBAHUE;
5) npepyioxenue ABNAETCA OZAHOMECTHHIM IPEAMKATOM

B(2), I = @+ )

6) npeanoxeHue HABAAETCHA OZHOMECTHHIM NpPEeAHKATOM
P(x), I, = {0;3;6;9} ;

7) npeanoxenue He ABAACTCHA NPENUKATOM;

8) npepnokenne ABNAETCH ABYXMECTHHIM HNPEAHKATOM
Q(xy), Io=RxR\{(0,0)}.

IIpumep 2. BLIACHATH, KAKMe H3 CISAYOMHAX HpPegHKa-
TOB SBAAIOTCH TOMAECTBEHHO HCTHHHLIMH:

1) 2+°20; 2) 2 +y*>0;

8) sin®x+cos’x=1; 4) (x+1)’>x—1;

5) x? +12(x+1)’.

Pemenne. Ouesuaso, npefgukarsl 1), 3), 4) asuagiorca
TOKAECTBEHHO MCTHHHHIMU. B mpeaumkarte 2) mpu x=0, y=0
HEpPABEHCTBO HAPYINAeTCH, a4 B Ipeauxare §) HepaBeHCTBO
HapymlaeTcd IpH BCeX NOJOKHTENLHLHIX 3HadeHnax X. Cie-
ZAOBATENBHO, OpeAUKATH 2) B 5) He TOXKACCTBeHHO HCTUHHEL,
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Tax KaK OPeAUKATHl MOT'YT IPMBEMMATL ABA 3HARCHuS 1
u 0, TO K HIM DPUMEHHUMEI BCe ONEpPAiHN aare6phl BhICKa-
SEIBAHMIA. :

Hanpumep, KoHbIOHKNMell AByx npeauxatos P(x) m
Q(x) massisaercs mosmit mpepmxar P(x)&Q(x), xoropsiit
IpUHMMAET 3HAYeHHe 1 NpPH TeX ¥ TOJALKO TeX 3HAYEHHAX
x € M , IpA KOTODHIX KasAuiit u3 mpeauxaros P(x) u &x)
OpuHUMaeT. sHavenue 1 m npuauMaer sHadeHme 0 BO Beex
ocransHbIX caydanx. Ouesmano, 9r0 Ineo =I,NI,.

AHANOTHYHO OOpEAEeNAIOTCA ONepaldy AUIBHIOHKOUA,
UMILUIMKANORSA, SKBHBAJICHTHOCTh JABYX IPEAUKATOB M OTPH-
nanme npeaukara. Jlerko Bugers, uro Ipqo=I,Ulg,
I—P-=CIP, Ip_,Q=CIpUIQ. _

§flcHO, WTO OpH BLINOJHEHHMH JIOPHUECKHX Oonepammni Hap
OpeEAKATAMM K HMM NPUMEHUMEI U DABHOCHJIBLHOCTH anreG-
pbl JIOTHKH. :

Hpumep 3. IlycTs AaHbl DpeRUKATRI: P(x): +x — 4eT-
HOe YHCNOo» U Q(x): ¢X KparHo 3», onpeAeneHHble HAa
mHOXKecTBe N. HaiiTn 061aCTH MCTMHHOCTH NPEAHKATOB:
1) P(x)&Q(x); 2) P(x)vQ(x); 3) P(x); 4) P(x)-> Q(x).

Pemenme. Tax xax

I,={2,4,6,..,2n,.}, I,={3,6,9,..,3n,..}, T0

1) Ingq=I, NI, ={6,12,...,6n,..};

2) Ing=1UI,={2,8,46,..,213n,.}

8) I;=CI,=N\I,={,35,..,2n-1,..}

4) I, o =CL,UI,={1,35,..,2-1,.}U{3,6,9,...,31,..}.

CraszaHHOe NO3BOJAET HAXOAHTH O6GJMACTH HCTHHHOCTH
6osee CAOKHEIX OPEUKATOB, IOJYYEHHEIX B PE3YJIbTATE NPH-
MEHEHNA K MCXOAHEIM IIPEAMKATAM JOTHYECKHX onmepanmii,

Tipumep 4. Iycrs zann npemaxarst A(x,y) n B(x,y) )
onpefeneHHLIe Ha MHOxecree M = M, x M, c R x R. Haii-
TH MHOJeCTBO HMCTHHHOCTHE mpesukata A(x,y) ¢ B(x,y)
u300pasuTs ee ¢ NOMOINBIO Kpyros Jiinepa-BeHHa.

Pemenue. Tax xax A(x,¥) © B(x,y) = (A(x,y) - B(xy))&
&(B(x, y) - A(x, y)). 10 Iyp = (IAaB)n(IB-m) = ((CIA UIB)n

N(CI,UL,)) = (I,NIz)WCINCL,) I, ¢ I, maobpaxena
3aMTPUXOBAEHON IAETHI0O DHCYHKAE.
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Moxxno paccMarpuBaTe m oGpaTHYIO 3apady: 3HaA 00-
JIacCTh UCTHHHOCTH DPEANKATA, NOJYIEHHOTO B pe3yabTaTe
NpUMeHEeHUs JIOTHYECKUX ONepPAnHil K HEKOTOPHIM Tpexu-
KaTaM, 3a0MCATH STOT HPEAHKAT.

IIprmep 5. 3anucaTs DpeARKAT, HOJYYEHHBIHA B Peayub-

TaTe JIOTHUECKHX olepandili Haj NpefUKATAMH P(x) . Q(x)

" R(x) » 00J1aCTH HCTHHHOCTH KoToporo I samTpExoBana Ha
PHUCYHKe.

‘ M
478

&Y

Pemenne. Tax xax agecs I =I,NIoNI;, To uckomuit

npegukar mmeer sup P(x)& Q(x)& R(x).

' TIycTh MMeeTCA NpeAHKAT P(x) » OIpeie/IeHHEIA HAa MHO-
xeorBe M. Ecir a4 e M, TO NOACTAHOBKA G BMECTO X B
OpeuKaT P(x) IpeBpalaeT 5TOT NPeAUKAT B BHICKA3LIBA-
HUe P(a) . Takoe BEICKA3LIBAHUE HASHIBACTCH C€OUHUYHLIM.
Hapany ¢ o6pasoBanmeM U3 NDPeAUKATOB eAUHUYHBIX BBHIC-
KaseIBAHEHI B JOTHKE IDpPefUKATOB PACCMATPUBAETCHA ellle

ZiBe omepanum, KOTOpPhle OpEBPANIAIOT OAHOMECTHBIA mpe-
JUKAT B BLICKasbIBAHUE.
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Onpeneacame 3. Ilyers P(x)— npeauKaT, oupeAeseH-
HHll Ha MHOXKecTBe M. Ilox Brpamenuem Vx P(x) DOHHMA-
IOT BEICKASEIBAHHE, MCTHHHOE, KOINA P(x) TOMXKIECTBEHHO
HCTHHHEI# HA MHOXKecTBe M npeaumkar M JIOXKHOE B OPOTHB-
HOM cJIiygae. OTO BhICKA3BIBAHWe y)ke He saBucuT or X. Co-
OTBETCTBYIOIIee eMy CJIOBECHOe BhIpakenHe Gyaer «laa sca-
koro x¥ P(x) mermmmos. CHMBOX V HASHIBAIOT K6aHMOPOM
aceobwrnocmu. Ilepemenny0 X B npegukare P(x) Ha3bIBa-
10T cBoboanoM (el MOXKHO IpHAABATH PA3NMYHEE 3HAUCHUHA
ua M), B BhIcKashiBaEMM VX P(x) mepemenmyio x HaswBaior
CBA3AHHOII KBAHTOpOM V.

Onpenexenne 4. Ilycrs P(x) — npemakar, onpenenenmni
Ha mBoxectBe M. Ilox BrIpakenmeMm Jx P(x) IOHHEMAIOT BHIC-
KashlBaHHe, KOTOPOe ABJIACTCH MCTHHHLIM, €CJIH CYIIeCTBYeT
XOTHa 6Bl OJUH JIeMeBT x € M , AN KOTOPOro P(x) HCTHHHO,
M JIOXKHBEIM B IIDOTHBHOM Ciydae, OT0 BLICKASLIBAHWE YXKe He
saBuceT or X. COOTBETCTBYIOINEE €My CJIOBECHOE BLIDAsKeHHEe
Oyzer: «CymecTByer X, IIpH KOTOpOM P(x) ucTuHHOs. CHM-
BO I HASLIBAKOT KBAHMOPOM Cyujecmeosanus. B BrICKasml-
BaEmn 3x P(x) mepemennmaa x cmssana xpaETopoM 3.

Nipumep 6. Jlanu mpepmxarst P(x): x*+x+1>0 =
Q(x): x* - 4x + 3 = 0, ompepenenuxte Ha Muoxecrne R. Tpe-
6yerca yCTAHOBHATBL, KAKME M3 CICAYIOIIMX BLICKA3bIBAHUM
HMCTHHHBEI M KAKME JIOMKCHBI

1) Vx P(x); 2) 3x P(x); 3) VxQ(x); 4) 3xQ(x).

2
Pemenne. Tax xar x’+x+l=(x+%) +%>0 npu

Bcex X, To GYAYT MCTHHEM BHICKasuBaHES Vx P(x) =
3x P(x). Tax kax ypasremme x° —4x+3 =0 HMeer TOALKO
ABA MefCTBMTENBHEIX KODHA X, =3 B X, =1, TO mpexuKar
Q(x) npuHNMAaer 3HaYenne 1 Toapko npy x =3 u x=1 10
B ocrenpHHX caydasx. Ho Torga smickasmsamEe Vix Q(x)
JIOJKHO, 8 BhICKA3LIBAHME Jx Q(x) HCTHHHO.

HeTtpyano BEaeTh, YTO KOrja IPEeAHKAT P(x) onpene-
JeH Ha KOHEYHOM MHOmecTse M = {a,,a,...,a,}» TO

Vx P(x) = P(a,)& P(a,)&...& P(a,),a
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3x P(x) = P(a,)v P(a,)v...vP(a,),
TO €CTh KBaHTOPHBIe onepanuu o606IMaroT omepanuy KOHDB-
IOHKOHU M AUIBIOHKIUN HA ciayuail 6ecKoHegHEIX obisac-
Teif.

KsaHTOpHEIe onmepanmuu ODpUMeHAIOTCA M K MHOTOMeCT-
HHIM npexuxaTaM. Tak, IpuMeHeHMe K ABYXMECTHOMY Ipe-
AEKATY Q(x, y) KBA&HTOpA BCEOGIHOCTH N0 NepeMeHHOl x
AAeT OAAHOMECTHHI mpeankar Vx Q(x, y), saBUCAMHANA OT Y.
K sToMy HpesMKaTy MOYKHO IPUMEHHWTh KBAHTODHYIO OIe-
panuio no nepeMeHHoO# y. B peaynpraTe NOJYyYMM MM BhIC-
xasuBanme Vy Vx Q(%,y) min BrCcKaskBanue Jy Vx Q(x.y).

Taxum 00pa3oM, MOKeT GLITH DOYIEHO OJHO U3 BOCHMH
BrickaswBaEmit: Vyvx Q(x,y), Jyvx Q(r,y), Vyix Q(x,y),
3y3x Q(x,y), VxVyQ(xy), VadyQ(x,y), 3xvyQ(x.y),
3x3y Q(x.y).

Jlerko moKa3zaTh, YTO NEpPECTAHOBKA JIOOHIX KBAHTOPOB
MecTaMu, BooOme rosops, MSMEHAET JIOTHYECKOe 3HAYEHHe
BHICKA3LIBAHU .

Mpumep 7. IIycTs npeguxaT Q(x, y): ¢ xiy » ompexeneH
Ha MHOXKecTBe N xN . IloxaszaTs, YTO BRICKA3BIBAHUA
Vydx Q(x,y) m 3xVy Q(x,y) umewT pasnmumble pormgec-
KHe 3HAYEeHHd.

Pemenme. Tax kax BrickasmBamme Vydx Q(x,y)osna-
YaeT, UTO AJA BCAKOTO HATYDPAJLHOrO YMUC]A J CYINecTByeT
HATypaJbHOe YHCJIO X TaKoe, UTO Y ABJIAETCA JeJHTeNeM X,
TO 3TO BBICKASKIBAHUE UCTHHHO.

BrickasnBanue 3xVy Q(x, y) 03HAaYAET, YTO €CTh HAa-
TYypaJbHOE YUCJI0 X, KOTOpoe JAeJHTCH HA A00e HATypaJib-
HOE YHUCJO }. ITO BHICKA3HBAHHE, OYEBHAHO, JIOKHO,

3.1. Cpeau ciaexyomux npefioXeHHWil BHAenuTe npe-
AUKATH, [JIA KaMXAOrO U3 NPEANKATOB YKAKHTE OAHY H3
BO3MOXKHAEIX 06sacTeil ompenesIeHNs U B COOTBETCTBHH ¢ Heit
06aaCTh UCTHUHHOCTH:

1) Jlyua ectb conyTHEK Benephi;

2) IInameTt x ¥ y npneagne:xar ConHeuHO# cucTeMe;

8) 5+ %70 -%10 > 150;

4) 2*+3x+2=0;

5) x*~3x+8;
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6) Jlio6oe mpocToe YUCHIO p He MMeeT JAeauTeneil, oTaud-
HBEIX OT ceba u 1;

7) HarypanbHoe umcao n He MeHbme 1;

8) Tpeyroasaux ABC pasen Tpeyronsauky A B,C ;

9) x* +2x+1>0;

10) 1+ tg’x = ——;
cos” x

11) Inx <sinx.

3.2. Hamn npesuxarht P(x): «x*-4=0» n Q(x):
+3x - 2<17». HailiguTe 06sacTH MCTHHHOCTH STHX IpeaH-
KaTOB, ecJu MX obnacTh onpeAenenus ects: 1) R; 2) N.

3.3. Ha muOMxecTBe M = {3, 4,5,6,7, 8} 3aaHEl ABA Npeau-
kara P(x): «x — mpocroe macnos, Q(x): ex — meuermoe wmc-
nos. CocTaBeTe MX TA6aMNB! MCTHHHOCTH. PABHOCHILHE! JIH
npeauxarht P(x) u @(x) na Mmoxecrse L = {2,3,4,5,6,7,8},
K ={3,4,5,6,7,8,9} ?

3.4. ByayT am cleaylInde NPeAUKATHl PaBHOCHIBHEI
UAM OAMH M3 HUX ABIAETCA caenctesueM apyroro? (Ilpea-
MeTHble NIepeMeHHEIe B IPEeAMKATAX NPHHaANexKaT R).

1) Jx-Jy=15 n Jxy =15;

2) Igab=1 " lga+lghb=1;
3) sin®x+cos’x=1 m tg’r+1=—5—;
cos? x
4) 2" =y u y==x;
5) x?<0 n 2"~ cosx;
6) x+y=2 n (x+y)x-2)=-2y;
Nnx+y*=0 n 2 -y =0.
3.5. HaiiTu 0618CTH HCTHHHOCTH HPEAUKATOB:
2 +3x+2 oy
1) 2 +4x+8° 2) Ve'-1=-3;
2
x2-13x+0420, x -5x+6
3) {2x2+x-30<0 ’ ) x’—2x-3<0'

3.6. N3o6pasute Ha AeKapTOBON naockocTH o6GaacTu
HCTHHHOCTH NPDEAHKATOB:
1) x+y=1 2) x+3y=8; 3) x-py°20;

4) sinx =siny; 5) (x-2)"+(y+3)°=0 6) lgx=Igy.



ROFMKA NPEQUKATOB : F -

" 8./1. Ha muoxecrse M = {1, 2, 3,...,20} 3afaHbl NpPeAH-
KaThI:
A(x): ex me gennrca Ha 5s;
B(x): «x ~ uerHOe WMCAOS;
C(x): ex ~ uneno mpocroes;
D(x): «x xpartHO 3s.

Haifgure MHOMXeCTBA MCTHHHOCTH CHEAVIOIMHUX NpeRH-
KaTOB:

1) A(x)& B(x); 2) C(x)& B(x);

3) E(x)& D(x); 4) B(x)& l_)(x);

5) B(x)& D{x); 6) A(x)eD(x);

7) B(x)&D(x); 8) A(x)& B(x)& D(x);
9) A(x)v B(x); 10) B(x)v C(x);

11) C(x)v D(x); 12) B(x)v D(x);

13) B(x)v D(x); 14) B(x)v D(x);

15) A(x) v B(x) v D(x); 16) C(x) - A(x);

17) D(x) - C(x); 18) A(x)-> B(x);

19) (A(x)& C(x)) - B(x); 20) (A(x)& D(x)) - E(x).
3.8. Haobpasure Ha aAmarpammax Oiinepa-Benmna oGaac-
TH HCTHMHHOCTH AJA CAEAYIOIIUX IOPeXUKATOB:

1 =) Qe)

2) P(x) o Q(x);

3) (P(x) > Q) v R(x)&cQ(x);
4) P(x) - (Q(x) v _Q(x)),

5) P(x)&Q(x) > R(x).

3.9. N3ob6pasuTte HA KOOPAUHATHON IUIOCKOCTH ofjgacTH
UCTUHHOCTH IPeAUKATOB:

s wn!

3) (x23)> (y<5);

4 ((x>2)&(y 2 1)%& &(x <-1)v(y< —2);;
&

5) (x>2)v(y>1))&((x<-1)v(y<-2)
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3.10. BanucaTs NpPEeAHKATEHI, HOJIyJYeHHBIE B Pe3ynbTaTe

JIOrudecKHX onepanuii BaJ npeanKaTaMu P(x) Q(x) n R( )
obsacTH HCTHHHOCTH KOTOPHIX (I) samTpuxoBaHEI HA CIERY-
IOIUX PHUCYHKAX:

1)

2 3

9 || €

'// ////////// °) /////////

&)
NS

b (o ) a Q”’//
2 %, 22

o odl 5

3.11. VYecranosuTh, KaKHe H3 CHEAYIOMHX BHICKA3HIBA-

HMIl MCTHHHH, & KaKHe JOXKHEI, IPH YCAOBHH, ITP0 006NacTh
onpezenenua npexaxatoB M cosmagzaer ¢ R:

D3x(x+5=x+3);

2) 3x(x2+x+%=0)'

8) vx (x2+x+1>0).

4) Vx («* - 52 +6 2 0);

5) 3x ((«* - 5 + 6 2 0)& (x? -2x+1>o))
6) Ix (x —5x+620)&(x —6x+8$0),
) ‘v’x((x2 x+820)v x —6x+8<0)
8) Jx ((x e{2, 5})—> (x -6x+8= 0)%

9) Vx((x {8, 5})—>(x2-6x+8<0) .
3.12. IIpuseauTe NpUMepHl TAKHX 3HAYEHHA a, AAA

KOTODHIX .JaHHOE BHEICKASBIBAHHE: &) HCTHHHO; 0) JIOMXHO.
(M =R).
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1) 3x<0(x* +ax+a=0);

2) Vxe[O,l](x2+x+a<0);
3) Vx>7(x’+ax+l>0;

4) 3x e[a,a+1](x3—x—2<0).

§ 2. IlonaTHe GOPMYILI JOTHKN NPEXHKATOB.
PasuocunbHble (hOPMYyIaBI JOTHKHM NPETHKATOB

B s0orMKe HpeguKATOB HUCHONL3YETCS CAEAYIOIIAas CHUM-
BOJIMKA®

1. Cumsoas! p, ¢, r, .. — NepeMeHHbIE BEICKA3EIBAHUA,
OpHEMMaloNZe ABa SHademMa: 1 — mcruHa, 0 — JOKB.,

2. IIpeaMeTHEIE TIEPEeMEHHEIE — X, If, 2, ..., KOTOPBIE IIPO-
GeraioT sHAYeHHMs W3 HEKOTOpOro Muoxecrsa M: x°, y°,
2°, .. — NpefMeTHEIe KOHCTAHTHI, TO €CTh 3HAUCHHSA IpeJ-
METHBIX [IePeMeHHBIX;

3. P(-), F() — OZHOMECTHbIE IPeANKATHLIC NepeMeH-

Hbie; Q(.,.,___,. , R -,-,...,-) — n-MeCTHHIE NMpeAUKATHLIE Ie-
pevernse. P°(-), Q% seees’) — CHMBOJBI IOCTOSHHEIX
NpeAnKAaTOB.

4. CHUMBOJNEH JIOTHYECKHX onmepammii: &, v, =, —.

5. CuMBONEI KBAHTODHBLIX omepanmii: Vx, Jx.

6. BecoomMoraTesibHbIE CHMBOJIBI: CKOOKM, 3amsThIe.

Onpenenenne 1. (bopMyJEl JIOPTMKEH NpPeZHKATOB).

1. Kaxoe BhICKa3bIBAHNE KAK IIEpeMEHHOE, TaK M IIO-
CTOsAHHOe, ABJAeTcA GopMynoi.

2. Ecan F( -, -,...,-) — n-MeCcTHAfd NPEAAKATHAA NepeMeH-
HAasl WY OCTOSHHHIN IPEUKAT, & X;, X3y «., X, — DPEAMET-
HEile DepeMeHHEIe WM IpeAMeTHEHIe IOCTOSHHEIE, He 006s3a-
TeLHO Bee paanAAHEE, To F(X),%,,...,%,) ecTh GopMyna. B
oroii QopMyse nmpeAMETHLIE IIepeMeHHEIe ABJIAKITCA ¢B0oGOx-
apvu. Qopvynasl BEAa 1 u 2 HA3KIBAIOTCA S€MEBTAPHBIMH,

3. Econ A u B — dbopmynnl, mpayeM TAKHE, UTO OAHA U Ta
sKe IpeAMeTHAs IEPEMEHHAA He ABJIAETCA B OfHOH M3 HUX CBH-
3aEHOMH, a B Apyroi ceoboxnoit, 70 Av B, A& B, A B ecrs
¢opmynsl. B arax dopMynax re mepemenHBIE, KOTOpbie B HC-
xoAHbIX GopMyNax GhLIH CROGOXHLIMM, SBIAIOTCH CBOGOAHLI-
M, a Te, KOTOpHIe G5l CRASAHELIMM, ABIAIOTCH CBASAHHLIMH.

4. Ecaiz A — dopMyna, To A — dopmyia, H XapaKkTep
OpeAMEeTHHIX NepeMEeHHBIX Np¥ mepexofe OT GopMyan A x
dopmyne A Be MeHseTCH.
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5. Ecaz A(x) — dopMyxa, B KOTODYIO IpeIMETHAS HEpe-
MeHHAs X BXOAMT CBOGOAHO, TO cloBa VX A(x) 7 3x A(x)
apaaiorca dopMynamu, HpaueM NpeaMeTHAS NepeMeHHas B
HUX BXOAUT CBASAHHO.

6. Hurakas gpyras cTpoxka cuMBoyoB dopmynoit me
ABJAETCA.

IIpamep 1. Kakne #H3 ciexymomux Bmpaxcennn ABJA-
1oTca dopmynamu rorukm npeauxaros? B xaxpoit dopmy-
Jie BeIieuTe cBOGOAHEIe H CBA3aHHEIC HEPCMEHHLIE,

1) 3x Vz (P(x, y) - P(y, z));

2) (p - q)&(F v B);

3) P(x)& Vx Q(x);

4)Vx (P(x) - Q(x)) ( x) - Vx R(x, y));

5) (P(x) o Q(x)) v Iy (Vy R(y));

6) 3xVz (P(x, ) - P(y, ))

Pemenue. Bupaxxenus 1), 2), 4), 6) apnaworca dopmy-
JIaMH, TAK KaK 3AOMCAHEI B COOTBETCTBHH C OIpeAeNeHHEeM
¢dopMynEl JOTMKHE HpeAUKATOB. Bripa)xxenusa 3) u §) He aAB-
aaworca dopmynaMu., B BeIpaykeHHE 3) omepanus KOHBIOH-
KNHA OpEMeHeHa K ¢GopMynaM P(x) u Vx Q(‘.)x), B IepBoii U3
HHX IDepeMeHHas X cBOGOAHA, a BO BTOPOIl CBA3aHA KBAHTO-
poM OGIDHOCTH, WTO HPOTHBOPEUHUT OnpeAesieHUI0 ¢GopMy-
aui. B BEIpaskeruu §) KBaHTOP CYIIECTBOBAHUSA IO IEepEeMEH-
HOH y HaBemeH Ha ¢dopmyny Vy R(y) » B KOTOPOHA mepeMeH-
BaA Y CBA3SaHA KBAHTOPOM OOIIHOCTH, UTO TAKIKE HPOTHBO-
peunT onpeneneHuIo GhopMyJibl.

B dopmyne 1) mepeMerRas y cBOGOAHA, & IepeMEHHEIe X
¥ z cBa3adsl. B dopMyne 2) meT mpeaMeTHHIX IepeMEeHHBIX.
B dopmyne 4) mepeMeHHAA X CBfA3aHA, a4 HePEeMEHHAS J CBO-
GogHa.

O normueckoM 3HaueHHE GOPMYJEHI JIOPHKH NPERMKATOB
MOKHO FOBOPHTH JIMINB TOTAA, KOIZA 3aaHO MHOXecTBO M, Ha
KOTOPOM OIpeZResleHhbl BXOAAMUE B 9Ty GOpMYNy IOpefuKaTHL.
Jlormueckoe sHaueHHe GOPMYJIHl JIOTMKE OPEAHNKATOB 3aBUCHT
OT 3HAYEHMSA TPeX BHJOB NEPEeMeHHBIX, BXOAANIUX B GopMyay:

a) mepeMeHHBIX BHICKa3bLIBAHMIA;

6) cEoGOAHBIX NPEeAMETHLIX HepeMEeHHbBIX U3 MHOMecTBa M;

B) OPEeJUKATHBLIX NEePeMEHHBIX.

IIp¥ XOHKpeTHHIX 3HAYEHHAX ITHX IepeMeHHHIX ¢op-
MyJsa IPHUHUMAaET KOHKPETHOEe JIOTHUECKOEe 3HAYeHUe.
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Hpumep 2. Nauna dopmyna Vx (P(x)& Q(x) - R(x)) , TAe
OpefUKATHI P(x) » @(x) 1 R(x) ompenenens: na MrosecTse N.
HaiiTu ee 3HaueHHe, €CIH

1) P(x): «aucxo x mexurea Ha 8», Q(x): «umcro x ge-
JUTCA Ha 4», R(x): «4UCJIO X HEeXUTCHA Ha 2»;

2) P(x): «9UCJIO X HeJUTCH Ha 3», Q(x): «IHUCJO X Je-
JuTcA Ha 4», R(x): «4HUCJIO X AENUTCA Ha 5».

Pemenne. B 060nx cayuafx KORBIOHKIHA P(x)& Q(x)
€CTh yTBEp)KAeHMe, 4T0 uucio ¥ gexurca na 12, Ho toraa
OpH BCEX X, €CJM YUCJIO0 X AenuTcd Ha 12, To OHO penurca u
Ha 2, U, 3HAYHUT, B caydae 1) dopmyna ucTHHHA.

Tax KaK U3 KeJIMMOCTH 4mucia X HA 12 He mpH Bcex X cire-
AyeT AeJUMOCTHL UHCHa X Ha 5, TO B ciyuae 2) popmMyna JIOMKHA.

IIpumep 3. Brruucinrts sEauenue GoOpMyJIbl

Vx3y P(x, y)- xVy P(x, y), ecxm mpezmkat P(x, y)
uMeeT 3HAUYEHHE P°(x, y) — ¢YHUCJI0 X MEHbIIe Yucia Y» Hu
onpeneneH Ha MHOKectBe M =NxN.

Pemieane. Tak Kax ODpPH YKa3aHHOM 3HAUEHUH IpefHKa-
Ta P(x, y) BohIcKasuBanue Vx Jy P(x, y) O3HAYaeT yTBepHkKIe-
HUE, 4YTO A1A Jo60ro HaTypaJbHOrO 4yMCJja X Haiigercs HaTY-
PILHOE YNCJIO Y, OoJblliee YMCiA X, TO 3TO BHICKASLIBAHUE
HCTHHHO. B TO )Xe BpeMs BhICKasmiBaHWe 3Jx VY P(x, y) 03-
HAYaeT YTBepXAEHUe, YTO CYMIECTBYeT HATYPAJIbLHOE UHCJIO
X, KOTOpOe MeHbIIe JI0GOro HaTYpPANLHOTO YHCHA Y, KOTOpoe
noxHo. Ilpr aTOM McXOfZHAA POpMyJsIa, OUEBHAHO, JIOKHA.

Onpenenenne 2. lIse GopMyJni JOTHKH OpeAUKaToB A
U B Ha3LIBAIOTCHA PABHOCUALHUIMU HA o6aacmu M, ecan oHHA
NPUHHUMAKT ORMHAKOBEIE 3HAYCHHS NPH BCEX 3HAYEHHUAX
BXOAAIIAX B HUX IIepeMEHHBIX, OTHECEHHLIX K obmactu M.

Hse dhopmyinsl JOTMKKM mpeAuKaToB A ¥ B HasmBalorcd
PABHOCUNLHBLIMU, €CITA OHM PAaBHOCHJILHBI HA BCAKOIL 06yacTH.

3aecs, Kak U B ajyire6pe BLICKASHLIBAHUI, AJA PABHOCHIIb-
HBIX (popMys HpuHATO 0G03Hauenme A= B,

flcHO, YTO Bce PABHOCHJIBHOCTH aare6pni BEICKA3LIBA-
HUil OyAYT BepHBI, €CJIH B HUX BMECTO INEPEeMEHHLIX BHICKA-
spiBaHU# moAcTaBMTL GOpMyJBI JormkE npexuxkaros. Ho,
KpOMe TOro, HMEIT MECTO PABHOCHJIBHOCTH CAMON JIOTMKH
npepurxaros. Ciofia, B NepByl0 Ouepefb, CJIEAYET OTHECTH
PAaBHOCHJIBLHOCTH:

VxA(x) = IxA(x), 3xA(x) = VxA(x).
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OHE MHEPOKO HCHONML3YIOTCH B JIOTHKE NPESUKATOB IpH
PABHOCHJIBHEIX TPeo0pa30BAHUAX, €CIHE IPUXOAITCS HMETh JeJ0
C BBIDAYKEHMAMHE, COJEPKAIAMY OIEPANHI0 OTPUIAHHUSA.

Ilpumep 4. HaliTu orpumanme ciaepyiomux dopmysr:

1) vx(P(x)eQ(x));
2) Ix (P(x) v Q(x)) :
g) Vx 3y (R(x, )~ L(x, y)) .

1) Ve{P &) = 3+{Ple ) = 3{P0) v &)
2) S{P()v &) = va{P(e) v @) = va{Fs o)
8) VxIy(R(x,y) > L(x,y)) = 3x3y(R(x.y) > L(x.y)) =
= 32vy(R(x.y) > L(x.y) = 3xvy(R(z) v L(%1)) =

= 3xVy(R(x, )& E‘—!T))

JoKa3aTejJbCTBO PABHOCHJABHOCTE JIOrMKY IpefHKATOB
Tpebyer MIHA AETAJLHOTO PACCMOTPEHMA 3HaueHHi dopmyxn
RJIM HCHONL30OBAHUS M3BECTHMX DPaBHOCHJIBLHOCTEL,

IIpumep 5. okasaTh paBHOCHJILHOCTH

3x (A(x) v B(x)) = 3x A(x) vix B(x) .

Pemenme., JIJIA [OKa3aTENLCTBA PABHOCHJILHOCTH AOC-
TATOYHO PACCMOTPETh JABa CAydas:

1. IlycTs mpefrKAaThI A(x H B(x) TOMXAECTBEHHO JIOMXK-
Hei. Toraa OyZeT TOMKAECTBEHHO JIOKHEIM K NpPeZUKAT
A(x)v B(x) . Ilpu aTOoM GynyT JIOJRHEIME BBLICKA3LIBAHUSI
Jx (A(x)v B(x)) m 3x A(x)v 3x B(x).

2. IlyceTs Tenepr XoTA Ol OOMH M3 NpeZUKATOB (HAUpH-
mep, A(x)) He TOMJIECTBEHHO JOXKHbIA. Torga 6yaer He TOX-
JEeCTBEHHO JIOSKHBIM ¥ NPEXUKAT A(x)v B(x) . IIpu arom Gy-
AYT HCTHUHHLIMHK BHICKA3BLIBAHUS JX A(x) u Jx (A(x)v B(x)s'
a, 3HAYNT, GYAYT MCTHHHBIME M HCXOZHbIE GOPMYJILI.

CrnenoBatenpno, 1x (A(x) v B(x)) = 3x A(x) vix B(x) .

IIpumep 6. JlokasaTh paBHOCHJILHOCTH

c&Vx A(x) =Vx (c& A(x)) .

Pemenne. PaccMoTpuM fABa ciaydas:
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1. Ilycrs BeIcKaseiBaHMe ¢ J0#HO. Torza Ana mo6oro
npeszKaTa A(x) GyfeT TOMAECTBEHHO JIOKHEIM BEICKA3EHI-
Banue c& Vx A(x) u npeaukar c& A(x), u, cnegosatentyo,
BREICKa3bIBaAHHNE Vx(c& A(x)) . 3raumT, B 3TOM cixydae obe
ucxognsle GOpPMYJIE TOMXAECTBEHHO JIOMKHEL,

2. Ilycrs Temeps BHICKaswIBaHue ¢ ucTuHHO. Torxa, oue-
BHUIHO, 3HAYEHUA HCXOAHEIX dopmMysn GYyAYT NEJTHKOM 3aBH-
ceTh OT 3HAUYeHWH NpeamRaTa A(x . Ecnn A(x) — TOMJe-
CTBEHHO HCTUHHHIY npeAUKaT, To OyaeT TOXAECCTBEHHO HC-
THHHBIM M OpeauKat c& A(x , ", CJIGAOBATENBHO, OyAyT TOMXK-
JeCTBEHRO MCTUHHEEIMH BhIcKasnBarus Vx A(x), c& Vx A(x),
Vx (c& A(x)) » TO €CTh TOKAECTBEHHO HCTHHHLI MCXOJHBIE
dopmysnnt. Ecau ke mpegukar A(x) He TOXASCTBEHHO HC-
TUHHRLIHA, TOorga OyfeT He TOMAECTBEHHO HCTHHHLIM INpPENH-
kar c& A(x), a BHckasmBanua Vx A(x), c&Vx A(x),
Vx (c& A(x)) 6yAyT JNOXKHKIMH, TO €CTh JIOXKHBHIE 3HAYEHUS
NPUHEMAIOT 06e MCXOAHLIe GOPMYJLI, YTO B UTOre JOKASHI-
BaeT HX PABHOCHUJIBHOCTh.

3.13. VkamxuTe, KaKMe H3 CJHEAYIONIHX BHIPAXKEHUMH
ABARIOTCA (POPMyJaaM¥ JIOTHKH HOpPeAUKaTOB. B Kampoi
dopMysre BHIESMTe CBOGOAHLIC M CBASAHHLIC NepEeMEHHEIEe:

1) 3x3y P(x, y);

2) 3x,y P(x,y);

3) Vx P(x)v Vy Q(x,y);

4) Vx 3y P(x,y);

5) p—> Vx P(x, y);

6) dx P(x, y)& Q(y, z).

3.14. Nanu yreepipenns A(n): ¢umciao n genurca Ha
3», B(n): ¢uncxo n genurca ma 2», C(n): ¢uucino n pemnt-
ca ma 4», D(n): «uncno n penurcs ma 6», E(n): «wmemo n
penurca Ha 12». YKaxuTe, KaKHe U3 CAEAYIOIMUX YTBEDIK-
JAeHUA MCTHHHE, KaKWe JIOMKHEI

DVn A(n)& B(n) - E(n));
2) Vn(B(n)& D{n) > E(n));
8) 3n(C(n)& D(n) - E(n));
4) Vn(E(r) - C(n)& D(n));
5) Vn (E(n)—) B(n)& D(n );
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6)3n (B(n)&C() > D(n));

N Vn A(n)—> E(n))

3.15. Mycrs npeguxar P(x,y) ompesexen Ha MHOXe-
ctBe M =N x N H o3HAUYaeT ¢« X< Y ».

1) Kakue u3 creRYOIIHX NPEAUKATOB TOXKAECTBEHHO
HCTHHHBIE U KAKHE TOMJAECTBEHHO JOXHEIE:

a) 3x P(x,y); 6) Vx P(x,y); 8) Iy P(x,y); ) Vy P(x,y)?

2) Ina Tex nmpegukaToB U3 1), KOTOpHIE HE ABIAKITCA
HM TOKAECTBEHHO MCTHHHLIMM, HH TOMKJECTBEHHO JIOMKHDI-
MH, YKas3aTh 00JacTh MCTHHHOCTH H OGJACTH JIOIKHOCTH.

3) Kakue Hu3 creAyOIUX NPeANOKEHUHA HCTHHHE M
KaKHe JIOMKHBI

a) 3xVy P(x,y); 6) Vx3y P(x,y);

B) Vy3x P(x,y); 1) VxVyP(xy);

R) VyVxP(x,y); e) JyVzP(x,y);

x) 3x3y P(x,y); 3) 3y3xP(x,y)?

3.16. IlorasaTh, UTO KBAHTOPHI OOIIHOCTH K CyIECTBO-
BaHUA He INEePecCTAHOBOUYHE, TO €CTh BBLICKA3HKIBAHMUSA
Vx3y F(x,y) u 3y Vx F(x,y) moryr, Boobme rosops, uMeTs
pasauYHLIe 3HAYEHHA.

3.17. Cpeau crexyiomux nap ONpeRUKATOB BEIGepUTe Te,
B KOTODHIX HpPEeAKATHI ABJIAIOTCA OTPHUIAHMAMH ADPYT Apyra:

1) ¢a<bs» u ¢b<ar;

2) «Tpeyronsaux ABC npamoyroashEli» u «Tpeyrosn-
HUK ABC TYynoyroiabHEIH»;

3) «Llenoe uncno k uetno» u «Ilenoe uucao k HeYeTHO»;

4) «Dyaxnua f neuerHar u «PyHEOUA [ yeTHA»;

b) «HaTtypansHoe uucio n — npoctoe» u «Harypansnoe
YHCIO N — COCTABHOE.»

3.18. [lokasaTs cireAyoImde PaBHOCHIBHOCTH:

1) Vx A(x) = 3x Z(x__);

2) 3x A(x) =Vx ;1(1:—;

3) c&Vx A(x) =Vx 2c& A(x));
4)cvVrAlx)= Vx(c v A(x));

5) 3x }A(x) v B(x)) = 3x A(x)v 3x B(x);

6) 3x{cv A(x)) =cvix A(x);
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7) 3x(c& A(x)) = c&Ix Ax);

8) 3x A(x) & 3y B(y) = 3x Iy (A(x) & B(y));

9) Vx(A(x) - c) = Ix A(x) > c;

10) 3x{c > A(x =c¢c— x A(x);

11) 3x(A(x) > ¢) = Vx A(x) > c.

3.19. HaiiTi orpunmanusa ciepyromux GopmMys:
1) 3x(A(x)& B(x)&C(x));

2) Vx(A(x) > Yy B(y));

3) vx A(x) vy B(y)) ; L

4) Vx (A(x) - B(x))& 3x (S(x)& R(x)) ;

5) Jx (R(x) YRS Q(x)) ;
6) Vx3Jyvz (P(x, Y, z) - Q(x, Yy 2)) .
3.20. Iycrs A(x) u B(x) — moGsie npesuxars:. Kaxue na

CIIeAYIOIIEX (POPMYJT PABHOCIILHEL (OPMY.TE A(i):) B(x) (*)?
1) A(x)vB(x); 2 A(x)v B(x); 8) A(x)-> B(x):
DT A © AERE: O AN

7) B(x) > A(x).

3.21. okasaTs, 4TO ANA Ai060# GOPMYJILI JIOTUKHE Ope-
AHKATOB MOKHO HOCTDPOMTH eif PABHOCHJBHYIO (pOpMyNy, He
COZepPKAIYIO:

1) xBaBTOPOB cymecTBOBaHHUS;

2) KBaHTOPOB OGHIHOCTH.

3.22. JlokazaTs, 94TO (POopMyaHI Bx(P(x)& Q(x)) n
Jx P(x)& dx Q(x) He PaBHOCHJIBHHI,

3.23. HoxasaTh, 9TO0 hbOpMYyIEl Vx(P(x)vQ(x)) n
Vx P(x)v Vx @(x) me pasrocmasmst.

3.24. MoxrasaTh, 4TO

1) 3x vy (P(x)&G(y)) = vy 3x (F(x)& G(y)) ;

2) 1o Re ¢ 3aMeHOH & Ha V;

3) moxno nu B 1) u 2) savenuts F(x) u G(y) asyxmect-
HEIMU HOpeIWKATaM¥, SaBUCAIIUME OT X B y?

3.25. Mycrs A(x) u B(x) ZBa& OAHOMECTHHIX MpERUKA-
Ta, ONpejelleHHLIX HA MHOXecTse M TaKkmuX, YTO BRICKA3BI-

paHpe dx (A(x) - (Ex_) v (EGC_) - A(x)) ) dctuano. [oka-

sars, 9TO BhICKasmBamMe Vx A(x) xommo.
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3.26. Hamut xsa mpexuxata @Q(x,y) m R(y,2), ompene-
JieHHEI®e Ha MHOXectrBe M x M ,rae M = {a,b, c} . Jdas cxe-
AVIONIMX OpEAJIOKeHMH 3ammcaTh UX BhIpakeHus Ges uc-
NOJBH30BAaHUS KBAHTOPHBLIX omepammii:

1) IxQ(x,y)&VzR(y,2);

2) Vx3Iy (Q(x, y)v Ry, z)) ;

8) Vx3yQ(x,y) > Iy Vx R(x,y);

4) VxVy@(x,y) © VyVx R(x.y).

8.27. Kaxum yciaosuaM GyayT yAOBIETBOPATH obnacTd

MCTUHHOCTH IPEAUKATOB A(x) u B(x), onpefieACHHBIX HA
MHOMecTBe M, eciM MCTHHHLI BhICKA3BLIBAHUSA:

1) Vx (A(x) > B(x))& 3x (Z(_x_j& B(x)) ;
2) x(A(x)& B(x))& (Vx (A(x) - B(x))) H
3) 3x (A(x)& B(x)) - (Vx (A(x) - B(x))) ?

§ 3. O6me3HAYMMOCTs H BHIIOXHHMOCTHL (hopmya.
Hpeasapernas HOpmansHas dopma (w.m.d.)

Onpenenenne 1. PopmMyna JOTHKH OPEJUKATOB Ha3bi-
BAETCH BblNONAHUMOL 8 obaacmu M, eclH CymecTBYIOT 3Ha-
YeHUS NepeMeHHEIX, BXOAAImUX B 3Ty QOpMyJNy B OTHECEeH-
HHIX K obnacta M, npu KOTopeix (opmysa mDpHHUMAET HC-
THHHBLIE 3HAYEHUS.

Onpenenesne 2, PopMyna A Ba3LIBAETCH GNOAHUMOL,
ecamn cymecTByeT obnacTb, Ha KOTOpOii ara dopMyJsa Bui-
HOJMHUMA,

Onpeneneame 3. PopMysa JOTAKMU HPEAMKATOB HA3LIBA-
eTCH moxNdecmeeHHo UCTMUHHOIL 6 o6aacmu M, eciu oHA TIPH-
HUMAET UCTHHHLIC SHAUCHHUSA AJIA BCEX 3HAUCHWMA MepeMeHHbIX,
BXOAAIIUX B 9Ty (POPMyJIy U OTHECEHHHIX K 3T0il ofmacth,

Onpenenenue 4. Mopmyna A Ha3HIBAETCA 00We3HAYU-
MOil, €CJIM OHA TOXIECTBEHHO UCTAHEAA BO BCAKOH oOsacTh.

Onpenenesne 5. ®opmyna A HaskIBaeTca moxcdecmaen-
HO R0XCHOit 8 o6aacmu M, ecny OHA NPUEUMAET JIOMKHBIE
SHAYEHUA AJIf BCeX SHAUEHNH nepeMeHHBIX, BXOASMIAX B 3Ty
dopMyny ¥ OTHECEBHHIX K 3TOil oGxacrm.

W3 npuBeJleHHEIX ONpeAeneHuil creayer:

1. Ecnau ¢dopmysna obmesHaYnMa, TO OHA M BBINOJHUMA
Ha BCAKOH o6sacTu.

2. Ecxu dopMysia TOXKIAECTBEHHO HUCTHHHaA B obxactu,
TO OHA BBLINOJHUMA B 3TOH 00gacTH.
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3. Ecam ¢dopmysia HEBLIIOJIHUMA, TO OHA TOMKEECTBEHHO
JoyKHAa B JioGoit obnacTu.

Hpumep 1. Jloxasats, ato qopmyna A =3xVy P(x,y)
BHITOJIHAMA.

Pemenne. Ana aoxasaTensCTsa BHIOOJIHEMOCTE GOpMy-
a6 A gocTaTouHO Hality o6sacThr ompefeleHNs ABYXMECTHO-
ro IpeanKaTa P(x, y) ¥ Taxoe ero 3HAaYeHHe, YTO B ITOH
obnacTu QdopmMysa NPUHUMAET MCTHHHHIC 3HAaYeHHs. Taxoii
06aacThI0 ONIpeiesIeHNA IpeinKaTa, B YIaCTHOCTH, 6yAeT MHO-
aectBo M = N x N. leiicTeuTesnHO, eCIR P(x, y) ~ IpeAH-
KaT «y:x», To opMyna A TOXKASCTBEHHO HCTHHHA B 06nA-
ctu M, u, ciefoBaTeNLHO, BLINOJHUMA B TOH obxacTH. Of-
HABKO, €CJIM B KAUecTBe NpenuKaTa P(x, y) B3ATH NPEAAKAT
¢«y<xs, TO bopmyna A GymeTr TOXRIAECTBEHHO JIOMHOU B
obnactu M, 4, cAenOBaTeNbHO, HEBHINOAHUMON B ob6nacTm
M. Ilpu srom scHO, uTO dopMyna A He obmeamauuma.

Hprmep 2. llokasats, aro Gopmyaa A = (P(x) - Q(x)) -
— dx P(x)& Vx Q(x) ApnsgeTca o6IIesHauuMoOi.
Pemenune. Cunras, aro ¢popmysa A onpeaesneHa Ha Jo-

6oit o6nactu M, npoBesieM paBHOCHJLHBIE NpeoGpa3oBaHUA:

A=Vx (P(x) > Q(x)) - 3x P(x)& Vx Q(x) =

=Vx (P(x) - Q(x)) vix P(x)& Vx Q(x) =
=3x (P(x) v Q(x)) vix P(x) vVx Q(x) =
=3x (P(x)& Q(x)) vix P(x) v3x Q(x) =

—— o———

=3Jx (P(x)& Qx)vix Q(x)) vix P(x) =
= 3x(P(x)& Q(x) v Q(x)) v 3x P(x) =
=3dx (P(x) v 6(—:5) v ix P(x) =
= (3x P(x)vIx P(x) v3IxQ(x) = 1vixQ(x) =1,

T.e. HOpPMyZa A TOMAECTBEHHO MCTHHHA AJNA JIOGHIX OxHO-
MecTrEIX mpeauxaros P(x) u Q(x) u B moGoit obnacTm.

IIpumep 3. —

Hoxasars, uTo ¢dopmyra A= Bx((F(x) - F(x))&

&(;'(;j - F (x)) TOKACCTBEHHO JIOMKHA.
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Pemenne. e

Tax xKax ¢opmyaa (F(x) - F(x))&(F(x) - F(x)) =
= F(x) © F(x), a dopmyna F(x)«> F(x), ouesuano, Tox-
JEeCTBEHHO JIOXKHA, TO TOXJECTBEHHO JIOXKHA M popmyna A.

ToBopar, uTo GopMyJia JIOTHKM NPEIHKATOB HMEET HOp-
MAALHYIO (POPMY, €CIH OHA COREPIKUT TOJBKO ONePaliiH KOH'B-
IOHKIUH, JUSBIOHKOUHM M KBAHTOPHHE ONepanuH, a omepa-
IHAR OTPHLAHUS OTHECEHA K dJIeMEHTAPHEIM (GopMyJaM.

Cpeau HOpManbHEIX GOPM GOPMYN JIOTHKH HPETUKATOB
BaykKHOe 3HAYEHHe MMEIOT TAK Ha3biBaeMble npedeaperHbvie
HOpMaabHbie (opmbi. B HUX KBAHTOPHBIe Oomepanu#u JauGo
NOJHOCTHIO OTCYTCTBYIOT, JH0O0 HCIOJAL3YIOTCA NOCHE BCEX
onepanuif aareGphsl JIOrHKH.

CnpaBeRauBO yTBepXJeHHE O TOM, 4YTO BCAKAA GopMy-
Jia JIOTHKH NPEeAHKATOB NYTEeM PABHOCHJABHLIX Ipeobpa3oBa-
HU# MoxceT OBITh NpHBEJeHA K IpPeABaAapeHHOHE HOPMAJILHOH
dopme (u.n.d.). IIpu aroM creayeT HCHOJHL3OBATH PABHO-
CHJIBHOCTH JIOTHKH IPeAHWKATOB, KOTOPLIe NO3BOJAIOT BLI-
HOCHTB 3a CKOOKHM KBaHTOPHI CYIIECTBOBAHUA ¥ BCEoOGIIHOC-
TH, T.€. PABHOCHUJBLHOCTH:

Vax P(x)& Vx Q(x) = Vx (P(x )& Q(x) );
p&Vx P(x)= Vx(p& P(x ){
vaxP( ) Vx pvP(x)'

p—> VxP(x) =Vx(p - P(x));

3x P(x) v Ix Q(x) = Bx(P(x v ));

cVBxP( ) Jx ch( ));
c& 3xP(x) = 3x(c& P(x));
¢~ 3x P(x) = 3x(c > P(x));
Ix P(x)& Ix Q(x) = 3x 3y (P(x)& Q(y)).
Hpumvep 4.

Ilpusecty K 0.H.¢. GopMyITy A = Vi Iy P(x, y)& I Vy Qx,y) -
Pemenne. IIpoBoja paBHOCHJIBHLIE npeolpaloBaHus,
NOJy4YHM:

A =Vx3y P(x,y)& V23 Q(x,y) =
=Vx (By P(x, y)& 3z Q(x, P

=Vx3dy (P(x, y)& 3z Q(x, 2
=Vx3Iy3z (P(x, y)& Q(x, 2

n




NOrMKA NPEQUKATOB 233

3.28. BLINOJHUMEL JIH CAeAyone GopMyJIbL:

1) A=3xP(x); 2) A=VxP(x).

3.29. MoxXHO /11 IPUBECTH npUMep GOPMYyJIEI A(x) Ta-
KO#, 4TO BHIMOJHUMA ¢Gopmya:

1) B=VxA(x)- A(t); 2) B=A(t)> VxA(x).

3.30. JlokasaTs, uTo dopMysa Ix (P(x)&(r - Q(x)) -

- (Vx KP(x) - Q(x)) > F) ABAAETCA O6Ie3HauYMMOii.
3.31. Kakue U3 HMKeNPHBEAEHHLIX (POPMYJ ABIAAIOTCA
o0nresHaYUMBIMH:

1) 3x(B(x)& By(x)) - (3x B(x &axp( x))s
2) 3x (B (%) & Py(x)) © (3x B (x)&3x B(x));
8) (Vx B(x) v Vx B(x)) - Vx(B(x) v B(x));
4)(Vx B(x) v Vx B(x)) © Vx(B(x) v B(x));

5) Vx q-—)P(x))(—)(q-—) VxP(x)),

6) Vx(B(x )—-)P ) (Vx B(x) - vz B(x));

7) 3x(B(x) > By(x)) - (3x B(x) > 3x B(x))s
8) Vx{B( )——)P (BxP ——)VxPz(x ),
9) Vxld

\(x )-+<1> (x)) - (qu>( x) = Vx y(x));
10) V(P,(x) - P,(x)) - éaup (%) - 32 Py(x))s
11)3x(¢,(x - Dy(x )) Vi @, (x )-—)xtp(x))

12)3x R(x) - Vx R(x)

13) vx R(x) - 3x R(x);

14) Vx R(x)& Vx Q(x) © Vx R(x)& Q(x ;

15) Vx R(x) v V2 Q(x) & Vx(R(x) v Q(x));

16) 3x R(x)& 3x @(x) © 3x(R(x)& Q(x));

17) 3x R(x) v 3x Q(x) © 3x(R(x) v @(x)).

3.32. JloxasaTh TOXAECTBEHHYIO JOMHOCTD dopmMy sl
323y ((F(x) - F(v))&(F(#) > Fo))& F()).

3.33. Mpusectu K n.n.¢. creayomue GOPMysabl JOrHKH
npeAuKaTOB:

1) B=3xVy3dzVu P(x, Y,z,u );
2) B = Vx R(x)v 3xQ(x. y);
3)B= p—)EIxR( )
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4 B=vx Syé;;(x) o A(y);;

5) B = v (A(x) > 3y B(y)
6) B=3xVy P(x, y)& Jx Vy Q(x, y);
7) B = 3x Vy P(x,y) v 3x Vy Q(x, y);
8) B=3xVy P(x, y) - VyQ(x,y).

8§ 4. IpuMenenne JIOTHKH NPEJAKATOB B MATEMATHEE

-
’

I. llpumenensne A3LIKA JOTHEM HPEAMKATOR JAS 3ATNNCH
MATEeMATHYECKHX NpPeAAOXKeHNi, onpegeiennit.

SIBBIK JIOTHKH NpeAHKATOB yAO00eH AJNa 3aIHUCH MaTeMa-
THYECKHX npenjyoxeHuii. OH JaeT BO3ZMOMHOCTb BHIPANKATH
JIOTUYEeCKHE CBABH MEXAY NOHATHAMH, 3a0KCHIBATH ONpeAae-
JIEHHA, TEOPeMbl, AOKASATEIHLCTBA.

IIpumep 1. BamucaTe Ba A3bIKe JIOTHKH NPEARKATOB
onpeneNeHUE IpeAesa YHCIOBOH HOCJIe0BATEABLHOCTH,

Pemenwe. UYncno a ABIAETCA OpeAeIoM YHCAOBOIH noce-
JA0BATEJILHOCTH (a,,) TOTAA ¥ TOJBKO TOTAA, KOTAA AJNS JIO-
60T0 MOJIO)KHTENLHOrO YHCJA £ CYmecTByeT TAKOH HOMep
n,, 9TO AJA BCEX HATYPAABHHX UuceA, GOJBIINX HIH PaB-
HEIX n,, COPaBeAJHBO HEPABEHCTBO Ia,. - al <e.

Hcnonssys A3LIK JIOTHKH NPEANKATOB, MOMKHO 3aHHCATh
9TO OnpenesieHMEe B KOMIAKTHOI ¢opme:

a=lima, & Ve>03In,e NVn eN(nZnQ=>|a,,—a|<s),

R~>D0

Kak u3BeCTHO, MHOTHE TEOPEME! AONYyCKaloT GopMyiH-
POBKY B BHjie YCJOBHHIX npegyoxkenmil: «Ecau aioboit ae-
MCHT X M3 MHOKecTBa M ob6nagaer cmoiictBoM P x) » TO OH
obnagaer cpoiicreom Q(x)s, T.e. Vx( x)—> Q(x)

Hanpumep, ecim {X{ — MHOMKECTBO BCEX TPEYroJbLHH-
KOB Ha ILIOCKOCTH, P(x) — CBOICTBO X OBITH IPAMOYTOJb-
HEIM, Q(x) — CBOCTBO X HMeTh MHNOTEHY3Y, KBaJpaT JJIu-
HBEI KOTOPOil paBeH cCyMMe KBAJpATOB AJNHHE KaTeTOB, TO Gop-
myna Vx (P(x)—) Q(x)) AaeT 3anuch GOPMYJNIHPOBKHE Teope-
mut ITudaropa. .

Hpumep 2. Banucatrh HA SA3LIKe JIOTHKH NIPeJUKaTOB
GOopMyMHPOBKY TEOpPEeMEl 0 HeOOXOXMMOM NPH3HAKE CXOAH-
MOCTH YHCAOBOTO PAAA.

Pemenne. Ilycts M = {x} —~ MHOXXeCTBO BCeX YHCJO-
BEIX PAJOB, P(x) — CBOMCTBO X OMITH CXOAAIMMCA PALOM,

Q(x) - },1_{2 a,=0, rme a, — o6muit unen paga x. Torma
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dopmyna Vx (P(x)-> Q(x)) npeacraBaser coboit dgopmynu-
POBKY YKasaHHOH TeOpeMEl.

II. IlocTpoenne NPOTHEOMOJMORHEIX YTBEPKACHHIL.

IIycres AaHO HEKOTOpOE MaTE€MaTHYeCKOe YTBEDIKIACHHE
A. ITpoTHBONONOKHEIM yTBepXKAeHHeM Ana A Gyzer yreep-
wpenue A. Jloruka DpPeJUKATOB NO3BOAAET YTEM DPABHO-
CHNLHHX npeobpasosanmit dpopmMynst A mpuaaTe et xopo-
mo 0G03pHMHEI BHJA.

IIpumep 3. Onpeselienue npesesa YHCAOBOR MOCHEAOBA-
TeJLHOCTH AaHO B npuMepe 1. EMy npoTHBONONOMKHEIM YT-
BepxxaeHEAEeM Oymer:

a#limae, & Ve>03n,eNVvn eN(n2n0:>'a —a{<s =

n—ro »
=3¢>0Vn, eN3n eN((nzn‘,)&(la,l -alz ) .

OueBUAHO, ecid TeopeMa Vx eM(P(x) - @ x)) He-
cupaseanuBa, TO Oyxer HCTHHHHM yTBepXAeHHE
Vx eM(P(x) - Q(x)) =3dxe M(P(x)& Q(x)). Cneposarens-
HO, 9T06HI J0KA3aTh, YTO TeopeMa VX (P(x - Q(x)) Hecmpa-
Be/UINBA, HY’KHO YKa3aTh XOTHA Okl OAXWH 3JIeMeHT u3 M, npu
KOTOPOM YCJIOBHE TEOPEeMEI P(x) HCTHHHO, a 3HAYCeHHE Q(x)
JOMHO T.e. NIPHBECTH KOHTPIpHAMED.

IIpumep 4. Jloxkaxure, 94T0 HeBepHaA Teopema: «Ecam
byrKITA f(x) OrpaHAYEHA HA CErMeHTe [a,b] , TO OHA H
HHATErpHUpyeMa HA 2TOM CErMEHTes.

Pemenne. Ilycte M — MBoOXecTBO Bcex dyHKnHii, on-
pefieJICHHEIX Ha CeTMeHTe [a,b] s P(x) — ¢BOlicTBO f GLITH
OTPaAHHYEHHOH HA [a,b] , Q(x) — cBoificTBO f GLITH MHTErPH-
pyemo# Ha [a,b] . YTo6ul 10Ka3aTH HECHPaBeAJUBOCTL TEO-

peMu VFf e M (P(f) - Q(f)) HY’KHO AOKA3aTh CIPABEAINBOCTD

yTBep:xaesEns  3f eM(P(f)& Q(f)) HyXHHM KOHTpIpHMe-
pOM 37€Ch MOeT GLITh QpyEKuHsA JHpHXJe, paccCMaTpHBae-
Mad Ha [a,b] . OHa, KaK M3BEeCTHO, OrpaHMYeHA Ha JofoM
cerMeHTe, HO HEMHTErpHpyeMa Ha 3TOM CErMeHTe.

III. Iipamasn, o6paTHAR M NPOTHBONONOKHAA TEOPEMEI.
PaccmoTpuM deTnipe TeopeMur:
Vx ecE P(x) - Q(x)); 1)
vx € E(Q(x) - P(x)) 2)
VxeE RZ} -~ a(-x_) 3)




236 __ 3adauyNux-npaxmuxyM no mameMamuyecxotii nozuxe

Vx eE (Q(x) - P(x)) . 4)

Onpepnenenune 1., Ilapa TeopeM, Yy KOTOPHIX YCJIOBHE
ONHOH ABAAETCH 3AKJIIOUEHHEM BTOPOii, a ycJOBHe BTOpPOif
ABAseTCA 3aKJI0YeHHEM INepBOii, HASLIBAIOTCA 63aAUMHO 00-

pamubiMu BEpYT IpYTY.

Tax, TeopeMu (1) u (2), a Takxe (3) u (4) — B3auMHO
o0paTHuIe TeopeMsul, IIpu aTOM, €CHH OfHY HM3 HHX Ha3hiBa-
10T MPAMOM TEopeMoii, TO BTOPYIO HA3HBAIOT oOpaTHOIi.

Onpepenenue 2, ITapa TeopeM, y KOTOPHIX yCIOBHE M
3aKJIOUYeHHe OJHOH ABIAIOTCA OTPHUILAHHEM COOTBETCTBYIO-
Iero yCJOBHA M SaKJIOYEHHA APYroil, HA3LIBAIOTCH 63AUM-
HO NpPOMUBONONONHLIMU.

Tak, Teopemur (1) u (38), a Takxe (2) u (4) saBasAOTCA
B3a¥MMHO IPOTHBOIOJIOKHBIMH.

IIpumep 5. Ana teopeMmur: «EciH ueTHIPeXyroabrHHUK
ABAAETCA IPAMOYTOJLHHUKOM, TO B YeTHIPEXYTONbHUKE AHAa-
TOHAJIM paBHEI» chopmynupyiite Teopemur (2) — (4).

Pemenwue, Ilycts E = {x} — MHOXKECTBO BCEX YeThIpexy-
TONLHUKOB Ha ILIOCKOCTH, P(x) — cBoiicTBO X OHITH IPAMOY-
TONLHUKOM, Q(x) — CBOMCTBO X MMeETh paBHHEe KHArOHAJIH.
B chopmynupoBanHOii Teopeme P(x) ABNAETCA YCJHOBHEM,

a Q(x) — saxmouenueM. ITosromy Teopema (2), obparHas gaH-

Hoi1, opmynnpyerca Tak: «ECIH B YeTHIPeXyTONLHHKe AHUATO-
HAJIM PABHE, TO YETHIPEXYTOJBHHK ABJIACTCH MPAMOYTOJLHH-
KOM»; TeopeMa (3), IPOTHBONOJIOMKHAA NPSIMOLi, hopMyIIpyer-
cs TaK: « EC/IH UeThIPEXyTOJIbEAK He ABJIACTCA NDAMOYTOJILHH-
KOM, TO B YeTHIPEXYTOJbHHKE ANArOHAJIM He paBHH». Y, Hako-
Hell, TeopeMa (4), NPoTHBONONOXKHAA o6paTHOIL, hopMyHUpyeT-
ca TaK: «EcjaH B 9eTHIpEXyroJibHUKE JUATOHANH HE PABHEI, TO
YETHIPEXYTONLHUK He SBJIAETCH NPAMOYTOJILHHKOMS,
Herpyzno BugeTsh, UTO IepBad M NOCHEeHAA TEOPEMEl HC-
THHHEL, & BTOPAA ¥ TPEThA TEOPEMBI JIOMRHEI (IPHBEJUTE KOHTP-
npusep!). SlcHo, uTO mpsiMas M oGpaTHAR TEOpPEMEI, BooGmie
roBops, He PABHOCWJIBHBEI (OHA M3 HHX MOXKET OLITH MCTHH-
HOH, a BTOpas Joxkaa), OAHAKO JETKO MOKA3aTh, YTO TEOPEeMEl
(1) n (4), a Taxxe Teopemut (2) u (3) BCeraa PABHOCHIILHEL.
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IV. Heo6xoaqumeie H JOCTATOYHBLIC YCJIOBH.
Paccmorpum teopemy

vz e E (P(x) - Q(x)). (1)

MHoOMecTBO HCTHHHOCTH TpeAHKaTa P(x)——) Q(x) €eCcTh
muoxectso CI,UI,. Ho Torza MHOMXECTBO JIOXKHOCTH 9TOr0
npexukara 6yner C|CI, UIQ) = I, NCI, . Mlocnennee MEOKeE-
cTBO GyAeT mycTHIM UL B caydae, Korga Ip < I,. Orcioga
caenyer, 4TO NpeguKaT P(x)—) Q(x) ABNAECTCA HCTHHHBIM
nnsa Bcex x € E Torja M TONBKO TOrja, KOrja MHOMKECTBO
HCTHHHOCTH NpPEeRHKATa x) COZEPIKUTCA B MHOIKECTBE HC-
TUHHOCTHA TPERUKATA Q(x » T.€. IpEeJHKAT Q(x) ABAAETCHA
cJexcTBHEM npeauxara P x) . IIpu aToM nmpeauKaTt Q(x) Ha-
SBIBAIOT HeOOX OAMMEIM YCJIOBHEM A npeaukata P{x), a ope-
AUKAT P(x) — NIOCTATOYHEIM YCJIOBHEM JNA Q(x) .

IIpumep 6. PaccMOoTpuM yTBep:kAeHNe: ¢Ecau 4yucio x
nenuTca Ha 6, To uucHO X RenuTCA Ha 3». 3aech NMpeaUKAT
P(x): «Yucno x penurca Ha 6», a nmpegukar Q(x): «YHucio
x penurcA Ha 3». Ilpeamrar Q(x) JIOTHY4eCKH CJeayeT U3
npexukara P(x) (P(x = Q(x)) Ipenukar P(x) (ZeanMocTsb
qucia X Ha 6) aBaserca AOCTATOYHLIM YCJIOBHEM JJIA NpPegH-
KaTa Q(x) (nenumMocTh uncna x Ha 3). Ilpeguxar Q(x) (me-
JUMOCTDh UHCNa X Ha 3) Asasgerca HeOOXOAHMMEIM YCJIOBHEM
AAA TpeXuKaTa P(x) (meammMocTh umcya x Ha 6).

Yacto BeTpeuaercA CHUTyanus, NPH KOTOPOH HCTHHHEI
B3aMMHO O6paTHbEIe TEeOpeMkI

Vx e E (P(x) > Q(x)); @)
Vx e E (Qx) - P(x)). 2

9710, OYEeBHAHO, BO3MOYKHO NpH yciaosuu, uto Ip =I,,
T.e. Korga mpepukaru P(x) m Q(x) paBHOCHIBHEI
(P(x)¢> x)) B raxoM cayuae u3 Teopemnl (1) cuegmyer,
qro ycaoBue Plx) siBasercsa AOCTATOYHLIM JndA Q(x), a us
TeopeMnl (2) ciaemyer, 94TO yCIOBHE P(x aBnsercsa He00xo-
AumuM ana Q(x). Taxum o6pasoM, B 9TOM CIyuae yCIoBHe
P(x) ABASETCA H HeOOXOOUMEIM, H NOCTATOYHBIM YCJIOBHEM
And Q(x). Anarnormuno, ycnosne @(x) Apnserca Heo6XoAH-
MEIM H goctaTognuM giua Plx).

IIpumep 7. PaccMOTpHM TeopeMul: «B onmucaHHOM 4eTH-
PeXyroJibHAKe CyMMBI JUIMH NPOTHBOMOJOMKHBIX CTOPOH Das-
HEBI MeXAY co00ii» H «Eciii B 4eTHIPEXYTOJNLHAKE CYMMEL JJTHH
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TIIPOTHBOIIOAOKHREIX CTOPOH DaBHE Mexnay coboi, TO B aTOT
YeTHIPEXYI'OJBHNK MOYKHO BOUCATh OKPYKHOCTES. OTH TEOPEMEI
B3anMHO o0paTHEL. O6e oHM meTHHHEBL. CrefoBaTENBEHO, KAKAOE
U3 yeIoBui «B ueThIpeXyroIbHHKe CYMMEI AJIMH IPOTHBOIIOJION -
HHIX CTOPOH DPABEHI» B «B UeTHIDeXyroJIbHUK MOKHO BIMCATH
OKDYRHOCTH® ABNACTCA B HeoOXOAAMEIM, ¥ AOCTATOUYHLIM.

3.34. 3anuniure Ha ABHKE AOTMKH NPENUKATOB oNpeae-
neBwus:

1) nuBe#iHO YHOPAAOYEHHONO MHOMeCTBA (YHOPSAAOYEH-
HOe MHOMECTBO Ha3LIBAETCA JMHEHHEIM, €CJM JIA JIOOBIX
3JIEMEHTOB 9TOTO MHOKecTBa x ¥ y nimbo x =y, nubo x < y,
6o x>y);

2) orparwuenHO# dynaknuu (bysruus f(x) Ha3LIBACT-
cA orpanMuYeHHOH Ha MHOMecTtBe M, ecau CymIeCTBYeT Ta-
Ko0e HeoTpunaTeabHoe yucyao L, uro ana Bcex x e M copa-
BezMBO HepasencTso |f(x) < L);

3) uernoit ¢yHKRnuN (byrxuua [ HasLIBaeTCA 9YETHOI,
ecnu 06JaCTh ee OOpeJieIeHMA CHMMETPHYHA OTHOCHTEILHO
Havyajla KOODAMHAT M JNA KaXAOro X U3 o6nacTH onpejene-
HUS COPABeJIMBO PaBEHCTBO f(—x)= f(x));

4) nepuonndeckoit ¢yrknun (Gyaxknusa [ HasuiBaeTcH
NepHOANYECKOM, €C/H cymjecTByeT Takoe uuciao I #0, gro
npH ni06oM x U3 obsactu onpeneneuus [ aneMenTsl x-T H

x +T Taxixxe npuHAAJIEkKAT 3TOR obnacTH, U NPH 9TOM BHI-

nonseno pasencrso f(x +T)=f (x));

5) BospacTraomei GyHKnuE HA MHO:xecTBe M (byHKIuUA
{ masmBaercs Bospacramieii Ha MHOXecTBe M, ecnu s
JobLIx umcen x, U X,, OPHHARIEKAIMX MHOXeCTBYy M, H3
HEPaBeHCTBA X, < Xz CJIeAyeT HepaBeHCTBO f(xl) < f(xz)) .

3.35. ITonsaysacs nonyueHHHIMH B 3afade 3.34 popmyna-
MU, OTBETbTE HA CJAEAYIONHEe BONPOCH. UTo 3HAUMNT:

1) YnopaaogeHHOe MEOMKECTBO He ABJIACTCA JUHEHHBIM?

2) OyEKONSA He ABIAETCH OTDARMYCHHOR?

3) OyEKLUA He ABAAETCHA YeTHOH?

4) OyEKnuUA He ABIAECTCHA NEPHOZMIECKON?

§) OyrrOuA He ABIFETCS BOPACTAIOMEH Ha MEOKecTBe M?

8.36. JlokasaTs HeCIPABeAJIMBOCTEh YTBEDKACHMMA:

1. «Eciau (yHKIHA HempephIBHA B TOUKEe X,, TO OHA M
auddepernupyeMa B 3TOiH TOYKe.»

2. «Ecnu npegen n-ro WwieHa YHCIOBOTO PAAA PABEH HYJIIO,
TO PAR CXONHUTCH. »
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3. «Ecau B 4YeTHIPEXYroJbHUKE JHATOHANH DABHBI, TO
QEeTHIPEXYrOJbHUK ABJIAECTCH NPAMOYTOJILHUKOM.»

4. «Ecau byEKRUUS EHTErpUpyeMa HA [a,b] , TO OHa He-
npepeIBHA HA HEM.»

5. «Ecau pyEKROUA HHTErpUpyeMa Ha [a,b] , TO OHA
MOHOTOHHA HA HEM.»

6. «Ecau yucnosas NOCAENOBATENLHOCTh MMeET Ipexe,
TO OHA MOHOTOHHA.»

7. «Ecnu yucioBas NOCAEKOBATEALHOCTh OFPAHAYEHA, TO
OHA HMeEeT Ipee.» _

8. «Ecnu ¢opmMysa JOTHMKH IPEAWKATOB BHIOJHHMSR, TO
ona o0mesaduma. »

9. «Eciu puddepennupyeman Gyaruud y = f(x) nMeer
B TO4Ke X, IepBYIO NPOH3BOAHYIO PABHYIO HYJIIO (y'(xo) = 0) ,
TO TOYKA X, — TOYKa dKCTpeMyMa GyHKDHH.»

10. «Ecm audrpepenmmpyemasn bymknus y = f(x) mmeer
B TOYKE X, BTOPYIO IPOM3BOAHYIO, PABHYIO HYJIIO (y"(xo) = 0),
TO TOYKa X, — To49Ka nepernba rpaduxa GyExmmEd.»

3.317.

1) Jokaxxure pasBHOCHWILHOCTE TeopeM (1) u (3) (cM. n. III).

2) JoxaxraTe paBEOCHIBLHOCTL TeopeM (2) u (4) (cm. n. III).

3.38. Jlna xaskmoro M3 CAEAYIOMUX YCJIOBHH BBISICHHTE,
ABNACTCH I OHO HEOOXOMUMEIM M SBJISETCH JH OHO JOCTATOM-
HLIM /U151 TOTO, YTO0hI BHIIOMHAIOCH HepaBeHCTso X — 2x -8 < 0

1) x=0; 2) x2-3; 3) x>-2;
) x>-1 mx<3; b5)x>2-1ux<10;6)-2<x<10.

3.39. B crnepyonux npeaodeHHIX BMECTO MHOTOTO-
YHs NOCTABLTE CJIOBA ¢HEOOGXOAUMO, HO HEAOCTATOYHO» WIH
«I0CTATOYHO, HO He HeOOXO0AUMO» HJH e ¢«He Heo0xogumo
H HEJOCTATOYHO», a TJie BO3MOXKHO «HEOOXO0AHMO H A0CTA-
TOYHO® TAK, 2TOOH IOJIYYHJIOCH MCTHMHHOE YTBEpXKJCHHE:

1. lns Toro, 9To6h! YeTHIPEXYTONLHUEK OLLI MPAMOYTOJIb-
HBIM ..., YTO0OBI ZJIHHEI €TO AMaroHaeil OLIJIE DABHEI.

2. ina toro, urobst x> —5x+6=0 .., urobu x = 3.

3. na Toro, 4Tobnl CyMMa 4eTHOro 4Hucjia HaTypalbHBIX
gucen Obija YETHLIM YHCAOM, ..., YTOOHI KaxKZoe ciraraeMoe
OBLIO YeTHEIM.

4. Ina Toro, urobst GyaKoua f(x) 6ELIa MHTErpHpyeMa
Ha CerMeHTe [a,b] s wey UTOGH f(x) Gnima orpammuena.
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5. Jlns Toro, uTobst Gyuxnns f(x) Gruta HETErpHpyeMa Ha

cermenre [a,b], ..., urobut f(x) 6runa mempeprisra Ha [a,b].
0

6. na Toro, 9To6Hl YHCHOBOM PAX kE;a,, CXOAHUICH, vy
grobut lime, =0.

n-»®m

7. HAnsa Toro, 94To6sl OKPYMKHOCTH MOMKHO OBLLUIO BIHCATD
B YETHIPEXYTOJbHHK, .., 9TOOH CYMMBI AJIMH €r0 IPOTHBO-
TOJOXKHKX CTOPOH OBIIM PaBHEI.

8. na Toro, 9robnl MHOXECTBO A GBLIO CHETHRIM, ...,
4YTOGEI €ro 2JIeMEeHTHI MOXKHO OGLUIO 3amHcaTh B BHAE 3aHyMe-
POBaHHOM IOCJIENOBATEILHOCTH.

9. s Toro, 9TobnI YHCJIOBasA NOCAeAOBATEALHOCTE HMeNa
npenei, ..., 9To0nl OHa OpLIa OrpaHWYEHHOM.

10. {na Toro, arobnl UMCAOBAS IIOCIEKOBATEILHOCTE HME-
Jia npeaed, ..., ITo0LI 0Ha ObLla MOHOTOHHA M OrpaHWYeHa.

3.40. Cihopmynupyiire:

1. HeobxoauMseiii ¥ AOCTATOYHLIH NPU3HAK Napajiiesyor-
pamMmMma.

2. HeoGxopuMsilii, HO HeJOCTATOYHLIH NPHU3HAK IapaJi-
JleorpaMmMa.

3. MocraTrouHklii, HO He HeoOXOAUMEIN NpHU3HAK HmapaJ-
JejorpaMma.

4. Heo6xoaumoe, HO HeOCTATOYHOE YCJOBHE TOTO, 9TO-

OBl ypaBHEeHHE Sinx =a HMeJO pemeHHe.

5. JlocTaTouHOE, HO HEe HEOGXOAMMOE YCJIOBHE IJIA TOTO,
qTo6bl ypaBHeHHe Sin X =a HMeJIO peIeHHd.

6. JocraTo4HOE, HO HEe HEOGXOAMMOE YCIOBHE I TOrO,
uT06LI ypaBHeHHME X°+ px+q=0 HMeN0o BemecCTBCHHHIE
KOpHH.

3.41. Ilana ckasan aeram: «Ecau Mu ¢ MaMoii nmoegeM
JIeTOM B JIOM OTALIXA, TO BhEl BCe noefieTe B JeTCKUU Jareph,»
B mxose gereit cmpocunu, Kyma OHH noeayrt jneroM. Ilera
orBeTHi: «Ecau MBI moeneM B jiarepb, TO POAHUTENH NOEAYT
B noM otanixa.» lans ckasana: «Ecau nana ¢ MaMoii He
NOeAYT B AOM OTABIXA, TO MBI He noejgemM B Jarepb.» «Her, He
Tak, — BMemancd Konsa. — Ecaiu MBI He oeAieM B Jarepb, TO
KTO-TO H3 poauresneil He moefieT B JOM OTABIXA.»

Yeit oTBeT paBHOCHJIEH TOMY, YTO CKA3&JH poauTenn?



I'TABA IV

AJITOPUTMBL

TlopaTHe aJropUTMa NPHHANNEKUT K YHCIY OCHOBHBEIX
noraTuii Marematuku. MoKHO Aath ciaexyiomee ero Hedop-
MaJpHOE ONnHCaHHe.

AJnzopummom Ha3LIBASTCA O0muM exnEO06pa3HLIM, TOYHO
onpeaeneHALI cnocob pemenus awboit 3aga4u M3 NAHHOM
MaccoBo#t npoGiemMnl, T.e. U3 HEKOTOPOre KJjacca OXHOTHII-
HEIX 3a7ad4.

Taxoe onpefejcHMe HEXb3sd CYUTATH CTPOrHM, T.K. B HeM
BCTPEYAIOTCA CJOBA, TOUHRIA CMBICH KOTODBHIX HE YCTAHOBJEH.
B uacTHOCTH, 3TO KacaeTca CAoBa «crocobs». B CBA3H ¢ 9THM 2TO
HECTPOroe Onpefic/ICHAe AJTOPHTMA HASLIBACTCHA WHTYRTHBHLIM.

WnrynTHBHOE OnpeAesieHHe AJTrOPHTMA XOTH H HECTPO-
roe, H0O HACTOJABLKO fICHOE, WTO He AaeT OCHOBAHUN IJIA CO-
MHeHHH B TeX cayuasax, KOria pedb UAEeT 0 HailAeHHOM ajro-
pHTMe pelmeHHA KOHKpeTHO#t 3agauu. ITonoxenue cyme-
CTBEeHHO MEHAETCH, Korja HAYT NOHCKH AITOPUTMA Hepe-
meHHO# 3agadu M TpebyeTrcs YCTAHOBHTH, MMeeT JNH OHA
pemmenue. B aTOM cayuae, 09eBHAHO, HY:KHO JU60 AOKA3ATH
CyLIecTBOBAHHE AJNrOpHTMa, NHOO KOKA3aTh ero OTCYTCTBHE.

18 ROKAa3aTeaBCTBA CYIIECTBOBAHHSA AJINOPATMA AOCTA-
TOYHO AATHh ONMCaNWe PAKTHAYECKOro npolecca, AaOmIero pe-
IeHue 3afaui. 3Aech AOCTATOYHO M HHTYHTHBHOTO NOHSATHA
asropuT™a. IIpH HOKA3aTENBCTBE HECYIIECTBOBAHHA AJINOPHUT-
Ma, OYeBHAHO, HYXKHO TOYHO 3HATH, YTO TAKOE AJITOPHTM.,

B rpupauareie roasl XX Bexa HIJMH HNOHCKH CTPOroro
onpejeNeHAA IOHATANA aNTopuTMa. B IOAXoAe K PEIIeHnIo oToik
3889 MOKHO BLIIGIETL TPH OCHOBHLIX HANPABJCHHSA.

ITepeoe nanpaenernue cCBA3AHO ¢ YTOYHEHNEM IOHATUA (-
dexTHBHO BRmMCIMMOl GyHkIuHM. DTHUM 3anuManuch A. Yépa,
K. I'égens, C. Kimvnn, B pesyanTaTe 65U BRIENECH KIACC YACTHI-
HO PEKYPCHBHEIX GyHKUMY, MMEOIMX CTPOroe MareMaTHdec-
Koe omnpefenenne. Yacrmuao pexypcuBHas ¢GyHknmus apdek-
THBHO BBHMMCIAMA (MIM IPOCTO BHIYMCIKNMA), T.e. CYIECTBYET
AJITOPUTM JUIA ee Berumcyenus. I105ToMy BHIIBHraeTcsi rumore-
38 0 TOM, YTO KayKAasd MHTYNTHBHO BRIYHCIMAA QYHKIUS €CTh
yHKOHAA YacTUYHO peKypcuBrAA (Tesuc UYépua).

Bmopoe nHanpasaenue ¢BA3AHO ¢ MAIIMHHON MaTeMaTH-
Ko#i. 3aech CYIHOCTh HNOHATHSA AJITOPHTMA PACKPHIBaETCH
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IIyTeM PacCMOTPEHUSA IPOIECCOB, OCYIIECTBIAEMBIX B MAIIIH-
He. Bruepssaie 370 6u110 cxenano Treiopuarom B 1937 rogy. On
MCXOANJ NuInb U3 00mreil maen paGoTrl MAIIUEL UNIA paGoThH
BEIYHACAUTENS, OINEPHPYIOLIETO ¢ HEKOTOPHM CTPOrHM IpeA-
NHACAHUEM, T.e. ¢ AATOPATMOM.

Tpemve HanpasaeHue CBA3aHO C HOHATHEM HOPMAJIbLHBIX
AJITOPHUTMOB, BBeeHHLIM ¥ pa3paboTaHHKM pPOCCHACKAM Ma-
TeMatTrrkoM A. A. MapkoBuiM.

§ 1. YacTHUHO peKypCHBHEIE
B ofmepexypcHBHEIe (GyRKIUEA
Jacmuuno pexypcusHvie YHKyuUU — 3TC KJIACC IHACIO-
BHIX GyHKOuil, KOTOpLIH cTpoMTCA crexyomuMm obGpasom.
Buibuparorca npocreiimme QyaKkoEn
1) A{x})=x+1, - oneparop casmra,
2) Oi{x)=0, ~ onepaTop aHHYIHMPOBaHHA,
8) IM(x%p..x,)=x, (lsm<n), I® - omeparop
IPOEKTHPOBAHMA.
fAcuo; uTo Bce Tpm mpocTeiiniMe QyHKIMA BCIOAY OIpe-
JeNeHEl ¥ MHTYATHBHO BEIMHMCJIMMEL.

Janee BBOAATCA omepanuy Haj QyHKIHANHA.

1. Cynepnosuyus Qynyuil.

PaccMorpum dyHRIUR f,(x,,xz,...,x,), f,(xl,xz,...,x,,),
- , fo(%0 %35 %,) # dyEEDED (%), X5,...,%,,) . PyEKOHTIO

+Xg5..15 X, ) , OTIPEZiEJICHHYIO PABEHCTBOM ¥(%;, X5,..., X, ) =

(p(fx xpxzs 9 Xy )lfz(xpxz’ X, )- ’f (xpxz’ 9 X ) Ha3BI-

BaloT QyHKIHel, DONyYeHHOH cynepnosunuei u3 ¢yExnumii
/28 O AN AR

Hanpmamep, mocrosnnsie Gyaxnum 1 m 2 noaywaloTes
cynepnosunueil U3 npocreiimux bysknouni }.(x) - O(x) cre-
AylomuMm ofpasom:

Ao(=))=2(0)=1;  A{4(0(x))) = 4(4(0)) = (1) =

2. Cxema npumumusnoll pexypcuu.

IIycTs umeloTca aBe pyHKIUH q)(xz,xs,...,x,,) "
w(x, %5, %5,..., %, %,,4) (r >1). Paccuorpum HOByiO dyHK-
ouio f(x,, x,, %g,..., %, ), KOTOPAA YROBAETBOPAET CACAYIOLAM
PaBEeHCTBAM:

f(O,xz,...,x,,)= ¢(xz,x,,,...,x,,), )
fy+1 x5 x5...,%, ) = c//(y,f(y,xz,xa,...,x,,),xz,x,,...,x,,) ) |
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OrMetnM, uTo QyHKOHEA ¢ 3aBHCHT OT n -1 aprymesn-
_TOB, Gyuxmmua ¥ — or n +1 aprymMenToB, a yaxnua f — or
n apryMeHTtoB.

Ecim dysknms f(x,,xz,...,x,,) noay4aerca M3 QyHK-
nuit @ m ¥ ¢ momomsio pasBeHcTB (1), TO roBopaT, uTro
dyaxnEa f nonydena n3 QyHKNWl ¢ B Y IO cxeMe HPHMU-
THBHOK PpeKypPCHH.

IIpumep 1. OyEKOUA ABYX mEpPeMEHHBIX S(x, y) =x+y
MOXKeT OBITh NOJIyJeHa II0 CXeMeé NPUMHTHBHO# PEKYDCHH.
HeiicTBaTensHO, ANA PYHKOUE X+ Y BEPHBI TOXJECTBA

x+0=x:
x+(y+1)=(x+y)+1;
KOTOphIe MOXXHO 3aIlUCATh B BUJE
S(x,o =x,
S(x,y +1)= S(x,y) +1,

S(x,0) = I}(x)
S(x,y + 1) = A(S(x + y)) )

W3 pasencrs (1') Bugno, 4T0 QyHKIHMA ABYX IEpPeMeH-
HBIX S(x, y) NoJIy9aeTcs Mo CXeMe IPMMHTHBHOH peKypcunm
¥3 GyHKOUH OZHOU NepeMeHHONR q)(x) = I,‘(x) 1 QPyRKOUH
Tpex mepemennux Y(x,y,2)= }.(S(x, y)) )

3. Onepayusa munumusayuu (M -onepatop).

Mycrs aagana mexoTopas dymkmusa f(x,y). Badukcn-
PYEM 3HaYEHHE X M BHISICHUM, NIPH KAKOM ¥ f(x, y) =0.

Boaee cnoxxnoit safaueil ABIgEeTCA OTHICKAHWE AJA NaH-
HOi pyBKIUM f(x,y) H QUKCHEPOBAHHOIO X HauMeHbulezo
M3 TeX 3HAYEHWI Yy, IPH KOTOPHIX GYyHKIUA f(x, y) =0.

T.K. pesynLTaT pelreHus 3a4a4d 3aBUCAT OT X, TO HAH-
MeHbIEEe 3HAYEHHE Y, IPH KOTOPOM (yHKIWAA f(x, y) ecThb
¢yexnua x. IIpuearto obosnauennme

(=) = u[ (=) = 0].

Ananorugno ompefensiercst (GYHKIUSA MHOMX IepeMeH-
HEIX!

HJIA

1)

P(x1s Xg0-.n %, ) = ;z,[ (200 %3500 %as¥) = 0].
3gech HMpeAnoNaraeTcs BHIDOJHEHHE YCJIOBHS: JAJIA JIO-
6HX X,,X,,...,X, CYIIECTBYeT IO Kpaiimeil Mepe ofHO 3made-
HHe y, A KOTOPOro f(Xy,%z...,%,,¥)=0.
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Onpenerenue 1. Oyaxnus f(x,,xz,...,x,,) HA3LIBACTCS
YACMUYHO PEeKYypCueHoil, ecnu OHA MOXKeT OLITh IIONydeHAa
38 KOREYHOE YMCJO IIAroB M3 mpocTeiimmx ¢yHknwit npum
OOMOINHY OIEpPAIMii CYNEepIO3HUIMHA, CXE€M IPHMHTHBHO# pe-
KypcHH ® M -omepaTopa.

Onpeneneane 2. Pyaxnua f(xl,xz,...,x,,) HAa3bIBAETCH
ofujepexypcuénoil, ecid OHA JYACTHYHO PEKYPCHBHA H BCIO-
Ay ompejeneHa.

Mpumep 2. Mpocreitmue dpysknmun A(x), O(x),
I,',"(xl,xz,...,x,,) YaCTHYHO PEKYPCHBHEI, a T.K. OHH BCIOAY
OmpefeNyieHLl HA MHOMKECTBE BCEX HATYDAJIBHLIX UHCEN, TO
OHM ¥ 00mepeKypCHBHEI.

Hpumep 3. Pynxnua C,(x) (mocToannas u C,(x) = k) no-
JYyYaeTcH KaK Cymepuo3unus GyHxmmi /I(x) n O(x). JHeii-
CTBHTEJBHO, }.(O(x)) =1, l(l(O(x))) =2 mr. £, 3HaunT, PyH-
knus C, gacTmuno pexypcuBHa. Ho dymrnua C,(x) BCIOAY
onpejiesieHa, a O3TOMY OHA M 00IepeKypPCHBHA.

Ipumep 4. Pysxnua S(x, y) = X + Y MOOJydYaeTcs Io cxe-
Me DPHMMUTHBHOI pekypcuu n3 QyExnui I,‘(x) 2 S(x, y)),
Koropsie o0mepexypcuBabl. IloaToMy dyRKRIUA S(x,y =x+y
obmepexypcuBHA.

IIpumep 5 . Dyaxknus F,,(x) = x + k mosgydaercd KaKk CyM-
Ma dysKIumit Il‘(x)= x m C, =k, KaxAaa A3 KOTOPHX 06-
mepeKypcuBHA, a MOITOMY H (PYyHKOUA F,,(x) = x + k obmie-
PEeKypCHBHA.

Byaem rosopurs, wro dyEKmma f(%,, X,...,%,) aB1geTcs
npuMuUMuUGHO pexypcuenoll, ecam ona MoKeT OLITh MOJyIeHA
u3 nmpocreiimux GyHRIMHA ¢ TOMOINBIO KOHEYHOTO UHC/IA OpPH-
MEHEHMS OIepaTopa CYNEPIOSANUN H NPEMETHEHOH PEKYpPCHU.

4.1, JTokasars, 4T0 mobasg NPUMHUTHBHO PEKYPCHBHAA
(yHKOUA BCIOAY OmIpefeyeHa.

4.2. NoxasaTs, 94TO ecnd pynxnusa f(x,,xz,...,x,,) npwu-
MHATHBHO PEKYPCHBHA, TO CIEAyIOmHe QYHKIUU NPAMHUTHB-
HO PEeKYPCHBHBI:

1) g(x,,xz,xs,...,x,,)= f(xz,xl,xa,...,x,,) (mepectTanoBka
apryMeHTOB);

2) q)(x,,xz,x,,...,x,): f(xz,xs,...,x,,,xl) (amkamgeckas
IIepecTAHOBKA ApPryMEHTOB);

) (%25 %ay s %o %p1) = (%15 %20, %,)  (BBeZEHME
GUKTHBHOrO apryMesTa); : TR



ANrOPHUTMbI 245

4) h(x,,xz,...,x,,_l)= f(x,,xz,...,x,,_,) (oToskecTBNRCHME
apryMeHToOB).

4.3. lloxaaaTs, 4T0 U3 QynKIMil O(x) " I,’:‘(x,,...,x,,) c
IOMOIIBIO CYHNEPHO3HIUM M CXEM IPUMHUTHBHOM PEKYpCHHA
Henb3a nmonyenTth byEkmum x+1 m 2x.

4.4. JokasaTs, 94TO crexyiomue QYHKOHH OGIIEpPeKyp-
CHBHBHI:

D P(x,y)=x-y;

2) G(x,y) = x*;

98- {5, a0

. x-y, ecma x>0,
Hhx-y= (yceuenHAs PA3HOCTB)

0, ecim x =0,
5) |x - s

&) sgn(x) - {§ om =20
7) sgn(x);

8) x1.
§ 2. Mammaa Teiopunra

Yempoiicmeo mawunst Thioprara BRIOYaEeT B cebs:

1. Buewsnuii aagpasum, TO eCTh KOHEYHOE MHOMKECTBO
CHMBOJNIOB A = {ao,al,az,...,a,,} . B sToM andaBuTe B Buae
¢noBa KopHpyeTca Ta MHGOpPMamMA, KOTOpas IORZAETCS B
mamnay. Mamuaa nepepabaTeiBaer mHEMOpMAIIUIO, HOLAH-
HYIO B BHfIe CJIOBa, B HOBOE CJIOBO.

2. Buympennull anpasum MANIAHEL, COCTOSINUH M3 CHM-
BOJIOB (g, Qysq3s--+>Gm» I, JI, H. CUMBONEI ¢y, q;,G5s..+» g, BHI-
PaXKaloT KOHEYHOe YHCJIO COCTOSHMA MamwebL.. Jaa kammoi
MAIIKHBI YUCJO COCTOSHUA (hUKCHpOBAHO. JIBa COCTOSHHAA HMe-
0T 0co00e HasHAYeHHWe: ¢, — HAYAJBHOE COCTOAHME MAIIHHEIL,
'¢p — SAKJIOYMTENHLHOE COCTOAHME (cTom-cocTosmuue). CHMBONED
II, JI, H - 3ro cuMBonk cBuTa (BIpaBO, BJIEBO, HA MECTE).

3. Becrxonevnan 8 obe cmoponvs nenma (BHEIIHAS Ta-
MaTh Mamuabl). OHAa pasbuTa Ha KIeTKH. B KaayIo KieT-
Ky MosKeT GHTH 3anucaHa TonbKo ofHa 6yksa. IlycTas kner-
Ka ofo3mayaerca CHMBOJOM Q.

4. Ynpaeaswou,an zonosrxa. Ona NepesBATACTCA BAOJIb JICH-
TH 1 MOXKET OCTAHABIMBATLCH HANPOTHUB KAKOM-1N00 KIeTkH,
T.e, BOCOPHHUMATH CHMBOJ. B ofHOM TaxTe paGoThl MaNImHL
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YOpaBAAoINas TOJOBKA MOMET CABUraThCA TONBKO HA OXHY
KaeTKy (BIpaBo, RIEBO) WJIM OCTABATHCH Ha MecCTe.

Kaxxnoe cBeienne, XpaHsalneecd HA JIeHTE, n300paskaeT-
¢A KoHeUHEIM HaGopoM cHMBONOB (0yKB) BHemHero ajxdasu-
Ta, OTJIMYHOrO OT a,. K Hauany paGoThl MamIMHEI HA JIEHTY
nojaeTcs HAYANhLHOE CBejeHWe (HayaabHaa WHPOpMAIHEA).
B sToM ciyuae ynpaBaaiomas roJioBKa MoxxeT 0603peBaTh Jio-
6y1o 6ykBY CJ0Ba, 3aIMCAHHOroO Ha seHTe. Hanpumep, neByio
kpaiinioo 6ykBy (g, — HavanbHAa KoHGHUIrypanusm):

|a0|aalallazla4|a,|a0|
']

T'oBOpAT, YTO HEOYCTOE CNOBO @ B aiddasure A\ {ao} =
= {al,az,...,a,,} BOCHPHHHMMAETCA MAMINBOK B cmaHdapm-
HOM NOAONEHUU, eCTH OHO 3aNMCAHO B IOCIEZOBATENLHBIX
KJeTKaX JeHTHI, BCe APYTHe KJAeTKH IyCThI, 1 MamuHa 060-
3peBaeT KpailHIOO CIpaBa KJETKY M3 T€X, B KOTODHIX 3aIn-
CaHO CJIOBO Q.

CraEzapTHOE ONOMKEeHHEe HA3BLIBAGTCHA HauanvhHbim (3ak-
RIOYUMENbHLIM), €CTA MAIMMUHA, BOCOPUHHMAIOIIAA CJIOBO B
CTAHAAPTHOM IOJIO}KEHHH, HAXOAUTCA B HAYAJILHOM COCTOA-
Bma g, (B cocTroaHMM ¢, ).

PaGoTa MamiMHEI CKJIAABIBAETCA U3 TAKTOB, IO XOXY KO-
TOPRIX OpOHCXOoAHMT npeobpasoBanme HavaabHOI MHMODPMA-
IHY B IPOMEXYTOYHBEIe MH(pOpManmuK.

B xadecTBe HauaJbHOH HAGOPMADNH HAa JIEHTY MOXKHO
nozaTh Jo6yio cucTeMy 3HaKOB BHemHero aadasuTa (Jr0boe
CN0BO B 3TOM aJdaBuTe), paccTaBreHHYIO 110 KaeTkaM. Ho B
3aBHCHMOCTH OT TOr0, Kakasa Onlla DOJAHA HauYanbHAS HH-
dopmanua « , BOSMOXKHBI ABA CIydas:

1. ITocne KOHEYHOr0 YHCJA TAKTOB MAIIHHA OCTAHABJIH-
Baerca (IepexoZUT B CTON-COCTOAHHE (, ), ¥ IPU ITOM HA
NeHTe OKA3mIBaeTca m3obpaskemmoil madopmanua f. B ra-
KOM cJy4ae rOBODHAT, YTO MAIIMHA IPAMEHAMA K HAYAJb-
HoM madopManuu a M nepepaGaTeHBaeT ee B pe3yJbTHPYIO-
mylo uadopManuio f.

2. MammuBea HEKOrZa He OCTAHABIMBaeTca (He Iepexo-
AMT B CcTOI-cocTosinue). B TakomM ciyuae ropopar, 4To Ma-
IIAHA HeMPHMEHMMA K Had9albHOH mEGOpMAIMH « .

B kaxgoM TaxkTte paGoTH MamIMHBI OHA AEMCTBYeT IO
dysxouonanbHOil cxeMe, KOTOpas HMeeT BHJ:




I
a,q; > a,llg, .
H

3pecs a,, a, — 6yxBum BHemEero andasuTa; ¢;, ¢, —
cocToaansa mamuusl, II, JI, H - cumBoxnsl caBura.

B 3aBucmmMoOCTH OT TOro, Kaxasi 6yksa Ha JeHTe 0603pe-
BaeTCA ynmpasisiomeil ronoBkoi (B Hamell 3anucw a,) m B

KaKOM COCTOAHHMH (B Hameil 3a0ACH ¢;) HAXOAMTCA MAamuH-
Ha, B JaHHOM TAKTe BhIpaGaThIBaeTCd KOMAHJA, COCTOAIAA
U3 TpPeX 3JE€MEHTOB:

1) GyxBrl BHemHero and)aBuTa, HA KOTOPYIO 3aMEHAET-
ca oboapesaemasn Gyxea (a,); I

2) agpeca BHEIIHEH IaMATH ANA CJAEAYIOINEro TakTa | JI |3

H
3) caexyomero COCTOAHHAA MANIMHEL (q,).

CoBOKYHHOCTE BCEX KOMAaHA 00pasyeT npozpammy Mauiu-
vt Toiopunza. IIporpaMma mpeacTaBideTcd B BUAE JBYyMeD-
HOII Tabsuns ¥ HasuiBaerca TbiOpuH2060l PYHKYUOHAALROT
cxemoil,

flcao, uTo pabora mMamman TsIOpHATa IHONHOCTHIO OIH-
penensierca ee nporpammoii, MEBIMA cJI0BaMH, JBe MaIIHHE
TeiopuEra ¢ o6meli QymKIHOHANBLHOM cxeMoil Hepasnwuum-
MH, U pasnudHble MamuBH THIODHHATA HMEIOT PA3IHYHEIE
IporpaMMBl. : .

Jlng npocTOTH H306parKkeHnsa PA3IHIHEIX KOHPHUrypanmii
mMamuHL TropuaTra 00LYHO 3aNHCHBAIOT HE(OPMAIINIO B BIIE
cJaoBa, He maobpaxkasi JeHTH H ee pasOUBKM HA KJIETKH, &
BMECTO M300paKeHHMs ynpaBasiomeil roNoBKH M COCTOAHHASA
MAIIMHE! 3a0MCHIBAIOT TOJHKO COCTOAHME MALIMHEI B IIO3W-
IU¥HM yOpaRAdiome# rosoBKH.,

Tax kax paccMATpHBAIOTCA BRIYHCAMMEIE GyHKOHH Ha-
TYPAJIbLHOTO apryMeHTa, TO OObBIYHO HaTypajbHEIE YnCJa HA
JNenTe MamuHH THIODHHra 3aIIMCHIBAIOTCE B BHJIE COOTBET-
CTBYIOIGHUX HAaGOPOB IIaJIOUeK, U Pe3yJILTAT BHYHUCICHUA QyH-
Kuuz OyZer TAK JKe 3anucaH B Bufe HaGopa ITaJIoueK.

IIpumep 1. OnpesenuTs KaKy® QYHKOWIO BHIYHCISET
namuHa TpIOpUEra co caegylomeil mporpaMMoit KoMasxg:
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Qo l
q,||Hg, || TIq,

mporpamma 1.

Pemenwne. ITycTh 9HUCIO 1 3aDMCAHO HA JIEHTe MAMIAHBI
B Bue Habopa n maJjodex.

ao| | {1{1}-{1|1]ao
q

Torzxa ans n06oil HAYANbHOH KOH(MbUTIYpaUHUH, IPH KOTO-
poit ympaBisoomas roJoBka o0ospeBaeT OAHY M3 HIaJOueK,
mamuHa Triopunra 6yzeT paGoTaTh TAK: B KAXKJOM TAKTE OHA
6yner ocTaBiAaTh 0603peBAaEMyI0 HAJOYKY HA MeCTe W CABH-
raTteCsd BIIPABO Ha OAHY KJAETKY. OTOT mponecce 6yaeT Ipoxoi-
JKaThCH A0 TeX IOop, NOKA YIPaBJAoIad rojJOBKa He BhEAET
HA NMYCTYIO KJETKY. 34ech, COrJIacHO IporpaMme, B IyCTYIO
KixeTky GyAeT BIMcaHa HAJIOYKA, M MAIIWHA nepeiigeT B CTOI-

cocTosnne. B peaynprare Ha nente OyAer sammcaHa n+1
MAJIOYKA.

TakuM oGpasoM, mamuaa TslopuHra mo mporpamme 1
BEIYMCAAET GYHKIMIO q)(n =n+1.

Brinmumen Bce KoE(UATYpanuy AJ1s YACTHOTO cirydas I = 3,

l)aolIlao’z)ao‘llao’3)ao|',ao,
U3} Ui 4]
Ha, | |la,8a |l ||| a.
4 q

KoHeuHO, MOKHO IPEANOKATE Mamunny ThIOpUHra, KOTO-
pasa GH Ipy BEMHACIEHAH PYHKIHUH HATYPAJIBLHOIQ aApryMenTa
HOJBL30BAJIACH ANNAPATOM JECATHEYHOR CHCTEMB! CUHCJICHUS.

Ipumep 2. Hocrponts Mammuy Teiopuara peanusyio-

IyI0 AXrOPUTM BLIYmCNenHa Gymkmum o(n)=n+2.
Pemenne. BoapmMeM 3a pmemumit andaBUT MHOMKECTBO

CHMBOJIOB {00,0,1,2,3,4,5,6, 7,8,9} u Gy/ieM 3anBCHBATL YHC-

JIO n Ha JIeHTe¢ MAIIWHE B JEeCATHYHON CHCTEMe CYUCACHHS.
Torga ana peanmsanyy YKA3anHOro aJroputMa Heo6Xozm-
MO, 9TOOH MamwuHA, HAXOAACHh B CTAHZAPTHOM COCTOSHHM,
3aMeHsNa nocaeAH00 nudpy yncaa n (ecau 3ra nuppa MeHb-
me 8) nudpoii, sa ABe egMHANE Gonbmreil, 1 mepexoxUaa
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B cTon-cocToanme. Ecnu nocnexnas nudpa uncia n pasna 8,
TO ee HyxKHO 3aMeHUTH HA 0 U mepeidiTu BJEBO B HOBOE COCTO-

fgHEEe ¢, , KOTOpOe ZoGaBaano Obl K caexylomemy paspany 1.
Amnajorn4aso, ecam mocaexadas nudpa uucyia n paBga 9, To ee

HY’KHO 3aMeHHMTH Ha 1 U mepeiiTh BreBO B cocTOAHUE ¢, .
fcHo, 4TO 9TA MAamIMHA MMEET TPH COCTOSAHHA: ¢y, ¢,

g, » @ mporpaMMa MAaIIMHEI HMeeT BHA;

a, 0 1 2 3 4 5 6 7 8 9
q, 2Hq, | 3Hgq, | 4Hq, | 5Hq, | 6Hq, | THq, | 8Hg, | 9Hg, | 0JIg,(1JIq,
q,|1Hq,|1Hg, | 2Hq, | 3Hq, | 4Hq, | 5Hg, | 6Hg, | THg, | 8Hq, | 9Hg, |0JIg,

Hanpumep, OpH BHYKUCICHAY (0(98) GyzneM HMeTh CIeny-
omue koadurypanun:

a,98a,,2)a, 90aq, ,

q s}
3a, 00a, ,4)a, 100 a, .
qs q;

4.5. Peasmn3oBath Ha MamuHe TLIOpUHra aJiropuTM BHI-
wncnerus pynxnun p(n)=n+4.

4.6. PeannsoBaTs Ha MamuHe TLIOPHHra ajJrOPMTM BEHI-
uncnenns pynknun o(n)=0.

4.7. HoctpouTh Mamuay THIOpHATa, KOTOPAA M3 N 3a0H-
CaHHBIX eAUHHI OCTABAAIA OBl HA JIeHTe N1 — 2 eUHUIBE; TAK
JKe 3aUMCAHHBIX NOAPAX, ecan n» 2 2, u paborana Gbl Be9HO,
ecru n=0 mm n=1, :

4.8. Iloctponts MamuEy Thlopuara, xkoTopas mpuMe-

HIMa KO BCeM CJOBaM B ajdaBuTe {ao,a,,az} ¥ JenaeT cle-
Ayomee: nofoe ci10Bo x,X,...%,, TAe X, =a, WK X, =a,

(i=12,...,n), npeobpasyer B CIOBO X,%;...X,X, .
4.9. IToctpouts MamuHy ThiOpHHIra ANA BHIYHCICHHASA
pyaKIAR
0, ecim x =0,

sgnx =
1, ecoim x = 0.
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4.10. Ilocrports Mammuy ThIOpHHTA AJNA BHYACIEHHS
{L ecmn x =0,

byaxnuEm sgn x =
0, ecim x = 0.

4.11, Y6eguthea, uTo mMammuHEA ¢ andaBATOM {ao,|} n

nporpaMmoii:

a, ]

q a‘,IIq_z lJI‘Iz
q; aoﬂt_l; l-mla
qs aon-q—; |JI‘I1

g, |aoHq, |aHg,
A aonq_l

q; IHQo a,Hgq,

a5 |a,1lg,
g | |Hg, laHg,
de aOIIE;

q; |HQo |HQA

KaXxa0€e CJIOBO AAMHH 1t andasuTa {ao,l} nepepabaTsisaer B

CJIOBO AJHHBL I (I — OCTATOK OT AeNeHHs UYHCciaa n Ha 3).

4.12, Hoctponts Mamury Tropuera gIsS peaan3aman

anropurma (Brramcrenus dymxmun) ¢(n)=2n.
4,13, 3anucats B andasute {ao,l} IPOrpaMMy MaIITHHE
TelopuHra AJIs BEIYHACACHHA (PYyHKIAR

f (n) _ |1, ecnm n pennrca Ha p,
’ 0, ecm n He jAesATCA HA P,



OTBETHI, YKASAHHUS, PENNEHHUS

TJTABA I

1.1. BrickasmBaEuAME aBagwTcd 1) m 4).

1.3. 1) yTeepKaeHue He ABIAETCH BHICKA3LIBAHMEM, Ha
3afaHHBlA BOIPOC OTBETHTHL HENAL3S;

2) yTBepKAeHUEe ABJIAETCA BHICKAJHIBAHMEM, OHO JIOXK-

HO, 9TO IOKA3EIBAaeT KOHTpmpuMep x° -1=0;
8) yTBep:KgeHHMe ABNAAETCA BLICKA3LIBAHWEM, IPHYEM

HCTHHHLIM, CYMMa KOpHeit ypaBHeHus x2 — %x + g— =0 paB-
Ha cBo6GogHOMY WJIEeRy.

1.4. BruckasciBanua 1), 4), 6), 8) nmoxubI, 8 oOCTANBHEIE
MCTHHHH.

1.5. Her. ¥xasamue. Ilpegunonoxenne 06 MCTHHHOCTH
U JIOMKHOCTH JAHHOTO MPEANOKEHHS IPUBOJHT K IPOTH-
BOpEYHIO.

1.10. Hpornsopeuussl aanuanie 2) u 5).

1.12. ToxxecTBEeHHO HCTMHHRLIMH ABASIOTCA (POPMYJIL!
1), 2), 3), 6) — 10), 13), 14).

113.1) x=1, y=0;2) x=0, y=1.

1.15. HcrurHn BoickaswBasud 3), 4), 6), a ocranb-
HBEIE — JIOXKHEL,

1.19. ToxaecTeenno noxuul hopmysiu 1), 3), 7), 10), a
OCTaNbLHEIE — TOMXJECTBEHHO HCTHHHEL -

1.21. 1) x; 2) xvy; 3) xvy; 4) x&y; b) xvZ;
6) x>y;7N1;8 xvy; 91;10) xvyz.

1.22, ®opmyanw 6), 7), 13), 15) TosxaECTBEHHO JOMKHEL,
a OCTANbHEIE — TOKAECTBEHHO MCTHHHEL.

124, x=b.

1.25. Ycnonsays 3akonwl aareGpel JOTHKH, HOJy4aeM

s =a,&(a; va,)= (aa&(az v al))& (a5 va,)=
= (as&(a3 v az))&(az va)=a,&(a, va)=aqa,.
AHANIOT¥YHO MOXHO IIOKA3ATD, 9TO @ = a,. JokasKeM, 90

a,=a, (n>3).lIna n=4,56 yrsepxperne Bepuo. Iipesmo-
JIO3HM, 9TO OHO BEPHO AJIA BCEX HOMEPOB, He IPEBOCXOAAMMX
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n, roraa 4,,, = 6,&(a,,va,,)=a,&(a,va,;)=a,. Brcka-
sbiBaHMe a@,, OYEBHAHO, HCTHHHO, CJIEAOBATEIILHO, HCTHHHO
u a,. Urak, a,=1 u a, Eas&(azval).

1.26. 1) a—>b=avb, aebs(ﬁvb)(gva!;

2) a—>b=a&b, avb=a&b, a > b=0a&b&b&a;

3)a&b=avb,a>b=avb, aob=@vd)v(bva);

-

4) avb=G—b, a&b=a—b, aob=(a>b) >
1.27. 1) a—>b=a&b

2) avb=(a—>b)>b.
1.28. ayb=a &b,
1.29. a|b=a&b, G =ala, a&b=(a|b)|(a|b),
avb=(ala)i(b|b).
1.30. alb=avh a=alia, avbs(aib)i(aib).
a&b=(ala)l(bi0).
1.33. PemeHye ManbuMKa HE BLIDOJHEHO, €CJIH OH He

3aKOHYMJI YTeRHe KHUIH, HIM He CXOAWJI HH B My3eil, HI B
KHHO, HJH, XOTs OBLIA XOpOomAas Nmoroja, OH He KYIAaJcH.

Y
&

1.34. F(x,u,2)= x2vyz; Fy(xp,2)=y(xvZ);

Fy(x,y,2) = xy vEWZ v§2); F,(%,y,2) = x2v§(xZ v T2).

1.35. F(lvlz’la) = -l;(lli; Vzlz) VE E L.

1.36. L1L1G =4, vE)vi .

1.39. 1) COH®A = xy, CKHPA = (T vy)x vi)N* vy);

2) cm. 1. 1);

3) COHDPA=xyvaxyvx y, CKHPA=xVvy;

4) COHOA=Xyzv xyzvx y z,
CKH(DAE(Evyvz)(ic‘vyvi)(ic‘vy'vz)(xvyvz)(xvylvz);

5) CIHDA =xyzvxjZvxyzavxyzviyzviyzviyaz,

CKHDA=xvyvz; _

6) COH®A = abe v ab¢ v abe v abe v abe v abe v abe ,

CKH®A =(avbv?©);
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7) COH®A = abc vabc v abe v abe ,
CICH(DAs(avva)(avaE)(Evb_vc)(Evng);
8) COH®A = abc v abc v abe v abe vab evabc v abe v abe »
CKHDA=1;
9) CITH®A copepxur BCe CraraeMsle Buga xix3 .. x%,
KpOMe OJHOTO ,%,...%, %, » CKHDA = x, v x,v...vx, , v x, -
140. 1) xvx;2) xyvxyviyvxy;
) xyzvrxyzvxyzvxyzvrIyavxyzvxyavyyz.
141.1) x&%; 2) (Evi)NTvy)xviNrvy);
3) (?viiv’i)(i:'vy'vz)(:?c'vyv’i)(.?c’vyvz)(xvyv’i)&
&(xvg'ivz)(xvyv’i)(xvyvz).
143. ) xvy; 2% 5:3) Axvy); H xlyvz)vE(E vy).
1.44. Dopmyna 1) ToxxAECTBeHHO HCTHHHA, 2) — TOXKAe-
CTBEHHO JIOJKHA, 4 OCTAJIbHGIE — BHIIOJHHEMEL.

145. 1)
A*——X— B
2)
Xy 2
A —%—F—Z—1— B
X———y
3)
y—2—
—X
Y—2
A — _ — B
Y—2
=X
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Ah{*};; |
LHF
o Lo

X
S o
X
8)

_x.1
A— _ [—B
.._y.._.
146. 1)
—X
a— s
_y._.
2)
X—y
A B



4)

5)

253

1.47. 1)
Ar—

2)

3)

A —

4)

—F—Y—2-
X—y—z

— x—

X Y —2—

X—Y—2-—
_ y—2-
p— x—

5)

y—2
s .
:))((—'y'—z

Y2



256 _______________ 3adavyHux-npaxmuxym no mamemamuvecxoti mostxe

6) _
—X—Y—2-
X —y—Z-
A — * B
.—f—y—_z_
Y Y2
148. 1)
A X—Y « B
2)
A —X «B wm A»— — B
s Tt s
—~X—Y—2-
A ) - B
X —y—Z-
5) ,
A B
o XY
¢ —
6)
— 8 e X Y
A — _ }—s
. —
-
y—
(f)
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8)

A ——X— B

1.49. 1) f(1,1,1) = f(1,1,0) = £(0,1,1) = £(0,0,1) = 1,

2) £(0,0,1,1) = £(0,0,0,1) = £(0,0,1,0) = £(0,0,0,0) =

= f(]-’l’l,l) = f(o’lolyl) =1 »

3) £(0,0,1) = £(1,1,0) = £(0,1,0) = £(1,1,1) = £(0,1,1) =

= f(lrovl) = 19

4) f(lvlolvl) = f(lso’lrl) = f(0119191) = f(o’lroyl) =1,

5) f(xvy’ Z,ll) =0,

6) pyHKOuA DpPOBOAUMOCTH MMEEeT BHJ:

XVUV ZVY VXYV 2U.

1.50. B cay4yae 1) cxeMul He pPABHOCUNBHEL, B OCTAJBHEIX
cay4asix PasHOCHJIBHEL.

1.51. MoxHo.

1.52. Arsxpees youpan 8-it knace, Jasmgos — 9-it, Koc-
T — 10-it, CasenneB — 7-i.

1.53. Edumos — u3 Xykosku, [IMmurpues ~ u3 JaTh-
KoBa, IlerpoB — u3 TpybueBcka, sanos — u3 KauHNOB,
CupnopoB — u3 HososnlGkoBa.

1.54. Hepenauy cmorpar gogepu C u D.

1.55. Jloruxky maydaeT BTOpPOH CTYAEHT.

1.56. DxsaMeHH COAJNIM BCEe CTYAEHTHI.

1.57. Koag xoaun B KHHO.

1.58. 'padur nocemenus Taxkoii: A — Bo BropHuK, E —
B cpeay, C — B uerBepr, P — B naATHULY.

1.59. C yueTom oGosnavenus X, — «X AoikeH moexaTh
B ropoX Y ». OTBeT 3aNMNIIETCH TAK:

AyBiC o v AyBoCr Iy v AyBiColl7.
1.60. IIpaBay rosopua JKax.
Yxazapue. O603HAYMTEL MOKA3ARUA CBHAeTeJel cOOT-

Bercreenno K, K, ZI. Torxa ycaoBue 3amadm MOMKHO 3alH-
‘CaTh B BUje! .

1. (ICA}_R-)V(R-AJI{),

2. (}I"Aﬁ)v(ﬁ/\ﬂ),

3. (,ZIAI—C.AE-)V(II-A(KVH“)).

Kaxzaan u3 arux GopMyn MCTHHHA, IOITOMY MCTHHHOIL

OyZeT ¥ HX KOHBIOHKNHNA., Pe3yJbTAT HAXOAWTCA NyTEM
PaBHOCHJBHEIX mpeoGpasoBaHmii.
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TJAABAII
2.1. ®opmyam — 1), 3), 4), 6), 7)._
A-BB A&BC AcCB cvD
2.4.1) I(Hz); 2) I(ml); 3) I(ma); 4) I(IV,,);

A&B,C.B&C

5 L),

U2

2.5. 1) Boasmem axcuomy III, n caenaem B Heii moacra-

AAA
HOBKY I (Hla). Honxyunm noxasyemyio Gopmynry
x4,z
FAa > 4)->((A-> 4)>(Av A 4) (1)
Ho
A A. (2)
IIpumvensa k opmynam (2) u (1) DpaBHUIO CIOMKHOrO
saxkmodenns (IIC3), monyunm FAvA—> A.
2) Bossmem akcuomy II, u caenaem B Hell MOACTAHOBKY

AAA
I (I15). Momyunm

oz
FHA - 4)> (4> 4)> (4> A&A4)), 1)
HO
A A. 2)
Ipumeras x (1) u (2) IIC3, nonyaum A > A& A.

3) Bospmem axcuomy II, u cpenaeM B He#l MOACTAHOBKY

BAA&B
I (Hs) . Honyaum

i
(A& B - B) > (A& B —» A) > (A& B > B& A)). (1)
Ho
A& B - B, (2)
A&B> A. 3)
IIpamensia ¥ dopmynam (1), (2) u (3) IIC3, nmonyuum
A& B> B&A.
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4) Bossmem axcuomy IIL; & caenaeM B Heif HOACTAHOBKY
AB.BvA

J(uL,),

X,[.2
ITonyuum
FHAa->BvA)>((B->BvA)>(AvB->Bva) )
Ho
FA> BvaA, 2)
B> BvA. 3)
IIpumensas x dopmynam (1), (2) u (3) IIC3, monyuum
FAvB—>BVA.
5) Bossmem axcuomy I, u caenaem B Re#t mOACTaHOBKRY

A
I (Iz) . Honyunm

HAa->(B->4)>((a->B)>(a->4). @
Ho
A - (B- 4). (2)
U3 (1) u (2) no 113 noayuam (A - B)—» (A > A) .
6) Bosbmem axcuomy IV,  cnesnaeM B Reil IOACTAHOBKY

(Iva) . Honyuum }—f > A.

[ w— N}

A4,B,A&B
2.6. 1) B axcuome 1II, renaeM nojACTaHOBKY I IHa) .

x,y,2

Ilonyuum
F(Z—)M)—)(E—)(M))—)(Zvﬁ—)A&B), (1)
BogemeMm akcuomst 11, u II, ¥ npuMeHNM K HUM OpaBH-

Jo xourpnoznnuu. Ilonyaum:

}-Z - m ’ (2)
|B>4&B. _ @)
s (1), (2), (3) mo TIC3 FAv B —» A&B,

RA
2) B akcuome I, caemaem moscTaHOBKY I(Il) . Homyunm
x,y

FR—>(A->R). (1)
Ho no ycaosuio
FR. 2
Ma()u(2)noII3 FA—> R.
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3) T.x. FA—(AvB) (axcuoma III,), a dopmyna
A - B ectb HeKoTopaa dopmyna C, To ucxonHas opMyna
umeer BuA C —» R, KoTOpad jJoKasyema.
4) BosbmeM aorazyemyio ¢opMyny
FA->R. 1)
Ilpumennm x (1) npaBuno xkonTpmo3unuu. Ilomyaum dop-
Myay FR 5> A unm _
FF>A. 2
Ipumenas x ¢opmyse (2) mpaBHJIO CHATUA ABOMHOro
orpunanna, noxyinm F > A,
5) T.x. FA—> A, To Mcxognas Gopmysa mMeeT BHA
C »> R, KoTopas JOKa3yeMma.
6) T.x. 4> (Z - B), rne B — nwobaa dopmyna, To
HCIOONb3YA NPABMJIO COeAWHEHHA NOCBHIIOK M HmOoacTapnaa F

BMecT0 B, monyuum A& A - F.
(A-B)&B,BA

7) B akcuome I, cpenaeM nOACTaHOBKY I(Iz) . Io-
NyGHM: s
}-((A - B)&B —» (1_3 - Z)) - ((A - B)&B - E) -
-((4 » B)&B > 4). Q1)
A-B,B

B axcuome I, cpenaeM mOACTAROBRY I (IIz):
xy

FA-»>B&B->B, 2)
Ha- B)>(B- 4). 3)
A-B,B
B axcuome II, cpenaeM moacTaHOBKY I (Hl):
Yy
(A —> B)&B - (A - B). (4)
HUs (3) u (4) monyuum

F(A»B)&E—)(E—)Z). (5)

Hs (1), (2), (5) mo TIC3 H{(A > B)&B > 4.

8) ¥Yrazamue. Cm. §7 riuaBm 2 wacru 1.

2.7.1) Banumem BuiBog us H: A, A - (B —> A) ,BoA.
2) 3anumemM BuiBox U3 H:



"“OTBETb!, YKASAHMS, PEIEHNA _. : 281

A->B,B>C,(B>C)»(A—(B->C)), A>(B-C);
(a>(B-0)->(a>B)>(4-C), (A>B)>(a-0),
A-C.
3) Banuimem BuiBox n3 H:
AsC, (A—)C)—)(E—)Z), Co>A.
4) 3anumem BuiBOA U3 H: _
A-> B, B, A-—)B—)(E—)Z), B4, A,
5) 3anumem sniBof U3 H:
A, A>B, A>A, A-> B, B,
6) Moxaxem, aro us H, = {A - B,A&C}}-B&C. Tor-
Ra OCTAHeTCH NPHMEHHUTHh TEOPEeMY AeAYKIHUH., 3anumeM
‘BeiBoA: A—»> B, A&C, A&C—> A, A&C->C, A, B, C,
B&C. Torga mo Teopeme JeRyKLIHAH
{A—> B,A&C}|-B&C
{A- B} A&C > B&C
7) 3anumem BuBOx U3 H:
A->B,(A>B)>(C>(a->B), c>(a>B),
(¢ (a->B)—>(c—> 4)>(c-B)), (c> 4)>(c- B).
8)Us H, = {A - B,B— C}}-A - C. Toraa no reopeme
neayknua {A - B}-{B > C} > (4> C).
9) 3anmmeM BLIBOX H3 H: A->(B-(),
(A—)(B—)C))—)(B—)(A—)C)), B> (A-C).

- 10) Crauana gokaxeM, 4TO
F( - B)->(A-BvC). )
Ina ororo goxaxem, aro H, = {A > B,A}}-BvC. 3a-
unnmem BuBox u3 H: A—»> B, A, B, B>BvC, BvC.
Orciona wo 0000IIeHHO# TeopeMe AeAYKUHH CIOPaBeNJIUBO
(1). Teneps noxakem 10). 3anumem BriBog n3 H:
A->B,(A>B)>(A>BvC(C), A»BvC,
(a->(BvC)>(Cc>BvCc)>(ave>BvC),
C-»>BvC, (C>BvC)>(AvC->BvC(),
AvC->Bv(C,

2.8. 1) Bo3sMeM COBOKYOHOCTBH ¢GopMyJ
H={x->yy—>2x}.
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3.36. JloxazaTenbCTBOM HECHPABEJJIUBOCTH YTBEDIKHTE-
HUH ABAAIOTCA KOHTPIPHUMEpPHI:

1) flx)=|], x, =0;

2) rapMOHMYECKUM DPAX;
3) paBHOGOYHAsT Tpamemus;

4) dyuxuusa y =sgn(x) HA [— 1,1];
5) ¢pyHrnusa y = x? Ha cermeHTe [1, 1];
6) uncnosas OOCHEZOBATENBHOCTh C OOI{UM YJICHOM

» 1
a, =(-1) -—;
(0L
7) uucaosasf OOCHEKOBATENHHOCTh C OOI[UM UYJEHOM
n
a, = (— 1) 5

8) dopmyna BxP(x), OYEeBHIHO, ABJSETCSH BLINOJHUMOIA,
HO Heolue3HAYUMOIL;

9) dyuxnua y=x?, %, =0;
10) pynxnus y=x*, x,=0.

3.38. 1) YcnoBue x =0 saABasiercs NOCTATOYHBLIM, HO He
ABNSETCS HEOOXOXUMBIM;

2) ycnoBue x 2 -3 sBasercid HeoOXOXWMBIM, HO He SAB-
NAeTCA AOCTATOYHBIM;

3) ycnopue x > -2 sBisfeTcA HEOOGXOAUMBIM, HO He AB-
JSETCH JOCTATOUHBLIM;

4) yeaoBue x> -1 U x <3 ABAAETCA AOCTATOYHLIM, HO
He ABASETCS HeoOXOAUMBIM; .

5) ycaoBue x> -1 U x <10 He sBAAETCA HU HeoOXOAM-
MBIM, HU AOCTATOYHEIM;

6) ycnosue — 2 < x <10 sBasiercs HeOGXOZUMEBIM, HO He
ABJSETCH JOCTATOYHBIM.

3.39. 1. HeoOxoguMo0, HO He HeJOCTATOYHO.

2, MocraTouHo, HO HE HEOOGXORMMO.

3. IocraTouHo, HO He HeoOXOQUMO.

4. Heo6xoauMo0, HO HEAOCTATOYHO.

5. JlocraTouyHo, HO HEe HEOGXORMMO.

6. HeoOxoguMo, HO HEROCTATOYHO.
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7. Heo6Xx0AUMO U AOCTATOYHO.

8. Heo6xoguMo # JOCTATOUHO.

9. HeoGxoguMo, HO HEJOCTATOYHO.

10. JocraTrouno, Ho He HeOGXOAMMO.

3.40. 1. ns Toro, 4ToGnl yeTHPEXyroabHUK GBI Ma-
paJiLiesorpaMMoM, HeoOXOAUMO U AOCTATOYHO OFHO U3 YCJIO-
BUIi; MPOTHBONOJOKHEIE CTOPOHBI YeTHIPEeXYTOJBHUKA IO-
NapHO NMapajIeNbHbI HAY JBEe IMPOTHBOMOJOXKHEIE CTOPOHEI
PaBHB M NapaJliiejIbHbI.

2. Heob6xogMMBIMHM, HO HEAOCTATOUHEIMU IPHIHAKAMU
napajuieIorpaMma SBASIIOTCS: a) Mapa IPOTHBOIMOJIOXKHBIX
CTOPOH YeTHIPEXYTOJbHUKA MapaJulesbHa, 0) ABE MPOTHUBO-
TOJIOXKHBIE CTOPOHBI YeTHIPEeXYTOJBHHUKA PABHEI.

3. HdocTaToYHRIMH, HO He HEOGXOAMMALIMHM NMPH3HAKAMU
NapaJUIeJIOrpaMMa SBASIOTCA: a) B YeTRIPEXYTOJLHAKE BCE YTJILI
npsaMele, 6) B YeTHIPEXYrOJAbHUKE AUATOHANY B3AMMHO-IIEp-
NeHJAKYJAPHLL U B TOYKE IEepeceYeHus AEeJSTCSA IMONoIaM.

4. |o|<2.

1
5. a=—.
2
6. ¢q=0.

3.41. Oreer Konu paBHOCHJIEH TOMY, YTO CKas3aju PpPo-
AuTEaNn.

I'JIABA IV

4.1, JIio6ast NpUMUTUBHO peKypCcUBHas GyHKOUS MOIY-
Yaercss n3 mpocreitmux GyHKuui ¢ moMoOmbio KOHEYHOTO
Yucaa NMPUMEHeHUA onepanuit Cymepmosuiuy ¥ MPUMHUTHB-

noit pexypcuu. Ho mpocrefimue ¢pyHKRIun /l(x), O(x) "

I™(xy,...,x,) BCIOXY OUpeJeNeHE], & NPUMeHEHNE K HEM OMe-

pPamM¥ CynepHo3MIMu M CXeMhl MPUMHTHUBHOI peKypCHH
NPHBOAUT K (PYHKIUAM, KOTOPHIE BCIOAY ONpEAeJIeHEI.

4.2, ®yuxnuu g(x,,xz,xa,...,x,,), ¢(x,,x2,x3,...,x,,),
W(X,, Xy Xgyerns Xy %yy) ¥ R(xy, 2,0 %;5..., X,_, ) TOMyHRIOTCS M3

byERIUII f(xl,xz,xa,...,x,,) i I,',"(x,,xz,...,x,,) (m = 1.2.---._75)
Cynepuo3uIusaMu: '
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1) g(xl,xz,xa,...,x,)= f[If(xl,...,x,), I,:(xl,...,x,,),
Iy %,) wer I, )i |

2 olx,, Xy X5y r X, ) = f[If(x,,...,x,), vy IMxyyenx,)s
I:(x‘,...,x,,)I;

3) y(xl,xz,xa,...,x,,,x,m):f[I,‘m(xl,...,xm) ey
NN ¢

4) h(x,,xz,xa,...,x,_‘)=f[I:_,(x‘,...,x,,_l), I (x,.nx,y)s

v Ir’:—l(xl’“" n—l)]'

4.3. Ilycrs f(x‘,xz,...,x,,) noJtydeHa u3 QyHKnui O(x) u
) (xl, Xpsees xn) € HOMOIIBLIO ONEpAnHit CYIepPIO3UITHE U CXEeM
npuMuUTHBHON pexrypcun. Torzaa f(O,...,O): 0, u u3 yciosusi
x, £1, %, <1, .., x, <1 caenyer, uTo f(xl,...,x,,)s 1. dynk-

muu x +1 u 2x 3TUM ABYM YCJIOBHAM OJHOBPEMEHHO He YAOB-
JIeTBOPAIOT.

44. 1) ®yaxnus P(x, y)= x-y Moxer OBITH mMOJSIyYeHA
B3 npocreiimnx GYyHRIME C DOMOHILI0 CXEMH! IIPHUMHTHB-

Holl pexypcun. IeiicTsuTenbHO, T.K. ANA GYHKIUN P(x, y)
BEpHHI TOXJAECTBA

P0,x)=x-0=0=0(x)
P(y+l,x)=x'(v+1)=x-y+x=x+P(x,y)=S(x,P(x.y))}
To byHKIUA P(x, y) MOJy4YaeTcA MO CXeMe NMPUMMTHBHOM
pexypcun n3 QyHKRIUIi O(x) " S(x, y) = x +Y , KOTOpHIE AB-
AAIOTCA OOUepPeKYPCUBHBIMU ¥, 3HAUUT, QYHKUIUS P(x, y)

obmepexypcusna.
2) ®yuxnus G(x, y) = x¥ ynoBiieTBOpAET COOTHOIMEHUSIM:

x° =1, . G0, x)= ¢ (x)
XV = x? . x, " Gy +1,x)= P(G(x, y) x
TeJLHO, QYHKROUA G(x, y) MOXKeT OLITh MOJIyYeHA TO cXeMe

)} . CnepoBa-
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NPUMHTHBHOH pexypcun H3 06mepekypcHBEHX yHROEi C,
# P 1 nosvoMy ARAsSercA O0GmepexypCHBHOM.
x— l, ecam x>0

3) Gyaxmun o) ={

0, x=0 YAoBIAETBOpAET

s0)-0 ] 50)-0(y) )}.

COOTHOLIEHHAM: 5(y + 1) nnu 5(([ + 1) - If (a(y)' y

3uauur, QyEKOUA é‘(x) IoXyqyaeTcsas MO CXeMe NMPUMHTHUB-

HOHi peKypcuM U3 O0IEepPeKYpPCHBHLIX PYHKIUHA U IMOITOMY
caMa SBAAETCH 001epeKypCUBHOM.

4) Yrobsl AOKA3ATH, YTO YCEYCHHAS PA3HOCTH ABJIAECTCH
obmepexypcvBBOil QyHKIHEH, KOKAKEM OPeABAPHATEABHO, UTO
obmepekypcHBHOK GyRKOUeil aBaserca dyHrkousa oxHOMN mepe-
MeHHOM X =1, KoTOpas MONIydaerci U3 yCEYEHHOM Da3HOCTH
nyTem PpERCAPOBAHMS BTOpPOro aprymenTa. HeitcrBurennno,

¢yaxuua x =1 yaornersopsAer cregyOmMUM COOTHOLIGHMAM:
0-1=0=0(x),
(x+1)=1=1x=1I}(x,p),

¥, 3HAYUT, MOXKET ObITh MOJIyYeHa U3 MpocTeHmux GQyHK-
nui#l 10 cxeMe mpocTeimeil PeKYPCHH M MO3TOMY SABJIAETCH
obmepexypCcuBHOIA.

Teuepr sicho, uTo GyHKUUA XY mpu J0OBIX X U Y
yHAOBJIETBOPAET PABeHCTBaM:

x=0=x=I(xy),
x=(y+1)=(x-y)=1.

OTH TOMKJECTBA IOKASLIBAIOT, UTO YCEYEHHAH PASHOCTEH

Moxer ObiTh moaywena u3 Gysxuui ¢(x)=Ii(v,y) u

y/(z, x, y)= /1(z) 0o cxeMe MPUMHUTHBHON DPEeKypCHM M, 3HA-
YHT, ABAAECTCA OOINEPEKYPCHBHOM.

5) Dyuxnus ]x - yI MOKeT OBITH IIpeACTABJEHA B BHJE:

fe-yl=(=y)+ly=x)=8k+y,y+x),
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T.e. byHKnuUa |x - y| noJyydaeTrcsi H3 o0mepeKypCcUBHEIX GyH-
Knuii S, Xy, ¥y =X ¢ IOMOIbI0O ONepaluy CYyNepHo3UIUY
H, CJEAOBATeNbHO, SABIAETCH O0IIEepeKypPCHBHOI.

6) ®yaxnuio sgn(x) MOJKHO ONPEAENUTh C IMOMOMBbIO
npocTreiimeil peKypcum, KCHOAL3YS PABEHCTBA:

sgn(0)=0 sgn(0) = O(x) }
sgn(y +1)= 1} . sgnly +1)= G, ()]

—_— 0, ecnu x 2 0
7) ®yuxnusa sgn(x) = { M, CJIEAOBATEILHO,

1, ectkx=0
sg—n(x) =1= sgn(x). Taxum obpasoM, byHKIHAS @(x) noay-
YaeTcsi ¢ MOMOINBIO ONEPANHN CyNepmo3unyy U3 GyHKIUHK
-~ H sgn(x), KaKJas U3 KOTOpPHIX O0mepeKypCHUBHA H TO-

aroMy QyHKUUA ﬁ(x) o0mepexypcusHa.
8) dyuxnnsa x| ygoBJAeTBOPAET PABEHCTBAM

01=1, } g 01 C\(x), }

(v +1)1=piy+1), (y + 1)t = B(P(y1, A(y)), = 4),

T.e. byEKnus x! Moxer ObITH MOAYyuYeHA MO cXeMe IMPUMHUTHB-
HO# pexkypcuu H3 o6mepexypcuBHEIX dbyHKnui C, u

I;(P(y!,y +1),x, y) u moaToMy GyHKIUS x! O6IEpEKypCUBHA.
4.5. IlporpamMma peanusanuu Ha Mamune Triopumra

ajnropuTMa BHIYMCHAEHUA GYHKUUM UMEeT BHA:

a, | 0} 1 |2 |38 |4 16| 6| 7] 8|69

q, 4Hq,|6Hg, | 6Hq, | THq,| 8Hq, | 9Hg,| 0JIg, | 1JIg,| 2JIq, | 3J1q,

g, |1Hq,} 1Hq, | 2Hq, | 3Hg, | 4Hq, | 5Hq,|6Hq,| THq,|8Hgq | 9Hg,| 0Jig,

4.6. Ilporpamma peanusanuu Ha Mamune Triopuura
aJIFrOPUTMA BEIYHCIACHUMSA PYHKIUH ¢(n)= 0 umeer Bux:
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a |

@ |aHg, | [Tg,
qd; |ayJ1g,
g3 [aHq, | ayJlg,

3pecr pHemHUH andaBUT MAMUHBI — €CTh MHOXXECTBO
CHMBOJIOB {ao,l » & HAYAJNbHAS KOHGUrypanmua Moxer ObITh
no6oit, Mpu KOTOPOH yNpaBasiomas rojJoBKa 060o3pesaer
KJETKY, COAepKamyo MaJoyKy.

4.7. Buemauit andasuT MAamuHLl, OY€BHIHO, COCTOUT U3
ABYX CHMBOJIOB ,| {- Mycts npu HawanbHOM KoHGHTrypa-
IUYU 3alUCh HA JICHTEe BOCIPHHUMAETCA MAIIWHOI B craHAap-
THOM nosioxkennn. CBOEBpEMeHHO# OCTAROBKM MAIIMHEI MOXKHO
AoGUTHCA TIYTEM CMEeHBI COCTOSHMI MAIIMHBI IOCTEe KAMIAOro
TaKTa., O9TO H YUTEHO MPOrpaMMOI MaHIMHBI, BHYTPeHHUMk
anGhaBUT KOTOPOH CONEPHKUT TPU COCTOSAHUS — (1s Q25 Q5.

a | |

,|0114, |a,Jlg,
93| 811g,|a,J1g,
%:|a.Hg| |Hg,

4.8. OueBuAHO, AN PEIICHUS 3aa4y MAIIMHE B HAYAJIb-
HOM COCTOSHHMH TIpM KOHDUTypanmuu
Gy X, X3 ... X, G,
U
HeobxoxuMo saMeHuTH GYKBY X, HA @, U, ABHrafAch BODaBO
JI0 mepBOit mMycTO# KJeTKH, BIHCATh B Hee OykBy x,. T.K. B

andasute Beero Ase GYKBH @, U a,, TO ANA IPABWJILHOTO
pemeHus 3afauyd HEOBGXOAMMO emje ABA COCTOAHUA: ¢, BIH-
cuiBaeT OyKBy @,, €CIM X; = G,, (; BOHCHBaer GykBy a,,

ecnd X, = a,. IlooroMy mporpaMMa MAmIMHEI UMEET BUA:

8 e a,

qQ a,l1g, | a,11g,
4, |a,Hg, | a,11g, | a,11q,
s |a.Hq, | a,11g, | a,Ilg,
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4.9. fcHo, uTo B HaYaANbHON KOHPUIYpaImuMy YHOPaBIAIO-
mast FOJIOBKR MAINHMHBI JOJKHA 0603pEeBATH MYCTYIO KJETKY,

TIEPBYIO OT CJIOBa X cIpasa, ecau x # 0, u arobyio, ecnu x = 0

a | L|1{1]1]a
4]

B nepBoM TakTe pafoTHl MAIIMHEI HEOOXOAHUM CABHI ee
BJIEBO M TIepeXoj B HOBOE COCTOAHUE ¢,. Ecau H 3xech 0Go-
apeBaeTCA NYCTas KJIETKa, TO0 ¥ =0, m Mammue HeobxoauM
CABHUI BIPABO U IEpPeXojf B crom-cocrodauue. Ecau B cocros-
HUM ¢, YUpaBAsoOmas rojoska o6o3peBaeT CHMBOX |, TO
x # 0, ¥ MAJIOYKY CIEAyeT OCTABHTH, IIePEXOAs BAEBO B HO-
BOM COCTOSIHMHM ¢,. Ecau mpu sToM ofospeBaercs mycras
KJIeTKa, TO INPOIECC BHIUYNCIEHUS 3aKOHYEH, U HYKHO Ie-
peiiTH BIPaBO B CTON-cOCTOsIHMe. Ecau ke B COCTOSHMM ¢,
06o3peBaeTCs BHOBb CHMBOJ |, TO ero HYXKHO CTepeTh M Ie-
peiiTH BJEBO B TOM JKe COCTOSHMH ¢,. B 3ToM cocrosiHuum
MamuyHa JOJKHA paboTaTh 4O Tex Mop, II0Ka YyIpaBASIOmas
rojJIOBKa He BHIHifieT Ha NMycTyI0o KJeTKy. Ha aroM mpomecc
BBIYMCJICHHS 3aKaHYMBaeTcA M Heobxomgumo ana odopmne-
HHUS pe3yabTaTa HmepeHTH B COCTOsIHMe ¢,, Koropoe Gygmer
COBEpIIATH CABUIY MAIIMHBE A0 €AMHCTBEHHOrO OCTABINEro-
CS1 CHMBOJIA |, Ha KOTOPOM W cJIefyeT mepefiTd B CTOM-COCTO-
suve. T.o., mporpaMMa MamuHBI UMEET BUJ:

a | |
q:1a,J1g,
q| aollg,| | J1g,
43| apllg, |aydig,
q4|ao11g, | 1Hg,

4.10. HeTpyaHO BHAETH, YTO, MPOBOAA PACCYMACHUS KaK U
B 3g71a7e 4.9., MOXXHO OTPAHHYHUTLCA TPEMA AKTHBHLIMU COCTO-

AHUAMA ¢;, ¢y, ¢; ¥ MOJYYATH MPOTPAMMY MAINWHEI B BHAE:
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a, |
4 IJIQZ
q,| a,T1g,| |Hg,

93] aHg,|a,Jlg,

4.12, lns pemeHAs NOCTABJCHHAOR 3afauu paboTy Mamu-
Hbl THIOPHHIE MOKHO IPEACTABUTH CJexyoIuM obpazoM: BO
pHemIHWH andaBHET MAaMMHLI BKJIIOYEHB deThipe OYKBHI:
{ao,l,a, ,B}. CuMBou | (masouka) 06o3HAUAET EAUHULLY, 8 & U
J HurpaoT poab BpeMEHHBIX NHajsouyeK. UmMCsiOo 3amucaHo Ha
JeHTe B Buge Habopa 7 mMajioyeK. JTO CJIOBO BOCIIPUHUMAETCSH

MAaIlIMHOH B CTaHAAapTHOM mojoxenun. Hampumep,

a | 11| a.
q,

B nepsom TakTe paGOTHI MaIUIMHKE! OCYII[ECTBIAETCS CABUP
BIIPaBO ¥ MAIIHHA OCTAETCA B COCTOAHUHU ¢, . IIpn aroM mamn-
HA BIHCLIBAET B MYCTYIO KJETKY OYKBY ¢, CABUrAeTCS BJIEBO M
TEepPeXOJUT B COCTOSAHUE ¢,. B COCTOSSHUM @, MalllMHA B KaXK-
JOM TAKTe CABHUraeTcsH BJIEBO, ocTaBiAA 6e3 naMeHeHUil OyKBhI
a@ u p. Ilpu pocrmmenun Gyksul | B cocrosnuu ¢, Oyksa |
3aMeHseTcd HA [, OCYILECTBIAETCA CABUT BJIEBO M TMEPEXOA B
cocrosinue ¢, . Ecyu npu sroM ynpasisiomas rojioBka o6ospe-
BaeT NyCTYIO KJIETKY, TO MaIIYHA TIEPEXORHUT B COCTOSHUE (,.
Ecnu ke ynpaBasiomas rojJoBKa B COCTOSIHAA MaIlHHE ¢, 060-
apesaet 6yksy |, To, ocrapasich Ha MecTe, MAIIMHA MEPEXOAUT B
cocrofHue ¢, . B cocrosHuuM ¢, MammHa ABAKETCS BOPaBo AO
NepBOii MyCTOM KJI€TKH, OCTABJAA DY STOM Ha MecTe GyKBHI |,
a, f . Hocrurays mycToil KIETKYM B COCTOAHHM ¢, MaIlMHA

BIMCHIBRET B Hee GYRBY ¢ ¥ Aajiee MPONECC MOBTOPAETCS.
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Mamuna Gyzer paGorars A0 Tex HOp, NOKA BCE HANOUKH He
Oyayr saMeHneHs! Ha 6ykBul S (CcTONBKO ke OykB o Oyzer prm-
CaHO B NIYCTHIE KJIETKMH).

IIpu arom mamuHa nepeiizer B cocrosgaue ¢,. B cocros-
HVWM ¢, MaIlNHA ABUTaeTcA BOPABO, 3aMeHasd OyKBH ¢ U [ Ha
najoduxk. JOCTHrHYB IyeTOM KIAETKY B COCTOSIHUM ¢, MamiuHa
NePEeXOAUT B CTON-cocTosiAne. CleaoBaTenbHO, MPOrpaMMa Ma-
IOUHBI UMEeT BUJ;

a, | al| B

q;| adlg, ||Tig, | ollg,| ATlg,
2, Bgyf adlg,| Allg,
45| a,Tlq,|IHg,
q,|a.Hg, |Tg, ||T1g,

4.13. ByaeM sanucelBaTh YHCJIO N2 HA JIEHTe B BUAe HaGo-
pa n nanouexk. Pabory mammuel ThiopuHra MoX<HO npeacTa-
BUTH ciaepyiomum obGpasom. Ilycrs HauanbHasg KOHPUrypa-
IUS COBIAAAEeT CO CTAHAAPTHHIM IOJOXKEeHHEeM MAamUHbLI
Torga MamuHA HAYMHAET ABUTAThCH BJIEBO, MEHSIR COCTOA-
HHUA ¢y HA ¢,, ¢, HA Q3 U T.K., §p,_, HA {,, & ¢, Ha ¢, . Torna
BO3MOXKHBI ABa CIydas:

1) MamuHa YBHAUT OYCTYI0O KJIETKY B COCTOSHMH ¢,
(3TO 3HAYUT, UTO YMUCJIO HEMYCTHIX KJIETOK GLLIO KPATHO P).
Torpa MamnHa MEpeXOAWT B COCTOSHUE (,,; W Jajee ¢CTH-
paeT» BCe «NaJNICUKH», CTABUT OAHY NAJOUYKY H MEPeXoguT B
CTON-COCTOAHME,

2) mamuHa YBUAUT MYCTYIO KAETKY B COCTOSIHUH ¢, (k # 1)
(aTO 3HAUMT, WTO WUCHO HEMYCTHIX AYeeK OLLIO He KpaTHO
p). Torpa Mamuua mepexoauTr B COCTOAHME (,,; W Jajee
«CTHPAET» BCE <HANQNKH® K OCTAHABIVBAETCH.
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B cBs3U CO CKA3aHHEIM nporpaMMa MalaI¥UHbI 3artuIgercsa

TaK:

ay |

¢ |allg,,, |J1g 2
g, |a,llg,,, | J1g,
9o | @ol1g,.s |Jqu
q, |adlyg,,, | 1J1g
Qpu| 1Hgo |aHg,,
Qp.2 | Bollq, .
9.3 GHq, |aHg,,,
Dprs | @ollg,,s

B uactaoM caydae mpu p=3 aTa nporpamma 6Gyner

uMeTh BMA:

ay

9

IHQ4

|JI¢I2

g2

a,llg,

I-mIa

q3

a,llg,

I Jg,

a4

| Hgq,

a,Hgy

ds

a,l1g,

s

aHg,

| Hgq,

q;

a,Ilg,

a,llg,
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